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Feedback Control (Summary)
For a general system:

<latexit sha1_base64="o0BzBuOdzj62xFmtfBE7mYrYDXU="></latexit>

~x[i+ 1] = A~x[i] +Bu[i] + ~e[i] 2 Rn

• It is possible to stabilize the system via state feedback control:

• We know how to do this if the system is in the following canonical form:  

<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]

<latexit sha1_base64="QH4QM2pEol+bZzgH+ldfEp2nXPA=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GNREI8VjC20oWy2m3bp7ibsboQS+hu8eFDEqz/Im//GTZuDtj4YeLw3w8y8KOVMG8/7diorq2vrG9VNd2t7Z3evtn/wqJNMERqQhCeqE2FNOZM0MMxw2kkVxSLitB2Nbwq//USVZol8MJOUhgIPJYsZwcZKAbpFrtuv1b2GNwNaJn5J6lCi1a999QYJyQSVhnCsddf3UhPmWBlGOJ26vUzTFJMxHtKupRILqsN8duwUnVhlgOJE2ZIGzdTfEzkWWk9EZDsFNiO96BXif143M/FVmDOZZoZKMl8UZxyZBBWfowFTlBg+sQQTxeytiIywwsTYfIoQ/MWXl8njWcO/aHj35/XmdRlHFY7gGE7Bh0towh20IAACDJ7hFd4c6bw4787HvLXilDOH8AfO5w+wro1L</latexit>

F

<latexit sha1_base64="9W4o2GvBdpLyKGwBiqALcBoVKJA=">AAAB83icbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cK9gOSUDbbSbt0swm7m2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWZemHKmtON8W5W19Y3Nreq2vbO7t39QOzzqqCSTFNo04YnshUQBZwLammkOvVQCiUMO3XB8V/jdCUjFEvGopykEMRkKFjFKtJF8fwI0f5p5LLDtfq3uNJw58CpxS1JHJVr92pc/SGgWg9CUE6U810l1kBOpGeUws/1MQUromAzBM1SQGFSQz2+e4TOjDHCUSFNC47n6eyInsVLTODSdMdEjtewV4n+el+noJsiZSDMNgi4WRRnHOsFFAHjAJFDNp4YQKpm5FdMRkYRqE1MRgrv88irpXDTcq4bzcFlv3pZxVNEJOkXnyEXXqInuUQu1EUUpekav6M3KrBfr3fpYtFascuYY/YH1+QNTa5E2</latexit>

~x[i]
<latexit sha1_base64="zj0IzhgfCizIkb7vZAlKfpGefag=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeiwK4rGC/YA0ls120y7dbMLuplpC/4cXD4p49b9489+4aXPQ1gcDj/dmmJkXJJwp7Tjf1tLyyuraemnD3tza3tkt7+03VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBUMr3O/NaJSsVjc63FC/Qj3BQsZwdpIDzeoM6Ike5p4zLftbrniVJ0p0CJxC1KBAvVu+avTi0kaUaEJx0p5rpNoP8NSM8LpxO6kiiaYDHGfeoYKHFHlZ9OrJ+jYKD0UxtKU0Giq/p7IcKTUOApMZ4T1QM17ufif56U6vPQzJpJUU0Fmi8KUIx2jPALUY5ISzceGYCKZuRWRAZaYaBNUHoI7//IiaZ5W3fOqc3dWqV0VcZTgEI7gBFy4gBrcQh0aQEDCM7zCm/VovVjv1sesdckqZg7gD6zPHz0WkbA=</latexit>

F~x[i]

<latexit sha1_base64="5d1ycrOFazwqN0YKMEFELHJKNL8=">AAACJHicbVBJS8NAFJ641rhFPXoZLIJQKImICiLUevFYwS6QhjKZvrZDJwszk2IJ/TFe/CtePLjgwYu/xSQNoq0PBr7lPd68zw05k8o0P7WFxaXlldXCmr6+sbm1bezsNmQQCQp1GvBAtFwigTMf6oopDq1QAPFcDk13eJ36zREIyQL/To1DcDzS91mPUaISqWNctEdA4/uJzUqWgy/xFf4RHFzCVTzlUc4zAinRdb1jFM2ymRWeB1YOiiivWsd4a3cDGnngK8qJlLZlhsqJiVCMcpjo7UhCSOiQ9MFOoE88kE6cHTnBh4nSxb1AJM9XOFN/T8TEk3LsuUmnR9RAznqp+J9nR6p37sTMDyMFPp0u6kUcqwCnieEuE0AVHyeAUMGSv2I6IIJQleSahmDNnjwPGsdl67Rs3p4UK9U8jgLaRwfoCFnoDFXQDaqhOqLoAT2hF/SqPWrP2rv2MW1d0PKZPfSntK9vkryiRA==</latexit>

~x[i+ 1] = A~x[i] +B~u[i] + ~e[i]

<latexit sha1_base64="9W4o2GvBdpLyKGwBiqALcBoVKJA=">AAAB83icbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cK9gOSUDbbSbt0swm7m2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWZemHKmtON8W5W19Y3Nreq2vbO7t39QOzzqqCSTFNo04YnshUQBZwLammkOvVQCiUMO3XB8V/jdCUjFEvGopykEMRkKFjFKtJF8fwI0f5p5LLDtfq3uNJw58CpxS1JHJVr92pc/SGgWg9CUE6U810l1kBOpGeUws/1MQUromAzBM1SQGFSQz2+e4TOjDHCUSFNC47n6eyInsVLTODSdMdEjtewV4n+el+noJsiZSDMNgi4WRRnHOsFFAHjAJFDNp4YQKpm5FdMRkYRqE1MRgrv88irpXDTcq4bzcFlv3pZxVNEJOkXnyEXXqInuUQu1EUUpekav6M3KrBfr3fpYtFascuYY/YH1+QNTa5E2</latexit>

~x[i]

<latexit sha1_base64="QCVvwdAnT24PUIkfRcCgBOOubUQ="></latexit>

A =

2

6666664

0 1 0 · · · 0

0 0 1 0
...

...
. . .

. . .
. . . 0

0 · · · 0 0 1
a1 a2 · · · an�1 an

3

7777775
, B =

2

6666664

0
...
...
0
1

3

7777775

<latexit sha1_base64="VV/AcoGiC5dyRoe5c7uK5ljhvQw="></latexit>

F =
⇥
f1 f2 · · · fn�1 fn

⇤



Controllable Canonical Form
For a general system:

<latexit sha1_base64="o0BzBuOdzj62xFmtfBE7mYrYDXU="></latexit>

~x[i+ 1] = A~x[i] +Bu[i] + ~e[i] 2 Rn

<latexit sha1_base64="qKRSfqYfJYrb/35pq/5k+1p0XPw="></latexit>

~z[i+ 1] = TAT�1~z[i] + TBu[i] + T~e[i] 2 Rn
<latexit sha1_base64="yETO2zdAbj/QMT4qJ/WQubldCM0=">AAAB/nicbZDLSsNAFIZPvNZ4i4orN4NFcFUSEXUjFN24rNAbtKFMppN26OTCzKRYQ8FXceNCEbc+hzvfxkmahbb+MPDxn3M4Z34v5kwq2/42lpZXVtfWSxvm5tb2zq61t9+UUSIIbZCIR6LtYUk5C2lDMcVpOxYUBx6nLW90m9VbYyoki8K6msTUDfAgZD4jWGmrZx12x5Skj1N0jeoo54epafassl2xc6FFcAooQ6Faz/rq9iOSBDRUhGMpO44dKzfFQjHC6dTsJpLGmIzwgHY0hjig0k3z86foRDt95EdCv1Ch3P09keJAykng6c4Aq6Gcr2Xmf7VOovwrN2VhnCgaktkiP+FIRSjLAvWZoETxiQZMBNO3IjLEAhOlE8tCcOa/vAjNs4pzUbHvz8vVmyKOEhzBMZyCA5dQhTuoQQMIpPAMr/BmPBkvxrvxMWtdMoqZA/gj4/MHn8aUnQ==</latexit>

~z = T~x

<latexit sha1_base64="B4IcxlEHFcyVJubnL+d1Mm4CqlI=">AAACJXicbZDLSsNAFIYn9VbjLerSzWARBaEkIupCoerGZQWrQhrKZHpqh04uzEyKbcjLuPFV3LhQRHDlqzhJs/B2YOA/3z+HmfP7MWdS2faHUZmanpmdq86bC4tLyyvW6tq1jBJBoUUjHolbn0jgLISWYorDbSyABD6HG39wnvs3QxCSReGVGsXgBeQuZD1GidKoYx23h0DTceayXcfDJ/i0M8YFutfIw7v4TIM0KZvCgWw770zT7Fg1u24Xhf8KpxQ1VFazY722uxFNAggV5URK17Fj5aVEKEY5ZGY7kRATOiB34GoZkgCklxZbZnhLky7uRUKfUOGCfp9ISSDlKPD1zYCovvzt5fA/z01U78hLWRgnCkI6eaiXcKwinEeGu0wAVXykBaGC6b9i2ieCUKWDzUNwfq/8V1zv1Z2Dun25X2uclXFU0QbaRDvIQYeogS5QE7UQRQ/oCb2gV+PReDbejPfJ1YpRzqyjH2V8fgE6OaKP</latexit>

~z[i+ 1] = Az~x[i] +Bzu[i] + ~e0[i]
<latexit sha1_base64="4tgtvGjUpnqNnVbNT3/6LnvzKcA=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxCVyURUTdCURCXFXqDNITJdNIOnUzCzKTYhr6CG1/FjQtF3Lpz59s4aQNq6w8DP985hzPn92NGpbKsL2NpeWV1bb2wUdzc2t7ZNff2mzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9LyB9dZvTUkQtKI19UoJm6IepwGFCOlkWeWE4e68BLeeGPYGRKcjic/oD5D9xnyzJJVsaaCi8bOTQnkqnnmZ6cb4SQkXGGGpHRsK1ZuioSimJFJsZNIEiM8QD3iaMtRSKSbTi+awGNNujCIhH5cwSn9PZGiUMpR6OvOEKm+nK9l8L+ak6jgwk0pjxNFOJ4tChIGVQSzeGCXCoIVG2mDsKD6rxD3kUBY6RCLOgR7/uRF0zyp2GcV6+60VL3K4yiAQ3AEysAG56AKbkENNAAGD+AJvIBX49F4Nt6M91nrkpHPHIA/Mj6+AVbsnBo=</latexit>

u[i] = Fz~z[i] = FzT~x[i]

Claim: the closed loop system                                            has the same eigenvalues as  
<latexit sha1_base64="Psf3K/AO29ds/Qm5G6tA06j9eRQ=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCIJQEhF1I9QK4rJCb9CGMJlO2qGTCzMTocYufBU3LhRx62u4822ctllo6w8DH/85h3Pm92LOpLKsbyO3sLi0vJJfLaytb2xumds7DRklgtA6iXgkWh6WlLOQ1hVTnLZiQXHgcdr0BtfjevOeCsmisKaGMXUC3AuZzwhW2nLNvSt0jCroBl2ijNwHVEOuWbRK1kRoHuwMipCp6ppfnW5EkoCGinAsZdu2YuWkWChGOB0VOomkMSYD3KNtjSEOqHTSyf0jdKidLvIjoV+o0MT9PZHiQMph4OnOAKu+nK2Nzf9q7UT5F07KwjhRNCTTRX7CkYrQOAzUZYISxYcaMBFM34pIHwtMlI6soEOwZ788D42Tkn1Wsu5Oi+VKFkce9uEAjsCGcyjDLVShDgQe4Rle4c14Ml6Md+Nj2pozspld+CPj8wfM1pIe</latexit>

A+BF = A+BFzT
<latexit sha1_base64="z0T4CxcPOHNKKvpxWOK02pAJjk0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGRF3WCuKygn1AOwyZNNOGZjJjkim0Q7/DjQtF3Pox7vwb03YW2nrgXg7n3Etujh9zprRtf1u5ldW19Y38ZmFre2d3r7h/0FBRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7id+s0hlYpF4lGPYuqGuCdYwAjWRnJvvDE6Q1XT77yxVyzZZXsGtEycjJQgQ80rfnW6EUlCKjThWKm2Y8faTbHUjHA6KXQSRWNMBrhH24YKHFLlprOjJ+jEKF0URNKU0Gim/t5IcajUKPTNZIh1Xy16U/E/r53o4NpNmYgTTQWZPxQkHOkITRNAXSYp0XxkCCaSmVsR6WOJiTY5FUwIzuKXl0njvOxclu2Hi1KlmsWRhyM4hlNw4AoqcA81qAOBJ3iGV3izhtaL9W59zEdzVrZzCH9gff4A4W+Q4A==</latexit>

Az +BzFz



Controllable Canonical Form
For a general system:

<latexit sha1_base64="o0BzBuOdzj62xFmtfBE7mYrYDXU="></latexit>

~x[i+ 1] = A~x[i] +Bu[i] + ~e[i] 2 Rn

Claim: we can convert the above system to the canonical form if the following controllability matrix:
<latexit sha1_base64="TeA5ITB0MOTDKmOmyejE+ulzTZA="></latexit>

C .
= [An�1B | · · · |AB | B] 2 Rn⇥n is invertible.

<latexit sha1_base64="+O2KIsTNDFWRtL6X/TNqKUAvdTA="></latexit>

TAT�1 =

2

6666664

0 1 0 · · · 0

0 0 1 0
...

...
. . .

. . .
. . . 0

0 · · · 0 0 1
a01 a02 · · · a0n�1 a0n

3

7777775
, TB =

2

6666664

0
...
...
0
1

3

7777775
.

<latexit sha1_base64="qKRSfqYfJYrb/35pq/5k+1p0XPw="></latexit>

~z[i+ 1] = TAT�1~z[i] + TBu[i] + T~e[i] 2 Rn

<latexit sha1_base64="yETO2zdAbj/QMT4qJ/WQubldCM0=">AAAB/nicbZDLSsNAFIZPvNZ4i4orN4NFcFUSEXUjFN24rNAbtKFMppN26OTCzKRYQ8FXceNCEbc+hzvfxkmahbb+MPDxn3M4Z34v5kwq2/42lpZXVtfWSxvm5tb2zq61t9+UUSIIbZCIR6LtYUk5C2lDMcVpOxYUBx6nLW90m9VbYyoki8K6msTUDfAgZD4jWGmrZx12x5Skj1N0jeoo54epafassl2xc6FFcAooQ6Faz/rq9iOSBDRUhGMpO44dKzfFQjHC6dTsJpLGmIzwgHY0hjig0k3z86foRDt95EdCv1Ch3P09keJAykng6c4Aq6Gcr2Xmf7VOovwrN2VhnCgaktkiP+FIRSjLAvWZoETxiQZMBNO3IjLEAhOlE8tCcOa/vAjNs4pzUbHvz8vVmyKOEhzBMZyCA5dQhTuoQQMIpPAMr/BmPBkvxrvxMWtdMoqZA/gj4/MHn8aUnQ==</latexit>

~z = T~xIf there exists a transformation,                   such that:

has the canonical form:



Controllable Canonical Form
Claim: we can convert the above system to the canonical form if the following controllability matrix:

<latexit sha1_base64="TeA5ITB0MOTDKmOmyejE+ulzTZA="></latexit>

C .
= [An�1B | · · · |AB | B] 2 Rn⇥n is invertible.

Proof:



Controllable Canonical Form
Claim: we can convert the above system to the canonical form if the following controllability matrix:

<latexit sha1_base64="TeA5ITB0MOTDKmOmyejE+ulzTZA="></latexit>

C .
= [An�1B | · · · |AB | B] 2 Rn⇥n is invertible.

Proof continued:



Controllable Canonical Form (Example)
<latexit sha1_base64="qeDRRdxwGlSfBFrxc2nl5LkoxX8="></latexit>

~x[i+ 1] =


1 1
0 2

�
~x[i] +


0
1

�
u[i]Stabilize the following system with feedback:



Controllable Canonical Form (Example)
<latexit sha1_base64="qeDRRdxwGlSfBFrxc2nl5LkoxX8="></latexit>

~x[i+ 1] =


1 1
0 2

�
~x[i] +


0
1

�
u[i]Convert this system to the canonical form: 



Controllable Canonical Form (Example)
Can you stabilize the following system with feedback
or convert it to the canonical form? 

<latexit sha1_base64="6XafAmo2DOrfX6VfWGQkCF/C/mw="></latexit>

~x[i+ 1] =


1 1
0 2

�
~x[i] +


1
0

�
u[i]



Controllability
Given a system                                              starting from         , can we bring the state to any target final
state                 at some time          ?  

<latexit sha1_base64="bZrX8KPLjCvbQTSG/FWtpBpojFU=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfKmvbW9s7tX2T9oqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0k/vtMUjFYnGvJwn4ERkIFjJKtJEeumOg2dPUc3xs23avUnVqzgx4mbgFqaICjV7lq9uPaRqB0JQTpTzXSbSfEakZ5TC1u6mChNARGYBnqCARKD+bXT3FJ0bp4zCWpoTGM/X3REYipSZRYDojoodq0cvF/zwv1eGVnzGRpBoEnS8KU451jPMIcJ9JoJpPDCFUMnMrpkMiCdUmqDwEd/HlZdI6q7kXNefuvFq/LuIooyN0jE6Riy5RHd2iBmoiiiR6Rq/ozXq0Xqx362PeWrKKmUP0B9bnD45SkTs=</latexit>

~x[0]
<latexit sha1_base64="HwFKjec/UIJZVIiIARtWQ1xLlKA=">AAACBnicbVDLSsNAFJ34rPEVdSnCYBFclUREXRbduKxiH9DEMJlO2qGTSZiZFEvIyo2/4saFIm79Bnf+jZM2C209cOFwzr3ce0+QMCqVbX8bC4tLyyurlTVzfWNza9va2W3JOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxheFX57RISkMb9T44R4EepzGlKMlJZ868AdEZw95H4IXcqhGyE1CILsNr/npmn6VtWu2RPAeeKUpApKNHzry+3FOI0IV5ghKbuOnSgvQ0JRzEhuuqkkCcJD1CddTTmKiPSyyRs5PNJKD4ax0MUVnKi/JzIUSTmOAt1ZnClnvUL8z+umKrzwMsqTVBGOp4vClEEVwyIT2KOCYMXGmiAsqL4V4gESCCudXBGCM/vyPGmd1Jyzmn1zWq1flnFUwD44BMfAAeegDq5BAzQBBo/gGbyCN+PJeDHejY9p64JRzuyBPzA+fwDejJgS</latexit>

~xf 2 Rn <latexit sha1_base64="3Jnek4PVdAy+/xYBJwoNESQuhU0=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1ItQ9OKxgrWFNJTNdtMu3eyG3Y1QQn+GFw+KePXXePPfuGlz0NYHA4/3ZpiZF6WcaeN5305lZXVtfaO66W5t7+zu1fYPHrXMFKFtIrlU3QhrypmgbcMMp91UUZxEnHai8W3hd56o0kyKBzNJaZjgoWAxI9hYKWDoGvUo567r9mt1r+HNgJaJX5I6lGj1a1+9gSRZQoUhHGsd+F5qwhwrwwinU7eXaZpiMsZDGlgqcEJ1mM9OnqITqwxQLJUtYdBM/T2R40TrSRLZzgSbkV70CvE/L8hMfBXmTKSZoYLMF8UZR0ai4n80YIoSwyeWYKKYvRWREVaYGJtSEYK/+PIyeTxr+BcN7/683rwp46jCERzDKfhwCU24gxa0gYCEZ3iFN8c4L8678zFvrTjlzCH8gfP5A6i1j4o=</latexit>

i = `

<latexit sha1_base64="iCSYVsgdkCOaHHNVRB3SiLBpjgI=">AAACE3icbZDLSsNAFIYnXmu8RV26GSyCWCiJiLoRat24rGAvkIYymU7aoZNJmJkUS+g7uPFV3LhQxK0bd76NkzaItv4w8PGfczhzfj9mVCrb/jIWFpeWV1YLa+b6xubWtrWz25BRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7jO6s0hEZJG/E6NYuKFqMdpQDFS2upYx+0hwen92KUlx4OX8Ar+GB4swSqEaZKxaZodq2iX7YngPDg5FEGuWsf6bHcjnISEK8yQlK5jx8pLkVAUMzI224kkMcID1COuRo5CIr10ctMYHmqnC4NI6McVnLi/J1IUSjkKfd0ZItWXs7XM/K/mJiq48FLK40QRjqeLgoRBFcEsINilgmDFRhoQFlT/FeI+EggrHWMWgjN78jw0TsrOWdm+PS1WqnkcBbAPDsARcMA5qIAbUAN1gMEDeAIv4NV4NJ6NN+N92rpg5DN74I+Mj2+0eJt9</latexit>

~x[i+ 1] = A~x[i] +Bu[i]



Controllability
Definition: a system                                              is said to be controllable if given any target state 
and initial state       , we can find a time         and a sequence of control input                     such that 

<latexit sha1_base64="bZrX8KPLjCvbQTSG/FWtpBpojFU=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfKmvbW9s7tX2T9oqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0k/vtMUjFYnGvJwn4ERkIFjJKtJEeumOg2dPUc3xs23avUnVqzgx4mbgFqaICjV7lq9uPaRqB0JQTpTzXSbSfEakZ5TC1u6mChNARGYBnqCARKD+bXT3FJ0bp4zCWpoTGM/X3REYipSZRYDojoodq0cvF/zwv1eGVnzGRpBoEnS8KU451jPMIcJ9JoJpPDCFUMnMrpkMiCdUmqDwEd/HlZdI6q7kXNefuvFq/LuIooyN0jE6Riy5RHd2iBmoiiiR6Rq/ozXq0Xqx362PeWrKKmUP0B9bnD45SkTs=</latexit>

~x[0]

<latexit sha1_base64="HwFKjec/UIJZVIiIARtWQ1xLlKA=">AAACBnicbVDLSsNAFJ34rPEVdSnCYBFclUREXRbduKxiH9DEMJlO2qGTSZiZFEvIyo2/4saFIm79Bnf+jZM2C209cOFwzr3ce0+QMCqVbX8bC4tLyyurlTVzfWNza9va2W3JOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxheFX57RISkMb9T44R4EepzGlKMlJZ868AdEZw95H4IXcqhGyE1CILsNr/npmn6VtWu2RPAeeKUpApKNHzry+3FOI0IV5ghKbuOnSgvQ0JRzEhuuqkkCcJD1CddTTmKiPSyyRs5PNJKD4ax0MUVnKi/JzIUSTmOAt1ZnClnvUL8z+umKrzwMsqTVBGOp4vClEEVwyIT2KOCYMXGmiAsqL4V4gESCCudXBGCM/vyPGmd1Jyzmn1zWq1flnFUwD44BMfAAeegDq5BAzQBBo/gGbyCN+PJeDHejY9p64JRzuyBPzA+fwDejJgS</latexit>

~xf 2 Rn
<latexit sha1_base64="3Jnek4PVdAy+/xYBJwoNESQuhU0=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1ItQ9OKxgrWFNJTNdtMu3eyG3Y1QQn+GFw+KePXXePPfuGlz0NYHA4/3ZpiZF6WcaeN5305lZXVtfaO66W5t7+zu1fYPHrXMFKFtIrlU3QhrypmgbcMMp91UUZxEnHai8W3hd56o0kyKBzNJaZjgoWAxI9hYKWDoGvUo567r9mt1r+HNgJaJX5I6lGj1a1+9gSRZQoUhHGsd+F5qwhwrwwinU7eXaZpiMsZDGlgqcEJ1mM9OnqITqwxQLJUtYdBM/T2R40TrSRLZzgSbkV70CvE/L8hMfBXmTKSZoYLMF8UZR0ai4n80YIoSwyeWYKKYvRWREVaYGJtSEYK/+PIyeTxr+BcN7/683rwp46jCERzDKfhwCU24gxa0gYCEZ3iFN8c4L8678zFvrTjlzCH8gfP5A6i1j4o=</latexit>

i = `
<latexit sha1_base64="37WJ+G3qhbN/zyxTmlGcNd9UkNI=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBVUlE1I1QdOOygn1AEsJketMOnTyYmRRL6MaNv+LGhSJu/Qd3/o1Jm4W2Hrhw5px7mXuPn3AmlWl+a5Wl5ZXVteq6vrG5tb1j7O61ZZwKCi0a81h0fSKBswhaiikO3UQACX0OHX94U/idEQjJ4uhejRNwQ9KPWMAoUbnkGYfOCGj2MLEd4NzFV7h8e4Gu655RM+vmFHiRWCWpoRJNz/hyejFNQ4gU5URK2zIT5WZEKEY5THQnlZAQOiR9sHMakRCkm02vmODjXOnhIBZ5RQpP1d8TGQmlHId+3hkSNZDzXiH+59mpCi7djEVJqiCis4+ClGMV4yIS3GMCqOLjnBAqWL4rpgMiCFV5cEUI1vzJi6R9WrfO6+bdWa1xXcZRRQfoCJ0gC12gBrpFTdRCFD2iZ/SK3rQn7UV71z5mrRWtnNlHf6B9/gDzlpeN</latexit>

~x[`] = ~xf
<latexit sha1_base64="CR2fpPpX6KswVoC+HVUTFtDreRw=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSyCi1ISEXVZdOOygn1AEspkMmmHTiZhHkIpdeOvuHGhiFv/wp1/46TNQlsPXDiccy/33hPljErlut/W0vLK6tp6ZcPe3Nre2XX29tsy0wKTFs5YJroRkoRRTlqKKka6uSAojRjpRMObwu88ECFpxu/VKCdhivqcJhQjZaSec6h9N6zBgMWZkjWo/YAwFtq23XOqbt2dAi4SryRVUKLZc76COMM6JVxhhqT0PTdX4RgJRTEjEzvQkuQID1Gf+IZylBIZjqcfTOCJUWKYZMIUV3Cq/p4Yo1TKURqZzhSpgZz3CvE/z9cquQrHlOdaEY5nixLNoMpgEQeMqSBYsZEhCAtqboV4gATCyoRWhODNv7xI2md176Lu3p1XG9dlHBVwBI7BKfDAJWiAW9AELYDBI3gGr+DNerJerHfrY9a6ZJUzB+APrM8ffymU+w==</latexit>

u[0], . . . , u[`]

<latexit sha1_base64="iCSYVsgdkCOaHHNVRB3SiLBpjgI=">AAACE3icbZDLSsNAFIYnXmu8RV26GSyCWCiJiLoRat24rGAvkIYymU7aoZNJmJkUS+g7uPFV3LhQxK0bd76NkzaItv4w8PGfczhzfj9mVCrb/jIWFpeWV1YLa+b6xubWtrWz25BRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7jO6s0hEZJG/E6NYuKFqMdpQDFS2upYx+0hwen92KUlx4OX8Ar+GB4swSqEaZKxaZodq2iX7YngPDg5FEGuWsf6bHcjnISEK8yQlK5jx8pLkVAUMzI224kkMcID1COuRo5CIr10ctMYHmqnC4NI6McVnLi/J1IUSjkKfd0ZItWXs7XM/K/mJiq48FLK40QRjqeLgoRBFcEsINilgmDFRhoQFlT/FeI+EggrHWMWgjN78jw0TsrOWdm+PS1WqnkcBbAPDsARcMA5qIAbUAN1gMEDeAIv4NV4NJ6NN+N92rpg5DN74I+Mj2+0eJt9</latexit>

~x[i+ 1] = A~x[i] +Bu[i]



Controllability (Examples)
Definition: a system                                              is said to be controllable if given any target state 
and initial state       , we can find a time         and a sequence of control input                     such that 

<latexit sha1_base64="bZrX8KPLjCvbQTSG/FWtpBpojFU=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfKmvbW9s7tX2T9oqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0k/vtMUjFYnGvJwn4ERkIFjJKtJEeumOg2dPUc3xs23avUnVqzgx4mbgFqaICjV7lq9uPaRqB0JQTpTzXSbSfEakZ5TC1u6mChNARGYBnqCARKD+bXT3FJ0bp4zCWpoTGM/X3REYipSZRYDojoodq0cvF/zwv1eGVnzGRpBoEnS8KU451jPMIcJ9JoJpPDCFUMnMrpkMiCdUmqDwEd/HlZdI6q7kXNefuvFq/LuIooyN0jE6Riy5RHd2iBmoiiiR6Rq/ozXq0Xqx362PeWrKKmUP0B9bnD45SkTs=</latexit>

~x[0]

<latexit sha1_base64="HwFKjec/UIJZVIiIARtWQ1xLlKA=">AAACBnicbVDLSsNAFJ34rPEVdSnCYBFclUREXRbduKxiH9DEMJlO2qGTSZiZFEvIyo2/4saFIm79Bnf+jZM2C209cOFwzr3ce0+QMCqVbX8bC4tLyyurlTVzfWNza9va2W3JOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxheFX57RISkMb9T44R4EepzGlKMlJZ868AdEZw95H4IXcqhGyE1CILsNr/npmn6VtWu2RPAeeKUpApKNHzry+3FOI0IV5ghKbuOnSgvQ0JRzEhuuqkkCcJD1CddTTmKiPSyyRs5PNJKD4ax0MUVnKi/JzIUSTmOAt1ZnClnvUL8z+umKrzwMsqTVBGOp4vClEEVwyIT2KOCYMXGmiAsqL4V4gESCCudXBGCM/vyPGmd1Jyzmn1zWq1flnFUwD44BMfAAeegDq5BAzQBBo/gGbyCN+PJeDHejY9p64JRzuyBPzA+fwDejJgS</latexit>

~xf 2 Rn
<latexit sha1_base64="3Jnek4PVdAy+/xYBJwoNESQuhU0=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1ItQ9OKxgrWFNJTNdtMu3eyG3Y1QQn+GFw+KePXXePPfuGlz0NYHA4/3ZpiZF6WcaeN5305lZXVtfaO66W5t7+zu1fYPHrXMFKFtIrlU3QhrypmgbcMMp91UUZxEnHai8W3hd56o0kyKBzNJaZjgoWAxI9hYKWDoGvUo567r9mt1r+HNgJaJX5I6lGj1a1+9gSRZQoUhHGsd+F5qwhwrwwinU7eXaZpiMsZDGlgqcEJ1mM9OnqITqwxQLJUtYdBM/T2R40TrSRLZzgSbkV70CvE/L8hMfBXmTKSZoYLMF8UZR0ai4n80YIoSwyeWYKKYvRWREVaYGJtSEYK/+PIyeTxr+BcN7/683rwp46jCERzDKfhwCU24gxa0gYCEZ3iFN8c4L8678zFvrTjlzCH8gfP5A6i1j4o=</latexit>

i = `
<latexit sha1_base64="37WJ+G3qhbN/zyxTmlGcNd9UkNI=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBVUlE1I1QdOOygn1AEsJketMOnTyYmRRL6MaNv+LGhSJu/Qd3/o1Jm4W2Hrhw5px7mXuPn3AmlWl+a5Wl5ZXVteq6vrG5tb1j7O61ZZwKCi0a81h0fSKBswhaiikO3UQACX0OHX94U/idEQjJ4uhejRNwQ9KPWMAoUbnkGYfOCGj2MLEd4NzFV7h8e4Gu655RM+vmFHiRWCWpoRJNz/hyejFNQ4gU5URK2zIT5WZEKEY5THQnlZAQOiR9sHMakRCkm02vmODjXOnhIBZ5RQpP1d8TGQmlHId+3hkSNZDzXiH+59mpCi7djEVJqiCis4+ClGMV4yIS3GMCqOLjnBAqWL4rpgMiCFV5cEUI1vzJi6R9WrfO6+bdWa1xXcZRRQfoCJ0gC12gBrpFTdRCFD2iZ/SK3rQn7UV71z5mrRWtnNlHf6B9/gDzlpeN</latexit>

~x[`] = ~xf
<latexit sha1_base64="CR2fpPpX6KswVoC+HVUTFtDreRw=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSyCi1ISEXVZdOOygn1AEspkMmmHTiZhHkIpdeOvuHGhiFv/wp1/46TNQlsPXDiccy/33hPljErlut/W0vLK6tp6ZcPe3Nre2XX29tsy0wKTFs5YJroRkoRRTlqKKka6uSAojRjpRMObwu88ECFpxu/VKCdhivqcJhQjZaSec6h9N6zBgMWZkjWo/YAwFtq23XOqbt2dAi4SryRVUKLZc76COMM6JVxhhqT0PTdX4RgJRTEjEzvQkuQID1Gf+IZylBIZjqcfTOCJUWKYZMIUV3Cq/p4Yo1TKURqZzhSpgZz3CvE/z9cquQrHlOdaEY5nixLNoMpgEQeMqSBYsZEhCAtqboV4gATCyoRWhODNv7xI2md176Lu3p1XG9dlHBVwBI7BKfDAJWiAW9AELYDBI3gGr+DNerJerHfrY9a6ZJUzB+APrM8ffymU+w==</latexit>

u[0], . . . , u[`]

<latexit sha1_base64="iCSYVsgdkCOaHHNVRB3SiLBpjgI=">AAACE3icbZDLSsNAFIYnXmu8RV26GSyCWCiJiLoRat24rGAvkIYymU7aoZNJmJkUS+g7uPFV3LhQxK0bd76NkzaItv4w8PGfczhzfj9mVCrb/jIWFpeWV1YLa+b6xubWtrWz25BRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7jO6s0hEZJG/E6NYuKFqMdpQDFS2upYx+0hwen92KUlx4OX8Ar+GB4swSqEaZKxaZodq2iX7YngPDg5FEGuWsf6bHcjnISEK8yQlK5jx8pLkVAUMzI224kkMcID1COuRo5CIr10ctMYHmqnC4NI6McVnLi/J1IUSjkKfd0ZItWXs7XM/K/mJiq48FLK40QRjqeLgoRBFcEsINilgmDFRhoQFlT/FeI+EggrHWMWgjN78jw0TsrOWdm+PS1WqnkcBbAPDsARcMA5qIAbUAN1gMEDeAIv4NV4NJ6NN+N92rpg5DN74I+Mj2+0eJt9</latexit>

~x[i+ 1] = A~x[i] +Bu[i]



Controllability
Lemma: Consider

<latexit sha1_base64="RarVyCrNR29bAhU1J8E1J/RwQsU="></latexit>

C`
.
= [A`�1B | · · · |AB | B] 2 Rn⇥`

<latexit sha1_base64="gwPQcAzhebrtOEwT5V/dCu5Girs=">AAACMXicfVDLSsNAFJ3UV42vqks3g0UQhJKIqBuh2E2XFewDkhAm00k7dDIJMxOxhPySG/9E3HShiFt/wknbhbbigYHDOecy954gYVQqy5oYpZXVtfWN8qa5tb2zu1fZP+jIOBWYtHHMYtELkCSMctJWVDHSSwRBUcBINxg1Cr/7QISkMb9X44R4ERpwGlKMlJb8StONgvgxE4iPcseNkBpixLJG7mcuYezMzj14A//N6ASEpulXqlbNmgIuE3tOqmCOll95cfsxTiPCFWZISse2EuVlSCiKGclNN5UkQXiEBsTRlKOISC+bXpzDE630YRgL/biCU/XnRIYiKcdRoJPFvnLRK8S/PCdV4bWXUZ6kinA8+yhMGVQxLOqDfSoIVmysCcKC6l0hHiKBsNIlFyXYiycvk855zb6sWXcX1frtvI4yOALH4BTY4ArUQRO0QBtg8ARewRt4N56NifFhfM6iJWM+cwh+wfj6Br4Qqms=</latexit>

rank[C`+1] = rank[C`]
<latexit sha1_base64="WXfzuzCPeyBRCrfE197dSdCO0Xs=">AAACLHicdVDLSgMxFM3UVx1foy7dBIvgqsyIqBuh2I3LCvYBnaFk0kwbmmSGJCOWYT7Ijb8iiAuLuPU7zLRdaKsHAodzziX3njBhVGnXnVilldW19Y3ypr21vbO75+wftFScSkyaOGax7IRIEUYFaWqqGekkkiAeMtIOR/XCbz8QqWgs7vU4IQFHA0EjipE2Us+p+zyMHzOJxCjv+hzpIUYsq+e9jOcBvIb/2j5hzCQgtO2eU3Gr7hRwmXhzUgFzNHrOq9+PccqJ0Jghpbqem+ggQ1JTzEhu+6kiCcIjNCBdQwXiRAXZ9NgcnhilD6NYmic0nKo/JzLElRrz0CSLfdWiV4h/ed1UR1dBRkWSaiLw7KMoZVDHsGgO9qkkWLOxIQhLanaFeIgkwtr0W5TgLZ68TFpnVe+i6t6dV2o38zrK4Agcg1PggUtQA7egAZoAgyfwAt7BxHq23qwP63MWLVnzmUPwC9bXNzfRqLE=</latexit>

rank[Cm] = rank[C`]
<latexit sha1_base64="YzHQjvCkgsiDT03BOYAjAK2ER6c=">AAAB+HicbVBNS8NAEN34WetHox69LBZBEEoioh6LXjxWsB/QhLLZTtqlu5uwuxFq6S/x4kERr/4Ub/4bN20O2vpg4PHeDDPzopQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BSyeZotCkCU9UJyIaOJPQNMxw6KQKiIg4tKPRbe63H0FplsgHM04hFGQgWcwoMVbquRWBgwHgADjHZ9gv99yqV/NmwMvEL0gVFWj03K+gn9BMgDSUE627vpeacEKUYZTDtBxkGlJCR2QAXUslEaDDyezwKT6xSh/HibIlDZ6pvycmRGg9FpHtFMQM9aKXi/953czE1+GEyTQzIOl8UZxxbBKcp4D7TAE1fGwJoYrZWzEdEkWosVnlIfiLLy+T1nnNv6x59xfV+k0RRwkdoWN0inx0heroDjVQE1GUoWf0it6cJ+fFeXc+5q0rTjFziP7A+fwB/siRWg==</latexit>

m � `+ 1If then for all

Proof:



Controllability
Lemma: Consider

<latexit sha1_base64="RarVyCrNR29bAhU1J8E1J/RwQsU="></latexit>

C`
.
= [A`�1B | · · · |AB | B] 2 Rn⇥`

<latexit sha1_base64="gwPQcAzhebrtOEwT5V/dCu5Girs=">AAACMXicfVDLSsNAFJ3UV42vqks3g0UQhJKIqBuh2E2XFewDkhAm00k7dDIJMxOxhPySG/9E3HShiFt/wknbhbbigYHDOecy954gYVQqy5oYpZXVtfWN8qa5tb2zu1fZP+jIOBWYtHHMYtELkCSMctJWVDHSSwRBUcBINxg1Cr/7QISkMb9X44R4ERpwGlKMlJb8StONgvgxE4iPcseNkBpixLJG7mcuYezMzj14A//N6ASEpulXqlbNmgIuE3tOqmCOll95cfsxTiPCFWZISse2EuVlSCiKGclNN5UkQXiEBsTRlKOISC+bXpzDE630YRgL/biCU/XnRIYiKcdRoJPFvnLRK8S/PCdV4bWXUZ6kinA8+yhMGVQxLOqDfSoIVmysCcKC6l0hHiKBsNIlFyXYiycvk855zb6sWXcX1frtvI4yOALH4BTY4ArUQRO0QBtg8ARewRt4N56NifFhfM6iJWM+cwh+wfj6Br4Qqms=</latexit>

rank[C`+1] = rank[C`]
<latexit sha1_base64="WXfzuzCPeyBRCrfE197dSdCO0Xs=">AAACLHicdVDLSgMxFM3UVx1foy7dBIvgqsyIqBuh2I3LCvYBnaFk0kwbmmSGJCOWYT7Ijb8iiAuLuPU7zLRdaKsHAodzziX3njBhVGnXnVilldW19Y3ypr21vbO75+wftFScSkyaOGax7IRIEUYFaWqqGekkkiAeMtIOR/XCbz8QqWgs7vU4IQFHA0EjipE2Us+p+zyMHzOJxCjv+hzpIUYsq+e9jOcBvIb/2j5hzCQgtO2eU3Gr7hRwmXhzUgFzNHrOq9+PccqJ0Jghpbqem+ggQ1JTzEhu+6kiCcIjNCBdQwXiRAXZ9NgcnhilD6NYmic0nKo/JzLElRrz0CSLfdWiV4h/ed1UR1dBRkWSaiLw7KMoZVDHsGgO9qkkWLOxIQhLanaFeIgkwtr0W5TgLZ68TFpnVe+i6t6dV2o38zrK4Agcg1PggUtQA7egAZoAgyfwAt7BxHq23qwP63MWLVnzmUPwC9bXNzfRqLE=</latexit>

rank[Cm] = rank[C`]
<latexit sha1_base64="YzHQjvCkgsiDT03BOYAjAK2ER6c=">AAAB+HicbVBNS8NAEN34WetHox69LBZBEEoioh6LXjxWsB/QhLLZTtqlu5uwuxFq6S/x4kERr/4Ub/4bN20O2vpg4PHeDDPzopQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BSyeZotCkCU9UJyIaOJPQNMxw6KQKiIg4tKPRbe63H0FplsgHM04hFGQgWcwoMVbquRWBgwHgADjHZ9gv99yqV/NmwMvEL0gVFWj03K+gn9BMgDSUE627vpeacEKUYZTDtBxkGlJCR2QAXUslEaDDyezwKT6xSh/HibIlDZ6pvycmRGg9FpHtFMQM9aKXi/953czE1+GEyTQzIOl8UZxxbBKcp4D7TAE1fGwJoYrZWzEdEkWosVnlIfiLLy+T1nnNv6x59xfV+k0RRwkdoWN0inx0heroDjVQE1GUoWf0it6cJ+fFeXc+5q0rTjFziP7A+fwB/siRWg==</latexit>

m � `+ 1If then for all


