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Designing Information Devices and Systems li
Lecture 15



Outline

« System Stability (Recap)
« Stabilization by Feedback

 Control Canonical Form



System Stability (Continuous Time)

Stability for the Scalar Case: %x(t) = Az (t) + w(t) z[t + 1] — z[i]

= Az 1] + wi]

A
t
x(t) = e*x(0) +/ e (T)dr
0
! t eM — 1
’/ eA(t_T)w(T)d’r‘ S/ =T dr M = M
0 0 A :M
 ><‘ | X % x
X X X g

X

X
. :

X



System Stability (Continuous Time)

Stability for the Vector Case: (t) = AZ(t) + w(t) € R"

Diagonalize or triangularize: T =V 1AV 7= Viz



System Stability (Recap)

Definition: We say a system is bounded input bounded state (BIBS) stable if its state stays
bounded, Vi ||Z]:]|| < C, for any initial condition, any bounded input, and bounded disturbance.

Continuous time: Z(t) = AZ(t) + @(t) € R" Discrete time: Tt + 1] = AZ[i] + €]i] € R™
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System Stabilization
Zli + 1] = AZ[i] + Bili] + éli] € R"

What if some or all eigenvalues of A are outside of the unit circle? Consider the feedback: [i| = FZ[i]

il Z|i|

— | #i + 1] = AZ[i] + Bdi] + éli]

Fali —

A=A+ BF



System Stabilization (Example 1)

Scalar case: x|t + 1| = 3x[¢] + uli] + €[]



System Stabilization (Example 2)

Vector case:  Z[i + 1] = [3 _12] i) + H uli] + éli]



System Stabilization (Example 3)

Vector case: Z[i + 1] = lg _12] i) + m uli] + &li]



System Stabilization (Example 3)

Vector case: Z[i + 1] = lg _12] i) + m uli] + &li]



Controllable Canonical Form
Single input case: a’:’[z -+ 1] — Aa_:’[z] + Bu[z] -+ 5[2] c R" Ay, =A+ BF
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Controllable Canonical Form

Characteristic Polynomial of A is simple:

det(A] — A) = det

—a; —az - —Up—-1 —0ap

det(A\] — A) = \" — a N —a, ha T — - — ag )\ — aq



Controllable Canonical Form

)i+ 1] = AZi]+ Buli]+€li] e R A, = A+ BF
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Controllable Canonical Form
For a general system: Z|¢ + 1] = AZ|i] + Buli] + €li] € R"

Can we bring the system to the canonical form via a similarity transform: 2= T'x ?



Controllable Canonical Form

For a general system: Tt + 1| = AZ[i] + Buli] + €[] € R"
Claim: we can convert the above system to the canonical form if the following controllability matrix:

C=[A""'B|---|AB| B] € R"™" is invertible.

Zli + 1) = TAT ' Z[i] + T Bul[i] + Teli] € R" Z=T%

TAT ! = TB =




Controllable Canonical Form

For a general system: Tt + 1| = AZ[i] + Buli] + €[] € R"
Claim: we can convert the above system to the canonical form if the following controllability matrix:

C=[A""'B|---|AB| B] € R"™" is invertible.

Zli + 1) = TAT ' Z[i] + T Bul[i] + Teli] € R" Z=T%

TAT ! = TB =




Controllable Canonical Form
For a general system: Z[i + 1] = AZ[i] + Buli] + éi] € R”
Zli + 1] = TAT ' Z]i] + TBuli] + Teli] € R" Z=T%7
Zli 4+ 1] = A,Zli] + Bouli] + €'[i]
uli] = F, 7] = F,TF]i]

Claim: the closed loop system A + BF' = A + BF.T has the same eigenvaluesas A, + B, F,



Feedback Control (Summary)
For a general system: |t + 1] = AZ|i| + Buli] + é]i] € R"

« It is possible to stabilize the system via state feedback control.:

« When is this possible? The system is controllable:

C=[A""'B|.-.--|AB| B] € R™™" is invertible.

« How to design eigenvalues of closed-loop system (to stabilize)? Controllable canonical form:

‘0 1 0 - 0] (0]
o 0 1 0 @ :
TAT'=1|. . . . o TB=1|:
o -~ 0 0 1 0
ay Gy Gnoy Gy 1]




