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Outline

• System BIBS Stability (scalar case)

• System BIBS Stability (vector case)

• Stability of Continuous Time Systems



System Stability (Recap)

Scalar Case :

Definition: We say a system is bounded input bounded state (BIBS) stable if its state stays 
bounded,                         for any initial condition, any bounded input, and bounded disturbance.

<latexit sha1_base64="q8x5glb19EDxFomhb5yHHq/qLAI=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GwkLArooJNMI1lBPOA3SXMTu4mQ2YfzMwGwya1jb9iY6GIrV9g5984eRSaeODC4Zx7ufceP+FMKsv6NnJLyyura/n1wsbm1vaOubtXl3EqKNRozGPR9IkEziKoKaY4NBMBJPQ5NPxeZew3+iAki6N7NUjAC0knYgGjRGmpZR66QSwI55i519gdun2g2cPIYZ47xC4HXDltmUWrZE2AF4k9I0U0Q7VlfrntmKYhRIpyIqVjW4nyMiIUoxxGBTeVkBDaIx1wNI1ICNLLJq+M8LFW2ljfpCtSeKL+nshIKOUg9HVnSFRXzntj8T/PSVVw5WUsSlIFEZ0uClKOVYzHueA2E0AVH2hCqGD6Vky7RBCqdHoFHYI9//IiqZ+V7IuSdXdeLN/M4sijA3SETpCNLlEZ3aIqqiGKHtEzekVvxpPxYrwbH9PWnDGb2Ud/YHz+AP4Kmc0=</latexit>

8i k~x[i]k  C,
<latexit sha1_base64="KXZMxGD7Xo8sOywD6LPs79Cai8M=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjCZLRD1Isw9OJxgvuAtow0TbewNK1JKo5u/8OLf8WLB0U8CR78N2ZbD7r5QsjD80HyPn7CqFSW9W0sLC4tr6wW1orrG5tb2+bOblPGqcCkgWMWi7aPJGGUk4aiipF2IgiKfEZafv9qrLfuiZA05rdqkBAvQl1OQ4qR0lTHrD44tGx78AK6TKcCBDXhwTIk+jqG7l2KAjjMtaG22bBjlqyKNRk4D+wclEA+9Y756QYxTiPCFWZISse2EuVlSCiKGRkV3VSSBOE+6hJHQ44iIr1sstsIHmomgGEs9OEKTtjfiQxFUg4iXzsjpHpyVhuT/2lOqsJzL6M8SRXhePpQmDKoYjguCgZUEKzYQAOEBdV/hbiHBMJK11nUJdizK8+DZrVin1asm5NS7TKvowD2wQE4AjY4AzVwDeqgATB4BM/gFbwZT8aL8W58TK0LRp7ZA3/G+PoBRVSecw==</latexit>

x[i+ 1] = �x[i] + e[i], |�| = 1



System Stability
Stability for the Scalar Case:

<latexit sha1_base64="rt2tgD+SCswFpKS33qZupLA/TkU=">AAACHXicbVDLSgMxFM34rPVVdenmYhEqhTIjRV0oFN24rGAfMB1KJpO2oZmHSUYs0/6IG3/FjQtFXLgR/8a0nYW2Hgg5nHMPyT1uxJlUpvltLCwuLa+sZtay6xubW9u5nd26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbj9q7HfuKdCsjC4VYOIOj7uBqzDCFZaaufKDzYrWg5cQIvrlIdBCw4UgY6v1l2MPSgMU28I52AdAbRzebNkTgDzxEpJHqWotnOfLS8ksU8DRTiW0rbMSDkJFooRTkfZVixphEkfd6mtaYB9Kp1kst0IDrXiQScU+gQKJurvRIJ9KQe+qyd9rHpy1huL/3l2rDpnTsKCKFY0INOHOjEHFcK4KvCYoETxgSaYCKb/CqSHBSZKF5rVJVizK8+T+nHJOimZN+V85TKtI4P20QEqIAudogq6RlVUQwQ9omf0it6MJ+PFeDc+pqMLRprZQ39gfP0AF92eyw==</latexit>

x[i+ 1] = �x[i] + e[i] (|�| < 1)

Claim: If            , then for any        and bounded                 the solution to the system
remains bounded.

<latexit sha1_base64="PM+rHLTrUJ3hnmKYrtMUD4/v3Zk=">AAACBnicbVDLSgMxFL3js9bXqEsRgkUQCmVGRN0IRTcuK9gHTIeSyWTa0MyDJCOWoSs3/oobF4q49Rvc+Tdm2llo64GQwzn3kNzjJZxJZVnfxsLi0vLKammtvL6xubVt7uy2ZJwKQpsk5rHoeFhSziLaVExx2kkExaHHadsbXud++54KyeLoTo0S6oa4H7GAEay01DMPHhxWtV10ibpcp3yMtOCiKqL51TMrVs2aAM0TuyAVKNDomV9dPyZpSCNFOJbSsa1EuRkWihFOx+VuKmmCyRD3qaNphEMq3WyyxhgdacVHQSz0iRSaqL8TGQ6lHIWengyxGshZLxf/85xUBRduxqIkVTQi04eClCMVo7wT5DNBieIjTTARTP8VkQEWmCjdXFmXYM+uPE9aJzX7rGbdnlbqV0UdJdiHQzgGG86hDjfQgCYQeIRneIU348l4Md6Nj+noglFk9uAPjM8f0XuWyw==</latexit>

x[i+ 1] = �x[i] + e[i]

<latexit sha1_base64="7boWwYmNzjI4+c7Jd0PLpmq8Zlc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRdeGi6MZlBfuAdiiZTKYNzSRjkimUab/DjQtF3Pox7vwb03YW2nogcDjnXO7NCRLOtHHdb2dldW19Y7OwVdze2d3bLx0cNrRMFaF1IrlUrQBrypmgdcMMp61EURwHnDaDwd3Ubw6p0kyKRzNKqB/jnmARI9hYyR93uM2GeIxukNctld2KOwNaJl5OypCj1i19dUJJ0pgKQzjWuu25ifEzrAwjnE6KnVTTBJMB7tG2pQLHVPvZ7OgJOrVKiCKp7BMGzdTfExmOtR7FgU3G2PT1ojcV//PaqYmu/YyJJDVUkPmiKOXISDRtAIVMUWL4yBJMFLO3ItLHChNjeyraErzFLy+TxnnFu6y4Dxfl6m1eRwGO4QTOwIMrqMI91KAOBJ7gGV7hzRk6L8678zGPrjj5zBH8gfP5A7DTkWM=</latexit>

|�| < 1
<latexit sha1_base64="LD/+Nkw5W5fwYaFLKJx5dTqE6pI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbSUDbbTbt0swm7E7GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4ZFrIxJ1j+OUBzEdKBEJRtFKrSffDUivWnPr7gxkmXgFqUGBZq/61e0nLIu5QiapMb7nphjkVKNgkk8q3czwlLIRHXDfUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3l+htFVkAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT8WG4C2+vEzaZ3Xvou7endca10UcZTiCYzgFDy6hAbfQhBYwEPAMr/DmKOfFeXc+5q0lp5g5hD9wPn8AD3aOMQ==</latexit>

x[0]
<latexit sha1_base64="cAZQ/brS7VzXrzHLESHyBsSAYpc=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFe5E1MIiaGMjRDAfcjnC3mYuWbK7d+zuCeGSX2FjoYitP8fOf+MmuUKjDwYe780wMy9MONPGdb+cwtLyyupacb20sbm1vVPe3WvqOFUUGjTmsWqHRANnEhqGGQ7tRAERIYdWOLye+q1HUJrF8t6MEggE6UsWMUqMlR7G4LNgfIlvu+WKW3VnwH+Jl5MKylHvlj87vZimAqShnGjte25igowowyiHSamTakgIHZI++JZKIkAH2ezgCT6ySg9HsbIlDZ6pPycyIrQeidB2CmIGetGbiv95fmqiiyBjMkkNSDpfFKUcmxhPv8c9poAaPrKEUMXsrZgOiCLU2IxKNgRv8eW/pHlS9c6q7t1ppXaVx1FEB+gQHSMPnaMaukF11EAUCfSEXtCro5xn5815n7cWnHxmH/2C8/ENLx+QAA==</latexit>

|e[i]| < M

Proof:



System Stability
Stability for the Scalar Case:

<latexit sha1_base64="rt2tgD+SCswFpKS33qZupLA/TkU=">AAACHXicbVDLSgMxFM34rPVVdenmYhEqhTIjRV0oFN24rGAfMB1KJpO2oZmHSUYs0/6IG3/FjQtFXLgR/8a0nYW2Hgg5nHMPyT1uxJlUpvltLCwuLa+sZtay6xubW9u5nd26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbj9q7HfuKdCsjC4VYOIOj7uBqzDCFZaaufKDzYrWg5cQIvrlIdBCw4UgY6v1l2MPSgMU28I52AdAbRzebNkTgDzxEpJHqWotnOfLS8ksU8DRTiW0rbMSDkJFooRTkfZVixphEkfd6mtaYB9Kp1kst0IDrXiQScU+gQKJurvRIJ9KQe+qyd9rHpy1huL/3l2rDpnTsKCKFY0INOHOjEHFcK4KvCYoETxgSaYCKb/CqSHBSZKF5rVJVizK8+T+nHJOimZN+V85TKtI4P20QEqIAudogq6RlVUQwQ9omf0it6MJ+PFeDc+pqMLRprZQ39gfP0AF92eyw==</latexit>

x[i+ 1] = �x[i] + e[i] (|�| < 1)

Claim: If            , then for any        and bounded                 the solution to the system
remains bounded.

<latexit sha1_base64="PM+rHLTrUJ3hnmKYrtMUD4/v3Zk=">AAACBnicbVDLSgMxFL3js9bXqEsRgkUQCmVGRN0IRTcuK9gHTIeSyWTa0MyDJCOWoSs3/oobF4q49Rvc+Tdm2llo64GQwzn3kNzjJZxJZVnfxsLi0vLKammtvL6xubVt7uy2ZJwKQpsk5rHoeFhSziLaVExx2kkExaHHadsbXud++54KyeLoTo0S6oa4H7GAEay01DMPHhxWtV10ibpcp3yMtOCiKqL51TMrVs2aAM0TuyAVKNDomV9dPyZpSCNFOJbSsa1EuRkWihFOx+VuKmmCyRD3qaNphEMq3WyyxhgdacVHQSz0iRSaqL8TGQ6lHIWengyxGshZLxf/85xUBRduxqIkVTQi04eClCMVo7wT5DNBieIjTTARTP8VkQEWmCjdXFmXYM+uPE9aJzX7rGbdnlbqV0UdJdiHQzgGG86hDjfQgCYQeIRneIU348l4Md6Nj+noglFk9uAPjM8f0XuWyw==</latexit>

x[i+ 1] = �x[i] + e[i]

<latexit sha1_base64="7boWwYmNzjI4+c7Jd0PLpmq8Zlc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRdeGi6MZlBfuAdiiZTKYNzSRjkimUab/DjQtF3Pox7vwb03YW2nogcDjnXO7NCRLOtHHdb2dldW19Y7OwVdze2d3bLx0cNrRMFaF1IrlUrQBrypmgdcMMp61EURwHnDaDwd3Ubw6p0kyKRzNKqB/jnmARI9hYyR93uM2GeIxukNctld2KOwNaJl5OypCj1i19dUJJ0pgKQzjWuu25ifEzrAwjnE6KnVTTBJMB7tG2pQLHVPvZ7OgJOrVKiCKp7BMGzdTfExmOtR7FgU3G2PT1ojcV//PaqYmu/YyJJDVUkPmiKOXISDRtAIVMUWL4yBJMFLO3ItLHChNjeyraErzFLy+TxnnFu6y4Dxfl6m1eRwGO4QTOwIMrqMI91KAOBJ7gGV7hzRk6L8678zGPrjj5zBH8gfP5A7DTkWM=</latexit>

|�| < 1
<latexit sha1_base64="LD/+Nkw5W5fwYaFLKJx5dTqE6pI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbSUDbbTbt0swm7E7GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4ZFrIxJ1j+OUBzEdKBEJRtFKrSffDUivWnPr7gxkmXgFqUGBZq/61e0nLIu5QiapMb7nphjkVKNgkk8q3czwlLIRHXDfUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3l+htFVkAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT8WG4C2+vEzaZ3Xvou7endca10UcZTiCYzgFDy6hAbfQhBYwEPAMr/DmKOfFeXc+5q0lp5g5hD9wPn8AD3aOMQ==</latexit>

x[0]
<latexit sha1_base64="cAZQ/brS7VzXrzHLESHyBsSAYpc=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFe5E1MIiaGMjRDAfcjnC3mYuWbK7d+zuCeGSX2FjoYitP8fOf+MmuUKjDwYe780wMy9MONPGdb+cwtLyyupacb20sbm1vVPe3WvqOFUUGjTmsWqHRANnEhqGGQ7tRAERIYdWOLye+q1HUJrF8t6MEggE6UsWMUqMlR7G4LNgfIlvu+WKW3VnwH+Jl5MKylHvlj87vZimAqShnGjte25igowowyiHSamTakgIHZI++JZKIkAH2ezgCT6ySg9HsbIlDZ6pPycyIrQeidB2CmIGetGbiv95fmqiiyBjMkkNSDpfFKUcmxhPv8c9poAaPrKEUMXsrZgOiCLU2IxKNgRv8eW/pHlS9c6q7t1ppXaVx1FEB+gQHSMPnaMaukF11EAUCfSEXtCro5xn5815n7cWnHxmH/2C8/ENLx+QAA==</latexit>

|e[i]| < M

Proof:



System Stability
Stability for the Vector Case:

<latexit sha1_base64="XnKb9sMJ6DHx3XGyPDHzWPbusI4=">AAACJHicbVDLSgMxFM34tr6qLt0EiyBUyoyICiJU3bisYrXQGUsmvW1DM5khyYhlmI9x46+4ceEDF278FjNtEW09EDj33HvIvcePOFPatj+ticmp6ZnZufncwuLS8kp+de1ahbGkUKUhD2XNJwo4E1DVTHOoRRJI4HO48btnWf/mDqRiobjSvQi8gLQFazFKtJEa+SP3Dmhyn9ZZ0fHwMT7BP4KHi4MCssLdwS4T2A2I7vh+cpneGnfBLtl94HHiDEkBDVFp5N/cZkjjAISmnChVd+xIewmRmlEOac6NFUSEdkkb6oYKEoDykv6RKd4yShO3Qmme0Liv/nYkJFCqF/hmMttRjfYy8b9ePdatQy9hIoo1CDr4qBVzrEOcJYabTALVvGcIoZKZXTHtEEmoNrnmTAjO6Mnj5Hq35OyX7Iu9Qvl0GMcc2kCbaBs56ACV0TmqoCqi6AE9oRf0aj1az9a79TEYnbCGnnX0B9bXNyYKo+w=</latexit>

~x[i+ 1] = A~x[i] + ~e[i] 2 Rn



System Stability
Stability for the Vector Case:

<latexit sha1_base64="XnKb9sMJ6DHx3XGyPDHzWPbusI4=">AAACJHicbVDLSgMxFM34tr6qLt0EiyBUyoyICiJU3bisYrXQGUsmvW1DM5khyYhlmI9x46+4ceEDF278FjNtEW09EDj33HvIvcePOFPatj+ticmp6ZnZufncwuLS8kp+de1ahbGkUKUhD2XNJwo4E1DVTHOoRRJI4HO48btnWf/mDqRiobjSvQi8gLQFazFKtJEa+SP3Dmhyn9ZZ0fHwMT7BP4KHi4MCssLdwS4T2A2I7vh+cpneGnfBLtl94HHiDEkBDVFp5N/cZkjjAISmnChVd+xIewmRmlEOac6NFUSEdkkb6oYKEoDykv6RKd4yShO3Qmme0Liv/nYkJFCqF/hmMttRjfYy8b9ePdatQy9hIoo1CDr4qBVzrEOcJYabTALVvGcIoZKZXTHtEEmoNrnmTAjO6Mnj5Hq35OyX7Iu9Qvl0GMcc2kCbaBs56ACV0TmqoCqi6AE9oRf0aj1az9a79TEYnbCGnnX0B9bXNyYKo+w=</latexit>

~x[i+ 1] = A~x[i] + ~e[i] 2 Rn

Diagonalizable:
<latexit sha1_base64="uIl4WvuMkUFdYFuUn8ZYLZ5w+nI=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBjSURUTdC1Y0LFxVsWmhjmUwm7dDJg5mJUELBX3HjQhG3foc7/8ZJm4W2Hhg4nHMu987xEs6ksqxvY25+YXFpubRSXl1b39g0t7YdGaeC0AaJeSxaHpaUs4g2FFOcthJBcehx2vQG17nffKRCsji6V8OEuiHuRSxgBCstdc3dzq0O+xhdIOchO7JH6BI55a5ZsarWGGiW2AWpQIF61/zq+DFJQxopwrGUbdtKlJthoRjhdFTupJImmAxwj7Y1jXBIpZuNzx+hA634KIiFfpFCY/X3RIZDKYehp5MhVn057eXif147VcG5m7EoSRWNyGRRkHKkYpR3gXwmKFF8qAkmgulbEeljgYnSjeUl2NNfniXOcdU+rVp3J5XaVVFHCfZgHw7BhjOowQ3UoQEEMniGV3gznowX4934mETnjGJmB/7A+PwB8TiThw==</latexit>

⇤ = V �1AV
<latexit sha1_base64="ov0knxxfKabQq70tRrqHc1NzWsg=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpKIqBuh6MZlBfuANpbJ9LYdOnkwMynWENz4K25cKOLWr3Dn3zhJs9DWAxcO59zLvfe4IWdSWda3MTe/sLi0XFgprq6tb2yaW9t1GUSCQo0GPBBNl0jgzIeaYopDMxRAPJdDwx1epX5jBEKywL9V4xAcj/R91mOUKC11zN32CGj8kOALXL+Lj+wEZ8J9UuyYJatsZcCzxM5JCeWodsyvdjegkQe+opxI2bKtUDkxEYpRDkmxHUkICR2SPrQ09YkH0omzFxJ8oJUu7gVCl69wpv6eiIkn5dhzdadH1EBOe6n4n9eKVO/ciZkfRgp8OlnUizhWAU7zwF0mgCo+1oRQwfStmA6IIFTp1NIQ7OmXZ0n9uGyflq2bk1LlMo+jgPbQPjpENjpDFXSNqqiGKHpEz+gVvRlPxovxbnxMWueMfGYH/YHx+QPcf5Zx</latexit>

~z = V �1~x



System Stability
Stability for the Vector Case:

<latexit sha1_base64="XnKb9sMJ6DHx3XGyPDHzWPbusI4=">AAACJHicbVDLSgMxFM34tr6qLt0EiyBUyoyICiJU3bisYrXQGUsmvW1DM5khyYhlmI9x46+4ceEDF278FjNtEW09EDj33HvIvcePOFPatj+ticmp6ZnZufncwuLS8kp+de1ahbGkUKUhD2XNJwo4E1DVTHOoRRJI4HO48btnWf/mDqRiobjSvQi8gLQFazFKtJEa+SP3Dmhyn9ZZ0fHwMT7BP4KHi4MCssLdwS4T2A2I7vh+cpneGnfBLtl94HHiDEkBDVFp5N/cZkjjAISmnChVd+xIewmRmlEOac6NFUSEdkkb6oYKEoDykv6RKd4yShO3Qmme0Liv/nYkJFCqF/hmMttRjfYy8b9ePdatQy9hIoo1CDr4qBVzrEOcJYabTALVvGcIoZKZXTHtEEmoNrnmTAjO6Mnj5Hq35OyX7Iu9Qvl0GMcc2kCbaBs56ACV0TmqoCqi6AE9oRf0aj1az9a79TEYnbCGnnX0B9bXNyYKo+w=</latexit>

~x[i+ 1] = A~x[i] + ~e[i] 2 Rn

Triangularizable:
<latexit sha1_base64="1HHJsh5LgxCCQb7gIMA15zX2G3I=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyURUS9C1YvHCm1aaGPZbDft0s0m7G6EGvpLvHhQxKs/xZv/xk3bg7Y+GHi8N8PMvCDhTGnH+baWlldW19YLG8XNre2dkr2756k4lYQ2SMxj2QqwopwJ2tBMc9pKJMVRwGkzGN7mfvORSsViUdejhPoR7gsWMoK1kbp2qY6ukPeQnbhjdI28YtcuOxVnArRI3Bkpwwy1rv3V6cUkjajQhGOl2q6TaD/DUjPC6bjYSRVNMBniPm0bKnBElZ9NDh+jI6P0UBhLU0Kjifp7IsORUqMoMJ0R1gM17+Xif1471eGlnzGRpJoKMl0UphzpGOUpoB6TlGg+MgQTycytiAywxESbrPIQ3PmXF4l3WnHPK879Wbl6M4ujAAdwCMfgwgVU4Q5q0AACKTzDK7xZT9aL9W59TFuXrNnMPvyB9fkDc+uRAg==</latexit>

T = V �1AV
<latexit sha1_base64="ov0knxxfKabQq70tRrqHc1NzWsg=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpKIqBuh6MZlBfuANpbJ9LYdOnkwMynWENz4K25cKOLWr3Dn3zhJs9DWAxcO59zLvfe4IWdSWda3MTe/sLi0XFgprq6tb2yaW9t1GUSCQo0GPBBNl0jgzIeaYopDMxRAPJdDwx1epX5jBEKywL9V4xAcj/R91mOUKC11zN32CGj8kOALXL+Lj+wEZ8J9UuyYJatsZcCzxM5JCeWodsyvdjegkQe+opxI2bKtUDkxEYpRDkmxHUkICR2SPrQ09YkH0omzFxJ8oJUu7gVCl69wpv6eiIkn5dhzdadH1EBOe6n4n9eKVO/ciZkfRgp8OlnUizhWAU7zwF0mgCo+1oRQwfStmA6IIFTp1NIQ7OmXZ0n9uGyflq2bk1LlMo+jgPbQPjpENjpDFXSNqqiGKHpEz+gVvRlPxovxbnxMWueMfGYH/YHx+QPcf5Zx</latexit>

~z = V �1~x





System Stability (Discrete Time)
Stability for the Vector Case:

<latexit sha1_base64="XnKb9sMJ6DHx3XGyPDHzWPbusI4=">AAACJHicbVDLSgMxFM34tr6qLt0EiyBUyoyICiJU3bisYrXQGUsmvW1DM5khyYhlmI9x46+4ceEDF278FjNtEW09EDj33HvIvcePOFPatj+ticmp6ZnZufncwuLS8kp+de1ahbGkUKUhD2XNJwo4E1DVTHOoRRJI4HO48btnWf/mDqRiobjSvQi8gLQFazFKtJEa+SP3Dmhyn9ZZ0fHwMT7BP4KHi4MCssLdwS4T2A2I7vh+cpneGnfBLtl94HHiDEkBDVFp5N/cZkjjAISmnChVd+xIewmRmlEOac6NFUSEdkkb6oYKEoDykv6RKd4yShO3Qmme0Liv/nYkJFCqF/hmMttRjfYy8b9ePdatQy9hIoo1CDr4qBVzrEOcJYabTALVvGcIoZKZXTHtEEmoNrnmTAjO6Mnj5Hq35OyX7Iu9Qvl0GMcc2kCbaBs56ACV0TmqoCqi6AE9oRf0aj1az9a79TEYnbCGnnX0B9bXNyYKo+w=</latexit>

~x[i+ 1] = A~x[i] + ~e[i] 2 Rn

Summary: The above discrete time system is BIBS stable if all eigenvalues      of     satisfy:
<latexit sha1_base64="7xdoAouayA8IBCVKuaYVRCF4WWM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cq9gPaUjbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDPPjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98m/mtJ1SaR/LRTGLshXQoecAZNVZ6uC71yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnV06JSdWGZAgUrakITP190RKQ60noW87Q2pGetHLxP+8TmKCq17KZZwYlGy+KEgEMRHJ3iYDrpAZMbGEMsXtrYSNqKLM2HCyELzFl5dJ86zqXVTd+/NK7SaPowhHcAyn4MEl1OAO6tAABgE8wyu8OWPnxXl3PuatBSefOYQ/cD5/AMjQjN4=</latexit>

A
<latexit sha1_base64="tNvTR1CyorqLW1tl8R1Y7E+amOc=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VbC22oWw2m3bpZhN2X4RS+i+8eFDEq//Gm//GTZuDtg4sDDPz2PcmSKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuBNRwKRRvoUDJO6nmNA4kfwhGN7n/8MS1EYm6x3HK/ZgOlIgEo2ilx5600ZD2R5V+tebW3RnIMvEKUoMCzX71qxcmLIu5QiapMV3PTdGfUI2CST6t9DLDU8pGdMC7lioac+NPZhtPyYlVQhIl2j6FZKb+npjQ2JhxHNhkTHFoFr1c/M/rZhhd+ROh0gy5YvOPokwSTEh+PgmF5gzl2BLKtLC7EjakmjK0JeUleIsnL5P2Wd27qLt357XGdVFHGY7gGE7Bg0towC00oQUMFDzDK7w5xnlx3p2PebTkFDOH8AfO5w/4AJB0</latexit>

�k
<latexit sha1_base64="aDvure8Hd4NKt75LPOqfgDPU36Q=">AAACEnicbVDNS8MwHE3n15xfU49egkNQGKUVUQ8KQy8eJ7gPWMdI03QLTdOapMLo9jd48V/x4kERr568+d+YdT3o5oPAy3vvR/J7bsyoVJb1bRQWFpeWV4qrpbX1jc2t8vZOU0aJwKSBIxaJtoskYZSThqKKkXYsCApdRlpucD3xWw9ESBrxOzWMSTdEfU59ipHSUq98NHKYTnuoF4zgBbSr0LlPkAcDeJldmBcpWYXcLPXKFcu0MsB5YuekAnLUe+Uvx4twEhKuMENSdmwrVt0UCUUxI+OSk0gSIxygPuloylFIZDfNVhrDA6140I+EPlzBTP09kaJQymHo6mSI1EDOehPxP6+TKP+8m1IeJ4pwPH3ITxhUEZz0Az0qCFZsqAnCguq/QjxAAmGlW5yUYM+uPE+ax6Z9alq3J5XaVV5HEeyBfXAIbHAGauAG1EEDYPAInsEreDOejBfj3fiYRgtGPrML/sD4/AFq65rC</latexit>

|�k| < 1, k = 1, . . . , n.

That is, all eigenvalues are strictly inside the unit circle in the complex plane. 



System Stability (Continuous Time)
<latexit sha1_base64="kEeP50ono1y9dB5/rdmhF2Pl+qk=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsCGVGRN0IRTcuK9gHdIaSyWTa0MyD5I5ahvkEN/6KGxeKuHXpzr8xfSy0eiDk5Jx7k9zjJYIrsKwvozA3v7C4VFwurayurW+Ym1tNFaeSsgaNRSzbHlFM8Ig1gINg7UQyEnqCtbzB5chv3TKpeBzdwDBhbkh6EQ84JaClrrnvBJLQzM8zH3J8X4EDfI4doS/wyeR4iO/01jXLVtUaA/8l9pSU0RT1rvnp+DFNQxYBFUSpjm0l4GZEAqeC5SUnVSwhdEB6rKNpREKm3Gw8UI73tOLjIJZ6RYDH6s+OjIRKDUNPV4YE+mrWG4n/eZ0UgjM341GSAovo5KEgFRhiPEoH+1wyCmKoCaGS679i2ic6IdAZlnQI9uzIf0nzqGqfVK3r43LtYhpHEe2gXVRBNjpFNXSF6qiBKHpAT+gFvRqPxrPxZrxPSgvGtGcb/YLx8Q2I3pr1</latexit>

d

dt
x(t) = �x(t) + w(t)Stability for the Scalar Case:

<latexit sha1_base64="gq7YSTIRe4bhqW9LO39avDdJ0is=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQiiUpom6Eoi5cVrAPSEKZTCbt0MmDmYlaQv7Djb/ixoUirgQX/o3TNAttPTDM4Zx778w9bsyokIbxrZUWFpeWV8qrlbX1jc0tfXunI6KEY9LGEYt4z0WCMBqStqSSkV7MCQpcRrru6HLid+8IFzQKb+U4Jk6ABiH1KUZSSX29Yfsc4fTBojXTgUdQESdL7SvCJMrgObSZmuWhXIc1eK+uvl416kYOOE/MglRBgVZf/7S9CCcBCSVmSAjLNGLppIhLihnJKnYiSIzwCA2IpWiIAiKcNN8tgwdK8aAfcXVCCXP1d0eKAiHGgasqAySHYtabiP95ViL9MyelYZxIEuLpQ37CoIzgJCjoUU6wZGNFEOZU/RXiIVJhSRVnRYVgzq48TzqNunlSN26Oq82LIo4y2AP74BCY4BQ0wTVogTbA4BE8g1fwpj1pL9q79jEtLWlFzy74A+3rB2gzn8M=</latexit>

x[i+ 1]� x[i]

�
= �x[i] + w[i]

<latexit sha1_base64="XBwueLEubWkcoxzMy9midSPgyD4="></latexit>

x(t) = e�tx(0) +

Z t

0
e�(t�⌧)w(⌧)d⌧

<latexit sha1_base64="cOXhzBSKCkek1ay+6oX1XcgWia8="></latexit>

��
Z t

0
e�(t�⌧)w(⌧)d⌧

�� 
Z t

0
e�(t�⌧)d⌧M =

e�t � 1

�
M



System Stability (Continuous Time)
<latexit sha1_base64="kEeP50ono1y9dB5/rdmhF2Pl+qk=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsCGVGRN0IRTcuK9gHdIaSyWTa0MyD5I5ahvkEN/6KGxeKuHXpzr8xfSy0eiDk5Jx7k9zjJYIrsKwvozA3v7C4VFwurayurW+Ym1tNFaeSsgaNRSzbHlFM8Ig1gINg7UQyEnqCtbzB5chv3TKpeBzdwDBhbkh6EQ84JaClrrnvBJLQzM8zH3J8X4EDfI4doS/wyeR4iO/01jXLVtUaA/8l9pSU0RT1rvnp+DFNQxYBFUSpjm0l4GZEAqeC5SUnVSwhdEB6rKNpREKm3Gw8UI73tOLjIJZ6RYDH6s+OjIRKDUNPV4YE+mrWG4n/eZ0UgjM341GSAovo5KEgFRhiPEoH+1wyCmKoCaGS679i2ic6IdAZlnQI9uzIf0nzqGqfVK3r43LtYhpHEe2gXVRBNjpFNXSF6qiBKHpAT+gFvRqPxrPxZrxPSgvGtGcb/YLx8Q2I3pr1</latexit>

d

dt
x(t) = �x(t) + w(t)Stability for the Scalar Case:



System Stability (Continuous Time)
<latexit sha1_base64="kEeP50ono1y9dB5/rdmhF2Pl+qk=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsCGVGRN0IRTcuK9gHdIaSyWTa0MyD5I5ahvkEN/6KGxeKuHXpzr8xfSy0eiDk5Jx7k9zjJYIrsKwvozA3v7C4VFwurayurW+Ym1tNFaeSsgaNRSzbHlFM8Ig1gINg7UQyEnqCtbzB5chv3TKpeBzdwDBhbkh6EQ84JaClrrnvBJLQzM8zH3J8X4EDfI4doS/wyeR4iO/01jXLVtUaA/8l9pSU0RT1rvnp+DFNQxYBFUSpjm0l4GZEAqeC5SUnVSwhdEB6rKNpREKm3Gw8UI73tOLjIJZ6RYDH6s+OjIRKDUNPV4YE+mrWG4n/eZ0UgjM341GSAovo5KEgFRhiPEoH+1wyCmKoCaGS679i2ic6IdAZlnQI9uzIf0nzqGqfVK3r43LtYhpHEe2gXVRBNjpFNXSF6qiBKHpAT+gFvRqPxrPxZrxPSgvGtGcb/YLx8Q2I3pr1</latexit>

d

dt
x(t) = �x(t) + w(t)Stability for the Scalar Case:



System Stability (Continuous Time)
Stability for the Vector Case:

<latexit sha1_base64="jlTyVZNkZmGVc/oGtxj2FTEgwYA="></latexit>

~̇x(t) = A~x(t) + ~w(t) 2 Rn

<latexit sha1_base64="1HHJsh5LgxCCQb7gIMA15zX2G3I=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyURUS9C1YvHCm1aaGPZbDft0s0m7G6EGvpLvHhQxKs/xZv/xk3bg7Y+GHi8N8PMvCDhTGnH+baWlldW19YLG8XNre2dkr2756k4lYQ2SMxj2QqwopwJ2tBMc9pKJMVRwGkzGN7mfvORSsViUdejhPoR7gsWMoK1kbp2qY6ukPeQnbhjdI28YtcuOxVnArRI3Bkpwwy1rv3V6cUkjajQhGOl2q6TaD/DUjPC6bjYSRVNMBniPm0bKnBElZ9NDh+jI6P0UBhLU0Kjifp7IsORUqMoMJ0R1gM17+Xif1471eGlnzGRpJoKMl0UphzpGOUpoB6TlGg+MgQTycytiAywxESbrPIQ3PmXF4l3WnHPK879Wbl6M4ujAAdwCMfgwgVU4Q5q0AACKTzDK7xZT9aL9W59TFuXrNnMPvyB9fkDc+uRAg==</latexit>

T = V �1AV
<latexit sha1_base64="ov0knxxfKabQq70tRrqHc1NzWsg=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpKIqBuh6MZlBfuANpbJ9LYdOnkwMynWENz4K25cKOLWr3Dn3zhJs9DWAxcO59zLvfe4IWdSWda3MTe/sLi0XFgprq6tb2yaW9t1GUSCQo0GPBBNl0jgzIeaYopDMxRAPJdDwx1epX5jBEKywL9V4xAcj/R91mOUKC11zN32CGj8kOALXL+Lj+wEZ8J9UuyYJatsZcCzxM5JCeWodsyvdjegkQe+opxI2bKtUDkxEYpRDkmxHUkICR2SPrQ09YkH0omzFxJ8oJUu7gVCl69wpv6eiIkn5dhzdadH1EBOe6n4n9eKVO/ciZkfRgp8OlnUizhWAU7zwF0mgCo+1oRQwfStmA6IIFTp1NIQ7OmXZ0n9uGyflq2bk1LlMo+jgPbQPjpENjpDFXSNqqiGKHpEz+gVvRlPxovxbnxMWueMfGYH/YHx+QPcf5Zx</latexit>

~z = V �1~xDiagonalize or triangularize:



System Stability (Summary)
<latexit sha1_base64="XnKb9sMJ6DHx3XGyPDHzWPbusI4=">AAACJHicbVDLSgMxFM34tr6qLt0EiyBUyoyICiJU3bisYrXQGUsmvW1DM5khyYhlmI9x46+4ceEDF278FjNtEW09EDj33HvIvcePOFPatj+ticmp6ZnZufncwuLS8kp+de1ahbGkUKUhD2XNJwo4E1DVTHOoRRJI4HO48btnWf/mDqRiobjSvQi8gLQFazFKtJEa+SP3Dmhyn9ZZ0fHwMT7BP4KHi4MCssLdwS4T2A2I7vh+cpneGnfBLtl94HHiDEkBDVFp5N/cZkjjAISmnChVd+xIewmRmlEOac6NFUSEdkkb6oYKEoDykv6RKd4yShO3Qmme0Liv/nYkJFCqF/hmMttRjfYy8b9ePdatQy9hIoo1CDr4qBVzrEOcJYabTALVvGcIoZKZXTHtEEmoNrnmTAjO6Mnj5Hq35OyX7Iu9Qvl0GMcc2kCbaBs56ACV0TmqoCqi6AE9oRf0aj1az9a79TEYnbCGnnX0B9bXNyYKo+w=</latexit>

~x[i+ 1] = A~x[i] + ~e[i] 2 Rn
<latexit sha1_base64="jlTyVZNkZmGVc/oGtxj2FTEgwYA="></latexit>

~̇x(t) = A~x(t) + ~w(t) 2 RnContinuous time: Discrete time: 

Re

Im

Re

Im


