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Feedback Control (Summary)
For a general system: |t + 1] = AZ|i| + Buli] + é]i] € R"
« Itis possible to stabilize the system via state feedback control:

uli] Zli]

—| Z[i + 1] = AZ[i] + Bul[i] + €i]

Fa[i] 1,

« We know how to do this if the system is in the following canonical form:

0O 1 0 0 0
0 0 1 0 : :

A= L. . 0|’ B=. F:[fl fao o f”}
0 0 0 1 0
a1 ag Ap—-1 Qn _1_



Controllable Canonical Form
For a general system: Tt + 1| = AZ[i] + Buli] + €[] € R"
Zli+1] = TAT 'Zli)| + TBuli] + T¢eli] eR* Z=T1%

i+ 1] = A,Z[i] + Bouli] + &
uli] = F,2i| = F, T[]

Claim: the closed loop system A + BF' = A + BF.T has the same eigenvaluesas A, + B, F,



Controllable Canonical Form
For a general system: Z|i 4+ 1| = AZX|i| + Buli] + €li] € R"

If there exists a transformation, 2 = I'Z such that:
Zli + 1] = TAT ' Z[i] + T Bul[i] + T€li] € R"

has the canonical form:

0 1 0 0 0
0 0 1 0 :

0 0 0 1 0
a, ab -+ a a 1
| a7 9 n—1 Gp |1

Claim: we can convert the above system to the canonical form if the following controllability matrix:

C=[A""'B|.--|AB| B] € R"™" is invertible.



Controllable Canonical Form

Claim: we can convert the above system to the canonical form if the following controllability matrix:

C=[A""'B|---|AB| B] € R" " is invertible.

Proof:



Controllable Canonical Form

Claim: we can convert the above system to the canonical form if the following controllability matrix:

C=[A""'B|---|AB| B] € R" " is invertible.

Proof continued:



Controllable Canonical Form (Example)

. : : r - 1 1 . 0 :
Stabilize the following system with feedback: Z[i + 1] = 0 9 T[] + ] uli]



Controllable Canonical Form (Example)

Convert this system to the canonical form:  Z[i + 1| = [(1) ;] T[] + [(1)] w|i]



Controllable Canonical Form (Example)

Can you stabilize the following system with feedback =0 S S ey 1 :
or convert it to the canonical form? zli +1] = [O 9 Zli] + 0 uli]



Controllability

Given a system Z[i + 1] = AZ[i] + Buli] starting from Z[0] , can we bring the state to any target final
state £y € R" at sometime i =1¢?



Controllability

Definition: a system Z[i + 1| = AZ|i| + Buli| is said to be controllable if given any target state £y € R"
and initial state Z[0], we can find a timei = ¢ and a sequence of control input «[0], . .., u[¢] such that Z[¢] = Z;



Controllability (Examples)

Definition: a system Z[i + 1| = AZ|i| + Buli| is said to be controllable if given any target state £y € R"
and initial state Z[0], we can find a timei = ¢ and a sequence of control input «[0], . .., u[¢] such that Z[¢] = Z;



Controllability

Lemma: Consider C; = [A*"'B | .--|AB | B] € R™**
If rank[Cngl] = rank[Cg] then rank[cm] — rank[Cg] for all m 2 / i 1

Proof:



Controllability

Lemma: Consider C; = [A*"'B | .--|AB | B] € R™**
If rank[C@rl] = rank[Cg] then rank[cm] — rank[Cg] for all m 2 / i 1



