
Prof. Yi Ma
Department of Electrical Engineering and Computer Sciences, UC Berkeley, 

yima@eecs.berkeley.edu

EECS 16B
Designing Information Devices and Systems II

Lecture 15



Outline

• System Stability (Recap)

• Stabilization by Feedback

• Control Canonical Form



System Stability (Continuous Time)
<latexit sha1_base64="kEeP50ono1y9dB5/rdmhF2Pl+qk=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsCGVGRN0IRTcuK9gHdIaSyWTa0MyD5I5ahvkEN/6KGxeKuHXpzr8xfSy0eiDk5Jx7k9zjJYIrsKwvozA3v7C4VFwurayurW+Ym1tNFaeSsgaNRSzbHlFM8Ig1gINg7UQyEnqCtbzB5chv3TKpeBzdwDBhbkh6EQ84JaClrrnvBJLQzM8zH3J8X4EDfI4doS/wyeR4iO/01jXLVtUaA/8l9pSU0RT1rvnp+DFNQxYBFUSpjm0l4GZEAqeC5SUnVSwhdEB6rKNpREKm3Gw8UI73tOLjIJZ6RYDH6s+OjIRKDUNPV4YE+mrWG4n/eZ0UgjM341GSAovo5KEgFRhiPEoH+1wyCmKoCaGS679i2ic6IdAZlnQI9uzIf0nzqGqfVK3r43LtYhpHEe2gXVRBNjpFNXSF6qiBKHpAT+gFvRqPxrPxZrxPSgvGtGcb/YLx8Q2I3pr1</latexit>

d

dt
x(t) = �x(t) + w(t)Stability for the Scalar Case:

<latexit sha1_base64="gq7YSTIRe4bhqW9LO39avDdJ0is=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQiiUpom6Eoi5cVrAPSEKZTCbt0MmDmYlaQv7Djb/ixoUirgQX/o3TNAttPTDM4Zx778w9bsyokIbxrZUWFpeWV8qrlbX1jc0tfXunI6KEY9LGEYt4z0WCMBqStqSSkV7MCQpcRrru6HLid+8IFzQKb+U4Jk6ABiH1KUZSSX29Yfsc4fTBojXTgUdQESdL7SvCJMrgObSZmuWhXIc1eK+uvl416kYOOE/MglRBgVZf/7S9CCcBCSVmSAjLNGLppIhLihnJKnYiSIzwCA2IpWiIAiKcNN8tgwdK8aAfcXVCCXP1d0eKAiHGgasqAySHYtabiP95ViL9MyelYZxIEuLpQ37CoIzgJCjoUU6wZGNFEOZU/RXiIVJhSRVnRYVgzq48TzqNunlSN26Oq82LIo4y2AP74BCY4BQ0wTVogTbA4BE8g1fwpj1pL9q79jEtLWlFzy74A+3rB2gzn8M=</latexit>

x[i+ 1]� x[i]

�
= �x[i] + w[i]

<latexit sha1_base64="XBwueLEubWkcoxzMy9midSPgyD4="></latexit>

x(t) = e�tx(0) +

Z t

0
e�(t�⌧)w(⌧)d⌧

<latexit sha1_base64="cOXhzBSKCkek1ay+6oX1XcgWia8="></latexit>

��
Z t

0
e�(t�⌧)w(⌧)d⌧

�� 
Z t

0
e�(t�⌧)d⌧M =

e�t � 1

�
M



System Stability (Continuous Time)
Stability for the Vector Case:

<latexit sha1_base64="jlTyVZNkZmGVc/oGtxj2FTEgwYA="></latexit>

~̇x(t) = A~x(t) + ~w(t) 2 Rn

<latexit sha1_base64="1HHJsh5LgxCCQb7gIMA15zX2G3I=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyURUS9C1YvHCm1aaGPZbDft0s0m7G6EGvpLvHhQxKs/xZv/xk3bg7Y+GHi8N8PMvCDhTGnH+baWlldW19YLG8XNre2dkr2756k4lYQ2SMxj2QqwopwJ2tBMc9pKJMVRwGkzGN7mfvORSsViUdejhPoR7gsWMoK1kbp2qY6ukPeQnbhjdI28YtcuOxVnArRI3Bkpwwy1rv3V6cUkjajQhGOl2q6TaD/DUjPC6bjYSRVNMBniPm0bKnBElZ9NDh+jI6P0UBhLU0Kjifp7IsORUqMoMJ0R1gM17+Xif1471eGlnzGRpJoKMl0UphzpGOUpoB6TlGg+MgQTycytiAywxESbrPIQ3PmXF4l3WnHPK879Wbl6M4ujAAdwCMfgwgVU4Q5q0AACKTzDK7xZT9aL9W59TFuXrNnMPvyB9fkDc+uRAg==</latexit>

T = V �1AV
<latexit sha1_base64="ov0knxxfKabQq70tRrqHc1NzWsg=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpKIqBuh6MZlBfuANpbJ9LYdOnkwMynWENz4K25cKOLWr3Dn3zhJs9DWAxcO59zLvfe4IWdSWda3MTe/sLi0XFgprq6tb2yaW9t1GUSCQo0GPBBNl0jgzIeaYopDMxRAPJdDwx1epX5jBEKywL9V4xAcj/R91mOUKC11zN32CGj8kOALXL+Lj+wEZ8J9UuyYJatsZcCzxM5JCeWodsyvdjegkQe+opxI2bKtUDkxEYpRDkmxHUkICR2SPrQ09YkH0omzFxJ8oJUu7gVCl69wpv6eiIkn5dhzdadH1EBOe6n4n9eKVO/ciZkfRgp8OlnUizhWAU7zwF0mgCo+1oRQwfStmA6IIFTp1NIQ7OmXZ0n9uGyflq2bk1LlMo+jgPbQPjpENjpDFXSNqqiGKHpEz+gVvRlPxovxbnxMWueMfGYH/YHx+QPcf5Zx</latexit>

~z = V �1~xDiagonalize or triangularize:



System Stability (Recap)

<latexit sha1_base64="XnKb9sMJ6DHx3XGyPDHzWPbusI4=">AAACJHicbVDLSgMxFM34tr6qLt0EiyBUyoyICiJU3bisYrXQGUsmvW1DM5khyYhlmI9x46+4ceEDF278FjNtEW09EDj33HvIvcePOFPatj+ticmp6ZnZufncwuLS8kp+de1ahbGkUKUhD2XNJwo4E1DVTHOoRRJI4HO48btnWf/mDqRiobjSvQi8gLQFazFKtJEa+SP3Dmhyn9ZZ0fHwMT7BP4KHi4MCssLdwS4T2A2I7vh+cpneGnfBLtl94HHiDEkBDVFp5N/cZkjjAISmnChVd+xIewmRmlEOac6NFUSEdkkb6oYKEoDykv6RKd4yShO3Qmme0Liv/nYkJFCqF/hmMttRjfYy8b9ePdatQy9hIoo1CDr4qBVzrEOcJYabTALVvGcIoZKZXTHtEEmoNrnmTAjO6Mnj5Hq35OyX7Iu9Qvl0GMcc2kCbaBs56ACV0TmqoCqi6AE9oRf0aj1az9a79TEYnbCGnnX0B9bXNyYKo+w=</latexit>

~x[i+ 1] = A~x[i] + ~e[i] 2 Rn
<latexit sha1_base64="jlTyVZNkZmGVc/oGtxj2FTEgwYA="></latexit>

~̇x(t) = A~x(t) + ~w(t) 2 RnContinuous time: Discrete time: 

Re

Im

Re

Im

Definition: We say a system is bounded input bounded state (BIBS) stable if its state stays 
bounded,                         for any initial condition, any bounded input, and bounded disturbance.

<latexit sha1_base64="q8x5glb19EDxFomhb5yHHq/qLAI=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GwkLArooJNMI1lBPOA3SXMTu4mQ2YfzMwGwya1jb9iY6GIrV9g5984eRSaeODC4Zx7ufceP+FMKsv6NnJLyyura/n1wsbm1vaOubtXl3EqKNRozGPR9IkEziKoKaY4NBMBJPQ5NPxeZew3+iAki6N7NUjAC0knYgGjRGmpZR66QSwI55i519gdun2g2cPIYZ47xC4HXDltmUWrZE2AF4k9I0U0Q7VlfrntmKYhRIpyIqVjW4nyMiIUoxxGBTeVkBDaIx1wNI1ICNLLJq+M8LFW2ljfpCtSeKL+nshIKOUg9HVnSFRXzntj8T/PSVVw5WUsSlIFEZ0uClKOVYzHueA2E0AVH2hCqGD6Vky7RBCqdHoFHYI9//IiqZ+V7IuSdXdeLN/M4sijA3SETpCNLlEZ3aIqqiGKHtEzekVvxpPxYrwbH9PWnDGb2Ud/YHz+AP4Kmc0=</latexit>

8i k~x[i]k  C,



System Stabilization

What if some or all eigenvalues of      are outside of the unit circle?   Consider the feedback:
<latexit sha1_base64="7xdoAouayA8IBCVKuaYVRCF4WWM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cq9gPaUjbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDPPjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98m/mtJ1SaR/LRTGLshXQoecAZNVZ6uC71yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnV06JSdWGZAgUrakITP190RKQ60noW87Q2pGetHLxP+8TmKCq17KZZwYlGy+KEgEMRHJ3iYDrpAZMbGEMsXtrYSNqKLM2HCyELzFl5dJ86zqXVTd+/NK7SaPowhHcAyn4MEl1OAO6tAABgE8wyu8OWPnxXl3PuatBSefOYQ/cD5/AMjQjN4=</latexit>

A
<latexit sha1_base64="p7LIuQmxX4IdeqxDYKmgEbwKCEo=">AAACBHicbVDLSsNAFL3xWeMr6rKbwSK4KomIuhGKgrisYB/QhjKZTtqhkwczk2IJXbjxV9y4UMStH+HOv3GSZqGtBwbOPede7tzjxZxJZdvfxtLyyuraemnD3Nza3tm19vabMkoEoQ0S8Ui0PSwpZyFtKKY4bceC4sDjtOWNrjO/NaZCsii8V5OYugEehMxnBCst9axyd0xJmkw7zEWX6Abl5UNWmmbPqthVOwdaJE5BKlCg3rO+uv2IJAENFeFYyo5jx8pNsVCMcDo1u4mkMSYjPKAdTUMcUOmm+RFTdKSVPvIjoV+oUK7+nkhxIOUk8HRngNVQznuZ+J/XSZR/4aYsjBNFQzJb5CccqQhliaA+E5QoPtEEE8H0XxEZYoGJ0rllITjzJy+S5knVOavad6eV2lURRwnKcAjH4MA51OAW6tAAAo/wDK/wZjwZL8a78TFrXTKKmQP4A+PzBwM4lwg=</latexit>

~u[i] = F~x[i]

<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]

<latexit sha1_base64="v17CJg8IWehRa1rUplFBMHd4bOU="></latexit>

~x[i+ 1] = A~x[i] +B~u[i] + ~e[i] 2 Rn

<latexit sha1_base64="QH4QM2pEol+bZzgH+ldfEp2nXPA=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GNREI8VjC20oWy2m3bp7ibsboQS+hu8eFDEqz/Im//GTZuDtj4YeLw3w8y8KOVMG8/7diorq2vrG9VNd2t7Z3evtn/wqJNMERqQhCeqE2FNOZM0MMxw2kkVxSLitB2Nbwq//USVZol8MJOUhgIPJYsZwcZKAbpFrtuv1b2GNwNaJn5J6lCi1a999QYJyQSVhnCsddf3UhPmWBlGOJ26vUzTFJMxHtKupRILqsN8duwUnVhlgOJE2ZIGzdTfEzkWWk9EZDsFNiO96BXif143M/FVmDOZZoZKMl8UZxyZBBWfowFTlBg+sQQTxeytiIywwsTYfIoQ/MWXl8njWcO/aHj35/XmdRlHFY7gGE7Bh0towh20IAACDJ7hFd4c6bw4787HvLXilDOH8AfO5w+wro1L</latexit>

F

<latexit sha1_base64="9W4o2GvBdpLyKGwBiqALcBoVKJA=">AAAB83icbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cK9gOSUDbbSbt0swm7m2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWZemHKmtON8W5W19Y3Nreq2vbO7t39QOzzqqCSTFNo04YnshUQBZwLammkOvVQCiUMO3XB8V/jdCUjFEvGopykEMRkKFjFKtJF8fwI0f5p5LLDtfq3uNJw58CpxS1JHJVr92pc/SGgWg9CUE6U810l1kBOpGeUws/1MQUromAzBM1SQGFSQz2+e4TOjDHCUSFNC47n6eyInsVLTODSdMdEjtewV4n+el+noJsiZSDMNgi4WRRnHOsFFAHjAJFDNp4YQKpm5FdMRkYRqE1MRgrv88irpXDTcq4bzcFlv3pZxVNEJOkXnyEXXqInuUQu1EUUpekav6M3KrBfr3fpYtFascuYY/YH1+QNTa5E2</latexit>

~x[i]
<latexit sha1_base64="zj0IzhgfCizIkb7vZAlKfpGefag=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeiwK4rGC/YA0ls120y7dbMLuplpC/4cXD4p49b9489+4aXPQ1gcDj/dmmJkXJJwp7Tjf1tLyyuraemnD3tza3tkt7+03VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBUMr3O/NaJSsVjc63FC/Qj3BQsZwdpIDzeoM6Ike5p4zLftbrniVJ0p0CJxC1KBAvVu+avTi0kaUaEJx0p5rpNoP8NSM8LpxO6kiiaYDHGfeoYKHFHlZ9OrJ+jYKD0UxtKU0Giq/p7IcKTUOApMZ4T1QM17ufif56U6vPQzJpJUU0Fmi8KUIx2jPALUY5ISzceGYCKZuRWRAZaYaBNUHoI7//IiaZ5W3fOqc3dWqV0VcZTgEI7gBFy4gBrcQh0aQEDCM7zCm/VovVjv1sesdckqZg7gD6zPHz0WkbA=</latexit>

F~x[i]

<latexit sha1_base64="5d1ycrOFazwqN0YKMEFELHJKNL8=">AAACJHicbVBJS8NAFJ641rhFPXoZLIJQKImICiLUevFYwS6QhjKZvrZDJwszk2IJ/TFe/CtePLjgwYu/xSQNoq0PBr7lPd68zw05k8o0P7WFxaXlldXCmr6+sbm1bezsNmQQCQp1GvBAtFwigTMf6oopDq1QAPFcDk13eJ36zREIyQL/To1DcDzS91mPUaISqWNctEdA4/uJzUqWgy/xFf4RHFzCVTzlUc4zAinRdb1jFM2ymRWeB1YOiiivWsd4a3cDGnngK8qJlLZlhsqJiVCMcpjo7UhCSOiQ9MFOoE88kE6cHTnBh4nSxb1AJM9XOFN/T8TEk3LsuUmnR9RAznqp+J9nR6p37sTMDyMFPp0u6kUcqwCnieEuE0AVHyeAUMGSv2I6IIJQleSahmDNnjwPGsdl67Rs3p4UK9U8jgLaRwfoCFnoDFXQDaqhOqLoAT2hF/SqPWrP2rv2MW1d0PKZPfSntK9vkryiRA==</latexit>

~x[i+ 1] = A~x[i] +B~u[i] + ~e[i]

<latexit sha1_base64="9W4o2GvBdpLyKGwBiqALcBoVKJA=">AAAB83icbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cK9gOSUDbbSbt0swm7m2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWZemHKmtON8W5W19Y3Nreq2vbO7t39QOzzqqCSTFNo04YnshUQBZwLammkOvVQCiUMO3XB8V/jdCUjFEvGopykEMRkKFjFKtJF8fwI0f5p5LLDtfq3uNJw58CpxS1JHJVr92pc/SGgWg9CUE6U810l1kBOpGeUws/1MQUromAzBM1SQGFSQz2+e4TOjDHCUSFNC47n6eyInsVLTODSdMdEjtewV4n+el+noJsiZSDMNgi4WRRnHOsFFAHjAJFDNp4YQKpm5FdMRkYRqE1MRgrv88irpXDTcq4bzcFlv3pZxVNEJOkXnyEXXqInuUQu1EUUpekav6M3KrBfr3fpYtFascuYY/YH1+QNTa5E2</latexit>

~x[i]

<latexit sha1_base64="zmZq4yWCeC3WHJoQ21+KE91PDdk=">AAAB/HicbVDLSsNAFJ3UV42vaJduBosgCCURUTdCW0FcVrAPaEOYTCft0MkkzEyEEOqvuHGhiFs/xJ1/46TNQlsPXDiccy/33uPHjEpl299GaWV1bX2jvGlube/s7ln7Bx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pOb3O8+EiFpxB9UGhM3RCNOA4qR0pJnVRpehtkUXsMGPIXNW2iapmdV7Zo9A1wmTkGqoEDLs74GwwgnIeEKMyRl37Fj5WZIKIoZmZqDRJIY4Qkakb6mHIVEutns+Ck81soQBpHQxRWcqb8nMhRKmYa+7gyRGstFLxf/8/qJCq7cjPI4UYTj+aIgYVBFME8CDqkgWLFUE4QF1bdCPEYCYaXzykNwFl9eJp2zmnNRs+/Pq/VmEUcZHIIjcAIccAnq4A60QBtgkIJn8ArejCfjxXg3PuatJaOYqYA/MD5/AAhskcQ=</latexit>

Acl = A+BF



System Stabilization (Example 1)
Scalar case: 

<latexit sha1_base64="3I7PLiwEH9hOt6IJo9ka1FeYcbc=">AAACD3icbVBNS8MwGE7n16xfVY9egkMRBqNVUS/C0IvHCe4DujLSLN3C0rQkqTjK/oEX/4oXD4p49erNf2Pa9aCbD4Q8eZ735c37+DGjUtn2t1FaWFxaXimvmmvrG5tb1vZOS0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+6Drz2/dESBrxOzWOiReiAacBxUhpqWcdpg8Tl1YdD17CE5g/PFiFaVIQoi/TNHtWxa7ZOeA8cQpSAQUaPeur249wEhKuMENSuo4dKy9FQlHMyMTsJpLECI/QgLiachQS6aX5PhN4oJU+DCKhD1cwV393pCiUchz6ujJEaihnvUz8z3MTFVx4KeVxogjH00FBwqCKYBYO7FNBsGJjTRAWVP8V4iESCCsdYRaCM7vyPGkd15yzmn17WqlfFXGUwR7YB0fAAeegDm5AAzQBBo/gGbyCN+PJeDHejY9packoenbBHxifPxlfmYI=</latexit>

x[i+ 1] = 3x[i] + u[i] + e[i]



System Stabilization (Example 2)
Vector case: 

<latexit sha1_base64="h39+zFke+VkVIX4u0VqNi4kZHBA="></latexit>

~x[i+ 1] =


3 1
0 �2

�
~x[i] +


1
0

�
u[i] + ~e[i]



System Stabilization (Example 3)
<latexit sha1_base64="gKsxXkn178wc8Ndu/Tp4KZsJDMM="></latexit>

~x[i+ 1] =


0 1
3 �2

�
~x[i] +


0
1

�
u[i] + ~e[i]Vector case: 



System Stabilization (Example 3)
<latexit sha1_base64="gKsxXkn178wc8Ndu/Tp4KZsJDMM="></latexit>

~x[i+ 1] =


0 1
3 �2

�
~x[i] +


0
1

�
u[i] + ~e[i]Vector case: 



Controllable Canonical Form
<latexit sha1_base64="zmZq4yWCeC3WHJoQ21+KE91PDdk=">AAAB/HicbVDLSsNAFJ3UV42vaJduBosgCCURUTdCW0FcVrAPaEOYTCft0MkkzEyEEOqvuHGhiFs/xJ1/46TNQlsPXDiccy/33uPHjEpl299GaWV1bX2jvGlube/s7ln7Bx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pOb3O8+EiFpxB9UGhM3RCNOA4qR0pJnVRpehtkUXsMGPIXNW2iapmdV7Zo9A1wmTkGqoEDLs74GwwgnIeEKMyRl37Fj5WZIKIoZmZqDRJIY4Qkakb6mHIVEutns+Ck81soQBpHQxRWcqb8nMhRKmYa+7gyRGstFLxf/8/qJCq7cjPI4UYTj+aIgYVBFME8CDqkgWLFUE4QF1bdCPEYCYaXzykNwFl9eJp2zmnNRs+/Pq/VmEUcZHIIjcAIccAnq4A60QBtgkIJn8ArejCfjxXg3PuatJaOYqYA/MD5/AAhskcQ=</latexit>

Acl = A+BF

<latexit sha1_base64="QCVvwdAnT24PUIkfRcCgBOOubUQ="></latexit>

A =

2

6666664

0 1 0 · · · 0

0 0 1 0
...

...
. . .

. . .
. . . 0

0 · · · 0 0 1
a1 a2 · · · an�1 an

3

7777775
, B =

2

6666664

0
...
...
0
1

3

7777775

<latexit sha1_base64="VV/AcoGiC5dyRoe5c7uK5ljhvQw="></latexit>

F =
⇥
f1 f2 · · · fn�1 fn

⇤

<latexit sha1_base64="o0BzBuOdzj62xFmtfBE7mYrYDXU="></latexit>

~x[i+ 1] = A~x[i] +Bu[i] + ~e[i] 2 RnSingle input case:



Controllable Canonical Form
<latexit sha1_base64="EoQiYwn4Ft6hngakE4y7HkXuv4s="></latexit>

det(�I �A) = det

2

6666664

� �1 0 · · · 0

0 � �1 0
...

...
. . .

. . .
. . . 0

0 · · · 0 � �1
�a1 �a2 · · · �an�1 �an

3

7777775

det(�I �A) = �n � an�
n�1 � an�1�a

n�2 � · · ·� a2�� a1

Characteristic Polynomial of      is simple:
<latexit sha1_base64="7xdoAouayA8IBCVKuaYVRCF4WWM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cq9gPaUjbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDPPjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98m/mtJ1SaR/LRTGLshXQoecAZNVZ6uC71yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnV06JSdWGZAgUrakITP190RKQ60noW87Q2pGetHLxP+8TmKCq17KZZwYlGy+KEgEMRHJ3iYDrpAZMbGEMsXtrYSNqKLM2HCyELzFl5dJ86zqXVTd+/NK7SaPowhHcAyn4MEl1OAO6tAABgE8wyu8OWPnxXl3PuatBSefOYQ/cD5/AMjQjN4=</latexit>

A



Controllable Canonical Form

<latexit sha1_base64="f8Ht30nGYj6WS8BL60NH25xpWlY="></latexit>

Acl = A+BF =

2

6666664

0 1 0 · · · 0

0 0 1 0
...

...
. . .

. . .
. . . 0

0 · · · 0 0 1
a1 a2 · · · an�1 an

3

7777775
+

2

6666664

0
...
...
0
1

3

7777775

⇥
f1 f2 · · · fn�1 fn

⇤

<latexit sha1_base64="zmZq4yWCeC3WHJoQ21+KE91PDdk=">AAAB/HicbVDLSsNAFJ3UV42vaJduBosgCCURUTdCW0FcVrAPaEOYTCft0MkkzEyEEOqvuHGhiFs/xJ1/46TNQlsPXDiccy/33uPHjEpl299GaWV1bX2jvGlube/s7ln7Bx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+pOb3O8+EiFpxB9UGhM3RCNOA4qR0pJnVRpehtkUXsMGPIXNW2iapmdV7Zo9A1wmTkGqoEDLs74GwwgnIeEKMyRl37Fj5WZIKIoZmZqDRJIY4Qkakb6mHIVEutns+Ck81soQBpHQxRWcqb8nMhRKmYa+7gyRGstFLxf/8/qJCq7cjPI4UYTj+aIgYVBFME8CDqkgWLFUE4QF1bdCPEYCYaXzykNwFl9eJp2zmnNRs+/Pq/VmEUcZHIIjcAIccAnq4A60QBtgkIJn8ArejCfjxXg3PuatJaOYqYA/MD5/AAhskcQ=</latexit>

Acl = A+BF
<latexit sha1_base64="o0BzBuOdzj62xFmtfBE7mYrYDXU="></latexit>

~x[i+ 1] = A~x[i] +Bu[i] + ~e[i] 2 Rn



Controllable Canonical Form
For a general system:

Can we bring the system to the canonical form via a similarity transform:                 ?
<latexit sha1_base64="yETO2zdAbj/QMT4qJ/WQubldCM0=">AAAB/nicbZDLSsNAFIZPvNZ4i4orN4NFcFUSEXUjFN24rNAbtKFMppN26OTCzKRYQ8FXceNCEbc+hzvfxkmahbb+MPDxn3M4Z34v5kwq2/42lpZXVtfWSxvm5tb2zq61t9+UUSIIbZCIR6LtYUk5C2lDMcVpOxYUBx6nLW90m9VbYyoki8K6msTUDfAgZD4jWGmrZx12x5Skj1N0jeoo54epafassl2xc6FFcAooQ6Faz/rq9iOSBDRUhGMpO44dKzfFQjHC6dTsJpLGmIzwgHY0hjig0k3z86foRDt95EdCv1Ch3P09keJAykng6c4Aq6Gcr2Xmf7VOovwrN2VhnCgaktkiP+FIRSjLAvWZoETxiQZMBNO3IjLEAhOlE8tCcOa/vAjNs4pzUbHvz8vVmyKOEhzBMZyCA5dQhTuoQQMIpPAMr/BmPBkvxrvxMWtdMoqZA/gj4/MHn8aUnQ==</latexit>

~z = T~x

<latexit sha1_base64="o0BzBuOdzj62xFmtfBE7mYrYDXU="></latexit>

~x[i+ 1] = A~x[i] +Bu[i] + ~e[i] 2 Rn



Controllable Canonical Form
For a general system:

Claim: we can convert the above system to the canonical form if the following controllability matrix:

<latexit sha1_base64="o0BzBuOdzj62xFmtfBE7mYrYDXU="></latexit>

~x[i+ 1] = A~x[i] +Bu[i] + ~e[i] 2 Rn

<latexit sha1_base64="TeA5ITB0MOTDKmOmyejE+ulzTZA="></latexit>

C .
= [An�1B | · · · |AB | B] 2 Rn⇥n is invertible.

<latexit sha1_base64="+O2KIsTNDFWRtL6X/TNqKUAvdTA=">AAADGnicfVLL btQwFHXCq4RHp7BkYzGCYQGjuEK0G6RSNiyLNNNWGofoxnFmrDpOsJ2KUTTfwYZfYcMChNghNvwNTibqDG3hSk5Ozrk+OX4kpRTGhuFvz79y9dr1Gxs3g1u379zd7G3d OzRFpRkfs0IW+jgBw6VQfGyFlfy41BzyRPKj5OR1ox+dcm1EoUZ2XvIoh6kSmWBgHRVveeHo1ehd/Yws8EtMJc/sJKAJnwpV52C1+LAIQvwYEzeaN6YsLaxpvyhtpZXsHvS0lZ3UIUel/wRnHmuunRFxCsRk4CDE24P1Hohr5fIuJTXAAeUqPUtLtZjObPQU0/cVpHi0/591UboKvEItTy51HQZBEPf64TBsC18EpAN91NVB3PtJ04JVOVeWSTBmQsLSRjVoK5jkzrsyvAR2AlM+cVBBzk1Ut0e7wI8ck+Ks0G4oi1t2fUYNuTHzPHGdLuvMnNca8jJtUtlsN6qFKivLFVv+KKsktgVu7glOhebMyrkDwLRwWTGbgQZm3W1qNoGcX/JFcLg9JC+G4dvn/b39bjs20AP0ED1BBO2gPfQGHaAxYt5H77P31fvmf/K/+N/9H8tW3+vm3Ed/lf/rD+UM6Ew=</latexit>

TAT�1 =

2

6666664

0 1 0 · · · 0

0 0 1 0
...

...
. . .

. . .
. . . 0

0 · · · 0 0 1
a01 a02 · · · a0n�1 a0n

3

7777775
, TB =

2

6666664

0
...
...
0
1

3

7777775
.

<latexit sha1_base64="qKRSfqYfJYrb/35pq/5k+1p0XPw="></latexit>

~z[i+ 1] = TAT�1~z[i] + TBu[i] + T~e[i] 2 Rn
<latexit sha1_base64="yETO2zdAbj/QMT4qJ/WQubldCM0=">AAAB/nicbZDLSsNAFIZPvNZ4i4orN4NFcFUSEXUjFN24rNAbtKFMppN26OTCzKRYQ8FXceNCEbc+hzvfxkmahbb+MPDxn3M4Z34v5kwq2/42lpZXVtfWSxvm5tb2zq61t9+UUSIIbZCIR6LtYUk5C2lDMcVpOxYUBx6nLW90m9VbYyoki8K6msTUDfAgZD4jWGmrZx12x5Skj1N0jeoo54epafassl2xc6FFcAooQ6Faz/rq9iOSBDRUhGMpO44dKzfFQjHC6dTsJpLGmIzwgHY0hjig0k3z86foRDt95EdCv1Ch3P09keJAykng6c4Aq6Gcr2Xmf7VOovwrN2VhnCgaktkiP+FIRSjLAvWZoETxiQZMBNO3IjLEAhOlE8tCcOa/vAjNs4pzUbHvz8vVmyKOEhzBMZyCA5dQhTuoQQMIpPAMr/BmPBkvxrvxMWtdMoqZA/gj4/MHn8aUnQ==</latexit>

~z = T~x



Controllable Canonical Form
For a general system:

Claim: we can convert the above system to the canonical form if the following controllability matrix:

<latexit sha1_base64="o0BzBuOdzj62xFmtfBE7mYrYDXU="></latexit>

~x[i+ 1] = A~x[i] +Bu[i] + ~e[i] 2 Rn

<latexit sha1_base64="TeA5ITB0MOTDKmOmyejE+ulzTZA="></latexit>

C .
= [An�1B | · · · |AB | B] 2 Rn⇥n is invertible.

<latexit sha1_base64="+O2KIsTNDFWRtL6X/TNqKUAvdTA=">AAADGnicfVLL btQwFHXCq4RHp7BkYzGCYQGjuEK0G6RSNiyLNNNWGofoxnFmrDpOsJ2KUTTfwYZfYcMChNghNvwNTibqDG3hSk5Ozrk+OX4kpRTGhuFvz79y9dr1Gxs3g1u379zd7G3d OzRFpRkfs0IW+jgBw6VQfGyFlfy41BzyRPKj5OR1ox+dcm1EoUZ2XvIoh6kSmWBgHRVveeHo1ehd/Yws8EtMJc/sJKAJnwpV52C1+LAIQvwYEzeaN6YsLaxpvyhtpZXsHvS0lZ3UIUel/wRnHmuunRFxCsRk4CDE24P1Hohr5fIuJTXAAeUqPUtLtZjObPQU0/cVpHi0/591UboKvEItTy51HQZBEPf64TBsC18EpAN91NVB3PtJ04JVOVeWSTBmQsLSRjVoK5jkzrsyvAR2AlM+cVBBzk1Ut0e7wI8ck+Ks0G4oi1t2fUYNuTHzPHGdLuvMnNca8jJtUtlsN6qFKivLFVv+KKsktgVu7glOhebMyrkDwLRwWTGbgQZm3W1qNoGcX/JFcLg9JC+G4dvn/b39bjs20AP0ED1BBO2gPfQGHaAxYt5H77P31fvmf/K/+N/9H8tW3+vm3Ed/lf/rD+UM6Ew=</latexit>

TAT�1 =

2

6666664

0 1 0 · · · 0

0 0 1 0
...

...
. . .

. . .
. . . 0

0 · · · 0 0 1
a01 a02 · · · a0n�1 a0n

3

7777775
, TB =

2

6666664

0
...
...
0
1

3

7777775
.

<latexit sha1_base64="qKRSfqYfJYrb/35pq/5k+1p0XPw="></latexit>

~z[i+ 1] = TAT�1~z[i] + TBu[i] + T~e[i] 2 Rn
<latexit sha1_base64="yETO2zdAbj/QMT4qJ/WQubldCM0=">AAAB/nicbZDLSsNAFIZPvNZ4i4orN4NFcFUSEXUjFN24rNAbtKFMppN26OTCzKRYQ8FXceNCEbc+hzvfxkmahbb+MPDxn3M4Z34v5kwq2/42lpZXVtfWSxvm5tb2zq61t9+UUSIIbZCIR6LtYUk5C2lDMcVpOxYUBx6nLW90m9VbYyoki8K6msTUDfAgZD4jWGmrZx12x5Skj1N0jeoo54epafassl2xc6FFcAooQ6Faz/rq9iOSBDRUhGMpO44dKzfFQjHC6dTsJpLGmIzwgHY0hjig0k3z86foRDt95EdCv1Ch3P09keJAykng6c4Aq6Gcr2Xmf7VOovwrN2VhnCgaktkiP+FIRSjLAvWZoETxiQZMBNO3IjLEAhOlE8tCcOa/vAjNs4pzUbHvz8vVmyKOEhzBMZyCA5dQhTuoQQMIpPAMr/BmPBkvxrvxMWtdMoqZA/gj4/MHn8aUnQ==</latexit>

~z = T~x



Controllable Canonical Form
For a general system:

<latexit sha1_base64="o0BzBuOdzj62xFmtfBE7mYrYDXU="></latexit>

~x[i+ 1] = A~x[i] +Bu[i] + ~e[i] 2 Rn

<latexit sha1_base64="qKRSfqYfJYrb/35pq/5k+1p0XPw="></latexit>

~z[i+ 1] = TAT�1~z[i] + TBu[i] + T~e[i] 2 Rn
<latexit sha1_base64="yETO2zdAbj/QMT4qJ/WQubldCM0=">AAAB/nicbZDLSsNAFIZPvNZ4i4orN4NFcFUSEXUjFN24rNAbtKFMppN26OTCzKRYQ8FXceNCEbc+hzvfxkmahbb+MPDxn3M4Z34v5kwq2/42lpZXVtfWSxvm5tb2zq61t9+UUSIIbZCIR6LtYUk5C2lDMcVpOxYUBx6nLW90m9VbYyoki8K6msTUDfAgZD4jWGmrZx12x5Skj1N0jeoo54epafassl2xc6FFcAooQ6Faz/rq9iOSBDRUhGMpO44dKzfFQjHC6dTsJpLGmIzwgHY0hjig0k3z86foRDt95EdCv1Ch3P09keJAykng6c4Aq6Gcr2Xmf7VOovwrN2VhnCgaktkiP+FIRSjLAvWZoETxiQZMBNO3IjLEAhOlE8tCcOa/vAjNs4pzUbHvz8vVmyKOEhzBMZyCA5dQhTuoQQMIpPAMr/BmPBkvxrvxMWtdMoqZA/gj4/MHn8aUnQ==</latexit>

~z = T~x

<latexit sha1_base64="B4IcxlEHFcyVJubnL+d1Mm4CqlI=">AAACJXicbZDLSsNAFIYn9VbjLerSzWARBaEkIupCoerGZQWrQhrKZHpqh04uzEyKbcjLuPFV3LhQRHDlqzhJs/B2YOA/3z+HmfP7MWdS2faHUZmanpmdq86bC4tLyyvW6tq1jBJBoUUjHolbn0jgLISWYorDbSyABD6HG39wnvs3QxCSReGVGsXgBeQuZD1GidKoYx23h0DTceayXcfDJ/i0M8YFutfIw7v4TIM0KZvCgWw770zT7Fg1u24Xhf8KpxQ1VFazY722uxFNAggV5URK17Fj5aVEKEY5ZGY7kRATOiB34GoZkgCklxZbZnhLky7uRUKfUOGCfp9ISSDlKPD1zYCovvzt5fA/z01U78hLWRgnCkI6eaiXcKwinEeGu0wAVXykBaGC6b9i2ieCUKWDzUNwfq/8V1zv1Z2Dun25X2uclXFU0QbaRDvIQYeogS5QE7UQRQ/oCb2gV+PReDbejPfJ1YpRzqyjH2V8fgE6OaKP</latexit>

~z[i+ 1] = Az~x[i] +Bzu[i] + ~e0[i]

<latexit sha1_base64="4tgtvGjUpnqNnVbNT3/6LnvzKcA=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxCVyURUTdCURCXFXqDNITJdNIOnUzCzKTYhr6CG1/FjQtF3Lpz59s4aQNq6w8DP985hzPn92NGpbKsL2NpeWV1bb2wUdzc2t7ZNff2mzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9LyB9dZvTUkQtKI19UoJm6IepwGFCOlkWeWE4e68BLeeGPYGRKcjic/oD5D9xnyzJJVsaaCi8bOTQnkqnnmZ6cb4SQkXGGGpHRsK1ZuioSimJFJsZNIEiM8QD3iaMtRSKSbTi+awGNNujCIhH5cwSn9PZGiUMpR6OvOEKm+nK9l8L+ak6jgwk0pjxNFOJ4tChIGVQSzeGCXCoIVG2mDsKD6rxD3kUBY6RCLOgR7/uRF0zyp2GcV6+60VL3K4yiAQ3AEysAG56AKbkENNAAGD+AJvIBX49F4Nt6M91nrkpHPHIA/Mj6+AVbsnBo=</latexit>

u[i] = Fz~z[i] = FzT~x[i]

Claim: the closed loop system                                            has the same eigenvalues as  
<latexit sha1_base64="Psf3K/AO29ds/Qm5G6tA06j9eRQ=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCIJQEhF1I9QK4rJCb9CGMJlO2qGTCzMTocYufBU3LhRx62u4822ctllo6w8DH/85h3Pm92LOpLKsbyO3sLi0vJJfLaytb2xumds7DRklgtA6iXgkWh6WlLOQ1hVTnLZiQXHgcdr0BtfjevOeCsmisKaGMXUC3AuZzwhW2nLNvSt0jCroBl2ijNwHVEOuWbRK1kRoHuwMipCp6ppfnW5EkoCGinAsZdu2YuWkWChGOB0VOomkMSYD3KNtjSEOqHTSyf0jdKidLvIjoV+o0MT9PZHiQMph4OnOAKu+nK2Nzf9q7UT5F07KwjhRNCTTRX7CkYrQOAzUZYISxYcaMBFM34pIHwtMlI6soEOwZ788D42Tkn1Wsu5Oi+VKFkce9uEAjsCGcyjDLVShDgQe4Rle4c14Ml6Md+Nj2pozspld+CPj8wfM1pIe</latexit>

A+BF = A+BFzT
<latexit sha1_base64="z0T4CxcPOHNKKvpxWOK02pAJjk0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGRF3WCuKygn1AOwyZNNOGZjJjkim0Q7/DjQtF3Pox7vwb03YW2nrgXg7n3Etujh9zprRtf1u5ldW19Y38ZmFre2d3r7h/0FBRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7id+s0hlYpF4lGPYuqGuCdYwAjWRnJvvDE6Q1XT77yxVyzZZXsGtEycjJQgQ80rfnW6EUlCKjThWKm2Y8faTbHUjHA6KXQSRWNMBrhH24YKHFLlprOjJ+jEKF0URNKU0Gim/t5IcajUKPTNZIh1Xy16U/E/r53o4NpNmYgTTQWZPxQkHOkITRNAXSYp0XxkCCaSmVsR6WOJiTY5FUwIzuKXl0njvOxclu2Hi1KlmsWRhyM4hlNw4AoqcA81qAOBJ3iGV3izhtaL9W59zEdzVrZzCH9gff4A4W+Q4A==</latexit>

Az +BzFz



Feedback Control (Summary)
For a general system:

<latexit sha1_base64="o0BzBuOdzj62xFmtfBE7mYrYDXU="></latexit>

~x[i+ 1] = A~x[i] +Bu[i] + ~e[i] 2 Rn

• It is possible to stabilize the system via state feedback control: 

• When is this possible? The system is controllable: 

• How to design eigenvalues of closed-loop system (to stabilize)? Controllable canonical form:

<latexit sha1_base64="p7LIuQmxX4IdeqxDYKmgEbwKCEo=">AAACBHicbVDLSsNAFL3xWeMr6rKbwSK4KomIuhGKgrisYB/QhjKZTtqhkwczk2IJXbjxV9y4UMStH+HOv3GSZqGtBwbOPede7tzjxZxJZdvfxtLyyuraemnD3Nza3tm19vabMkoEoQ0S8Ui0PSwpZyFtKKY4bceC4sDjtOWNrjO/NaZCsii8V5OYugEehMxnBCst9axyd0xJmkw7zEWX6Abl5UNWmmbPqthVOwdaJE5BKlCg3rO+uv2IJAENFeFYyo5jx8pNsVCMcDo1u4mkMSYjPKAdTUMcUOmm+RFTdKSVPvIjoV+oUK7+nkhxIOUk8HRngNVQznuZ+J/XSZR/4aYsjBNFQzJb5CccqQhliaA+E5QoPtEEE8H0XxEZYoGJ0rllITjzJy+S5knVOavad6eV2lURRwnKcAjH4MA51OAW6tAAAo/wDK/wZjwZL8a78TFrXTKKmQP4A+PzBwM4lwg=</latexit>

~u[i] = F~x[i]

<latexit sha1_base64="TeA5ITB0MOTDKmOmyejE+ulzTZA="></latexit>

C .
= [An�1B | · · · |AB | B] 2 Rn⇥n is invertible.

<latexit sha1_base64="+O2KIsTNDFWRtL6X/TNqKUAvdTA="></latexit>

TAT�1 =

2

6666664

0 1 0 · · · 0

0 0 1 0
...

...
. . .

. . .
. . . 0

0 · · · 0 0 1
a01 a02 · · · a0n�1 a0n

3

7777775
, TB =

2

6666664

0
...
...
0
1

3

7777775
.


