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Outline

• Condition for Controllability

• Orthonormal Bases

• Orthonormalization (Gram-Schmidt procedure)



Controllability
Definition: a system                                              is said to be controllable if given any target state 
and initial state       , we can find a time         and a sequence of control input                     such that 

<latexit sha1_base64="bZrX8KPLjCvbQTSG/FWtpBpojFU=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfKmvbW9s7tX2T9oqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0k/vtMUjFYnGvJwn4ERkIFjJKtJEeumOg2dPUc3xs23avUnVqzgx4mbgFqaICjV7lq9uPaRqB0JQTpTzXSbSfEakZ5TC1u6mChNARGYBnqCARKD+bXT3FJ0bp4zCWpoTGM/X3REYipSZRYDojoodq0cvF/zwv1eGVnzGRpBoEnS8KU451jPMIcJ9JoJpPDCFUMnMrpkMiCdUmqDwEd/HlZdI6q7kXNefuvFq/LuIooyN0jE6Riy5RHd2iBmoiiiR6Rq/ozXq0Xqx362PeWrKKmUP0B9bnD45SkTs=</latexit>

~x[0]

<latexit sha1_base64="HwFKjec/UIJZVIiIARtWQ1xLlKA=">AAACBnicbVDLSsNAFJ34rPEVdSnCYBFclUREXRbduKxiH9DEMJlO2qGTSZiZFEvIyo2/4saFIm79Bnf+jZM2C209cOFwzr3ce0+QMCqVbX8bC4tLyyurlTVzfWNza9va2W3JOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxheFX57RISkMb9T44R4EepzGlKMlJZ868AdEZw95H4IXcqhGyE1CILsNr/npmn6VtWu2RPAeeKUpApKNHzry+3FOI0IV5ghKbuOnSgvQ0JRzEhuuqkkCcJD1CddTTmKiPSyyRs5PNJKD4ax0MUVnKi/JzIUSTmOAt1ZnClnvUL8z+umKrzwMsqTVBGOp4vClEEVwyIT2KOCYMXGmiAsqL4V4gESCCudXBGCM/vyPGmd1Jyzmn1zWq1flnFUwD44BMfAAeegDq5BAzQBBo/gGbyCN+PJeDHejY9p64JRzuyBPzA+fwDejJgS</latexit>

~xf 2 Rn
<latexit sha1_base64="3Jnek4PVdAy+/xYBJwoNESQuhU0=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1ItQ9OKxgrWFNJTNdtMu3eyG3Y1QQn+GFw+KePXXePPfuGlz0NYHA4/3ZpiZF6WcaeN5305lZXVtfaO66W5t7+zu1fYPHrXMFKFtIrlU3QhrypmgbcMMp91UUZxEnHai8W3hd56o0kyKBzNJaZjgoWAxI9hYKWDoGvUo567r9mt1r+HNgJaJX5I6lGj1a1+9gSRZQoUhHGsd+F5qwhwrwwinU7eXaZpiMsZDGlgqcEJ1mM9OnqITqwxQLJUtYdBM/T2R40TrSRLZzgSbkV70CvE/L8hMfBXmTKSZoYLMF8UZR0ai4n80YIoSwyeWYKKYvRWREVaYGJtSEYK/+PIyeTxr+BcN7/683rwp46jCERzDKfhwCU24gxa0gYCEZ3iFN8c4L8678zFvrTjlzCH8gfP5A6i1j4o=</latexit>

i = `
<latexit sha1_base64="37WJ+G3qhbN/zyxTmlGcNd9UkNI=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBVUlE1I1QdOOygn1AEsJketMOnTyYmRRL6MaNv+LGhSJu/Qd3/o1Jm4W2Hrhw5px7mXuPn3AmlWl+a5Wl5ZXVteq6vrG5tb1j7O61ZZwKCi0a81h0fSKBswhaiikO3UQACX0OHX94U/idEQjJ4uhejRNwQ9KPWMAoUbnkGYfOCGj2MLEd4NzFV7h8e4Gu655RM+vmFHiRWCWpoRJNz/hyejFNQ4gU5URK2zIT5WZEKEY5THQnlZAQOiR9sHMakRCkm02vmODjXOnhIBZ5RQpP1d8TGQmlHId+3hkSNZDzXiH+59mpCi7djEVJqiCis4+ClGMV4yIS3GMCqOLjnBAqWL4rpgMiCFV5cEUI1vzJi6R9WrfO6+bdWa1xXcZRRQfoCJ0gC12gBrpFTdRCFD2iZ/SK3rQn7UV71z5mrRWtnNlHf6B9/gDzlpeN</latexit>

~x[`] = ~xf
<latexit sha1_base64="CR2fpPpX6KswVoC+HVUTFtDreRw=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSyCi1ISEXVZdOOygn1AEspkMmmHTiZhHkIpdeOvuHGhiFv/wp1/46TNQlsPXDiccy/33hPljErlut/W0vLK6tp6ZcPe3Nre2XX29tsy0wKTFs5YJroRkoRRTlqKKka6uSAojRjpRMObwu88ECFpxu/VKCdhivqcJhQjZaSec6h9N6zBgMWZkjWo/YAwFtq23XOqbt2dAi4SryRVUKLZc76COMM6JVxhhqT0PTdX4RgJRTEjEzvQkuQID1Gf+IZylBIZjqcfTOCJUWKYZMIUV3Cq/p4Yo1TKURqZzhSpgZz3CvE/z9cquQrHlOdaEY5nixLNoMpgEQeMqSBYsZEhCAtqboV4gATCyoRWhODNv7xI2md176Lu3p1XG9dlHBVwBI7BKfDAJWiAW9AELYDBI3gGr+DNerJerHfrY9a6ZJUzB+APrM8ffymU+w==</latexit>

u[0], . . . , u[`]

<latexit sha1_base64="iCSYVsgdkCOaHHNVRB3SiLBpjgI=">AAACE3icbZDLSsNAFIYnXmu8RV26GSyCWCiJiLoRat24rGAvkIYymU7aoZNJmJkUS+g7uPFV3LhQxK0bd76NkzaItv4w8PGfczhzfj9mVCrb/jIWFpeWV1YLa+b6xubWtrWz25BRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7jO6s0hEZJG/E6NYuKFqMdpQDFS2upYx+0hwen92KUlx4OX8Ar+GB4swSqEaZKxaZodq2iX7YngPDg5FEGuWsf6bHcjnISEK8yQlK5jx8pLkVAUMzI224kkMcID1COuRo5CIr10ctMYHmqnC4NI6McVnLi/J1IUSjkKfd0ZItWXs7XM/K/mJiq48FLK40QRjqeLgoRBFcEsINilgmDFRhoQFlT/FeI+EggrHWMWgjN78jw0TsrOWdm+PS1WqnkcBbAPDsARcMA5qIAbUAN1gMEDeAIv4NV4NJ6NN+N92rpg5DN74I+Mj2+0eJt9</latexit>

~x[i+ 1] = A~x[i] +Bu[i]

<latexit sha1_base64="RarVyCrNR29bAhU1J8E1J/RwQsU="></latexit>

C`
.
= [A`�1B | · · · |AB | B] 2 Rn⇥`

<latexit sha1_base64="C/xPOO6/33ASY7k+g+5r4lLzNXg=">AAACMnicbVDLSsNAFJ3UV42vqks3g0UQhJKIqBuh2o3uKtgHNLFMprft0MmDmUmxhHyTG79EcKELRdz6ESZthNp6YOBwzj3MvccJOJPKMF613MLi0vJKflVfW9/Y3Cps79SlHwoKNepzXzQdIoEzD2qKKQ7NQABxHQ4NZ1BJ/cYQhGS+d6dGAdgu6XmsyyhRidQu3FhDoNFD3LKAcxtf4Mv7KKUx/jUMGx9hyyWqTwmPKnF72g+zoK7r7ULRKBlj4HliZqSIMlTbhWer49PQBU9RTqRsmUag7IgIxSiHWLdCCQGhA9KDVkI94oK0o/HJMT5IlA7u+iJ5nsJjdToREVfKkeskk+nqctZLxf+8Vqi653bEvCBU4NHJR92QY+XjtD/cYQKo4qOEECpYsiumfSIIVUnLaQnm7MnzpH5cMk9Lxu1JsXyV1ZFHe2gfHSITnaEyukZVVEMUPaIX9I4+tCftTfvUviajOS3L7KI/0L5/ABvfqgY=</latexit>

~x[`] = A`~x[0] + C`~u[`]

Condition for Controllability: 
<latexit sha1_base64="28zxO0LexwCPz6D8apHyHSZmVlM="></latexit>

span[C`] = Rn or rank[C`] = n



Controllability
Lemma: Consider

<latexit sha1_base64="RarVyCrNR29bAhU1J8E1J/RwQsU="></latexit>

C`
.
= [A`�1B | · · · |AB | B] 2 Rn⇥`

<latexit sha1_base64="gwPQcAzhebrtOEwT5V/dCu5Girs=">AAACMXicfVDLSsNAFJ3UV42vqks3g0UQhJKIqBuh2E2XFewDkhAm00k7dDIJMxOxhPySG/9E3HShiFt/wknbhbbigYHDOecy954gYVQqy5oYpZXVtfWN8qa5tb2zu1fZP+jIOBWYtHHMYtELkCSMctJWVDHSSwRBUcBINxg1Cr/7QISkMb9X44R4ERpwGlKMlJb8StONgvgxE4iPcseNkBpixLJG7mcuYezMzj14A//N6ASEpulXqlbNmgIuE3tOqmCOll95cfsxTiPCFWZISse2EuVlSCiKGclNN5UkQXiEBsTRlKOISC+bXpzDE630YRgL/biCU/XnRIYiKcdRoJPFvnLRK8S/PCdV4bWXUZ6kinA8+yhMGVQxLOqDfSoIVmysCcKC6l0hHiKBsNIlFyXYiycvk855zb6sWXcX1frtvI4yOALH4BTY4ArUQRO0QBtg8ARewRt4N56NifFhfM6iJWM+cwh+wfj6Br4Qqms=</latexit>

rank[C`+1] = rank[C`]
<latexit sha1_base64="WXfzuzCPeyBRCrfE197dSdCO0Xs=">AAACLHicdVDLSgMxFM3UVx1foy7dBIvgqsyIqBuh2I3LCvYBnaFk0kwbmmSGJCOWYT7Ijb8iiAuLuPU7zLRdaKsHAodzziX3njBhVGnXnVilldW19Y3ypr21vbO75+wftFScSkyaOGax7IRIEUYFaWqqGekkkiAeMtIOR/XCbz8QqWgs7vU4IQFHA0EjipE2Us+p+zyMHzOJxCjv+hzpIUYsq+e9jOcBvIb/2j5hzCQgtO2eU3Gr7hRwmXhzUgFzNHrOq9+PccqJ0Jghpbqem+ggQ1JTzEhu+6kiCcIjNCBdQwXiRAXZ9NgcnhilD6NYmic0nKo/JzLElRrz0CSLfdWiV4h/ed1UR1dBRkWSaiLw7KMoZVDHsGgO9qkkWLOxIQhLanaFeIgkwtr0W5TgLZ68TFpnVe+i6t6dV2o38zrK4Agcg1PggUtQA7egAZoAgyfwAt7BxHq23qwP63MWLVnzmUPwC9bXNzfRqLE=</latexit>

rank[Cm] = rank[C`]
<latexit sha1_base64="YzHQjvCkgsiDT03BOYAjAK2ER6c=">AAAB+HicbVBNS8NAEN34WetHox69LBZBEEoioh6LXjxWsB/QhLLZTtqlu5uwuxFq6S/x4kERr/4Ub/4bN20O2vpg4PHeDDPzopQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BSyeZotCkCU9UJyIaOJPQNMxw6KQKiIg4tKPRbe63H0FplsgHM04hFGQgWcwoMVbquRWBgwHgADjHZ9gv99yqV/NmwMvEL0gVFWj03K+gn9BMgDSUE627vpeacEKUYZTDtBxkGlJCR2QAXUslEaDDyezwKT6xSh/HibIlDZ6pvycmRGg9FpHtFMQM9aKXi/953czE1+GEyTQzIOl8UZxxbBKcp4D7TAE1fGwJoYrZWzEdEkWosVnlIfiLLy+T1nnNv6x59xfV+k0RRwkdoWN0inx0heroDjVQE1GUoWf0it6cJ+fFeXc+5q0rTjFziP7A+fwB/siRWg==</latexit>

m � `+ 1If then for all

Proof:



Controllability
Lemma: Consider

<latexit sha1_base64="RarVyCrNR29bAhU1J8E1J/RwQsU="></latexit>

C`
.
= [A`�1B | · · · |AB | B] 2 Rn⇥`

<latexit sha1_base64="gwPQcAzhebrtOEwT5V/dCu5Girs=">AAACMXicfVDLSsNAFJ3UV42vqks3g0UQhJKIqBuh2E2XFewDkhAm00k7dDIJMxOxhPySG/9E3HShiFt/wknbhbbigYHDOecy954gYVQqy5oYpZXVtfWN8qa5tb2zu1fZP+jIOBWYtHHMYtELkCSMctJWVDHSSwRBUcBINxg1Cr/7QISkMb9X44R4ERpwGlKMlJb8StONgvgxE4iPcseNkBpixLJG7mcuYezMzj14A//N6ASEpulXqlbNmgIuE3tOqmCOll95cfsxTiPCFWZISse2EuVlSCiKGclNN5UkQXiEBsTRlKOISC+bXpzDE630YRgL/biCU/XnRIYiKcdRoJPFvnLRK8S/PCdV4bWXUZ6kinA8+yhMGVQxLOqDfSoIVmysCcKC6l0hHiKBsNIlFyXYiycvk855zb6sWXcX1frtvI4yOALH4BTY4ArUQRO0QBtg8ARewRt4N56NifFhfM6iJWM+cwh+wfj6Br4Qqms=</latexit>

rank[C`+1] = rank[C`]
<latexit sha1_base64="WXfzuzCPeyBRCrfE197dSdCO0Xs=">AAACLHicdVDLSgMxFM3UVx1foy7dBIvgqsyIqBuh2I3LCvYBnaFk0kwbmmSGJCOWYT7Ijb8iiAuLuPU7zLRdaKsHAodzziX3njBhVGnXnVilldW19Y3ypr21vbO75+wftFScSkyaOGax7IRIEUYFaWqqGekkkiAeMtIOR/XCbz8QqWgs7vU4IQFHA0EjipE2Us+p+zyMHzOJxCjv+hzpIUYsq+e9jOcBvIb/2j5hzCQgtO2eU3Gr7hRwmXhzUgFzNHrOq9+PccqJ0Jghpbqem+ggQ1JTzEhu+6kiCcIjNCBdQwXiRAXZ9NgcnhilD6NYmic0nKo/JzLElRrz0CSLfdWiV4h/ed1UR1dBRkWSaiLw7KMoZVDHsGgO9qkkWLOxIQhLanaFeIgkwtr0W5TgLZ68TFpnVe+i6t6dV2o38zrK4Agcg1PggUtQA7egAZoAgyfwAt7BxHq23qwP63MWLVnzmUPwC9bXNzfRqLE=</latexit>

rank[Cm] = rank[C`]
<latexit sha1_base64="YzHQjvCkgsiDT03BOYAjAK2ER6c=">AAAB+HicbVBNS8NAEN34WetHox69LBZBEEoioh6LXjxWsB/QhLLZTtqlu5uwuxFq6S/x4kERr/4Ub/4bN20O2vpg4PHeDDPzopQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BSyeZotCkCU9UJyIaOJPQNMxw6KQKiIg4tKPRbe63H0FplsgHM04hFGQgWcwoMVbquRWBgwHgADjHZ9gv99yqV/NmwMvEL0gVFWj03K+gn9BMgDSUE627vpeacEKUYZTDtBxkGlJCR2QAXUslEaDDyezwKT6xSh/HibIlDZ6pvycmRGg9FpHtFMQM9aKXi/953czE1+GEyTQzIOl8UZxxbBKcp4D7TAE1fGwJoYrZWzEdEkWosVnlIfiLLy+T1nnNv6x59xfV+k0RRwkdoWN0inx0heroDjVQE1GUoWf0it6cJ+fFeXc+5q0rTjFziP7A+fwB/siRWg==</latexit>

m � `+ 1If then for all



Orthonormal Bases and Matrix
Definition: A set of vectors as columns of a matrix                                                  are said to be
orthonormal if  

<latexit sha1_base64="JdW94aiFzrBAmIFvEloirManksU="></latexit>

Q = [~q1, ~q2, . . . , ~qk] 2 Rn⇥k

<latexit sha1_base64="slDRV2DnGB+CTiE8Q7U4hzc4mMQ="></latexit>

~q>i ~qj =

⇢
0 if i 6= j (orthogonal)
1 if i = j (normalized)



Orthonormal Bases and Matrix (Examples)

<latexit sha1_base64="Y3y1WwJ9Thg8Lq3DehCgvMPHGUI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPbUDbbabt0swm7m0IJ/RdePCji1X/jzX/jps1BWx8MPN6bYWZeEAuujet+O4W19Y3NreJ2aWd3b/+gfHjU1FGiGDZYJCLVDqhGwSU2DDcC27FCGgYCW8H4LvNbE1SaR/LRTGP0QzqUfMAZNVZ66k6QpTjreaVeueJW3TnIKvFyUoEc9V75q9uPWBKiNExQrTueGxs/pcpwJnBW6iYaY8rGdIgdSyUNUfvp/OIZObNKnwwiZUsaMld/T6Q01HoaBrYzpGakl71M/M/rJGZw46dcxolByRaLBokgJiLZ+6TPFTIjppZQpri9lbARVZQZG1IWgrf88ippXlS9q6r7cFmp3eZxFOEETuEcPLiGGtxDHRrAQMIzvMKbo50X5935WLQWnHzmGP7A+fwB+MuQdA==</latexit>

~e1

<latexit sha1_base64="XB6VtpiohK1nrBZt05a5OVEJ2RE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/cA2lM122i7dbMLuplBC/4UXD4p49d9489+4aXPQ1gcDj/dmmJkXxIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8l/mtCSrNI/lopjH6IR1KPuCMGis9dSfIUpz1qsVeqexW3DnIKvFyUoYc9V7pq9uPWBKiNExQrTueGxs/pcpwJnBW7CYaY8rGdIgdSyUNUfvp/OIZObdKnwwiZUsaMld/T6Q01HoaBrYzpGakl71M/M/rJGZw46dcxolByRaLBokgJiLZ+6TPFTIjppZQpri9lbARVZQZG1IWgrf88ippViveVcV9uCzXbvM4CnAKZ3ABHlxDDe6hDg1gIOEZXuHN0c6L8+58LFrXnHzmBP7A+fwB+lCQdQ==</latexit>

~e2
<latexit sha1_base64="VA1csXrBUDPeTvcXaPtAEpzlkLw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae2oWy2k3bpZhN3N4US+i+8eFDEq//Gm//GpM1BWx8MPN6bYWaeFwmujW1/W4W19Y3NreJ2aWd3b/+gfHjU0mGsGDZZKELV8ahGwSU2DTcCO5FCGngC2974NvPbE1Sah/LBTCN0AzqU3OeMmlR67E2QJU+zfq3UL1fsqj0HWSVOTiqQo9Evf/UGIYsDlIYJqnXXsSPjJlQZzgTOSr1YY0TZmA6xm1JJA9RuMr94Rs5SZUD8UKUlDZmrvycSGmg9Dby0M6BmpJe9TPzP68bGv3YTLqPYoGSLRX4siAlJ9j4ZcIXMiGlKKFM8vZWwEVWUmTSkLARn+eVV0qpVncuqfX9Rqd/kcRThBE7hHBy4gjrcQQOawEDCM7zCm6WtF+vd+li0Fqx85hj+wPr8AQy/kIE=</latexit>

~q2
<latexit sha1_base64="LZKbR/EvG1GS8LkK2YEGWczcEvM=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68VjBfmAbymY7bZduNnF3Uyih/8KLB0W8+m+8+W/ctDlo64OBx3szzMwLYsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJQohnUWiUi1AqpRcIl1w43AVqyQhoHAZjC6zfzmGJXmkXwwkxj9kA4k73NGjZUeO2Nk6dO06xW7pbJbcWcgy8TLSRly1Lqlr04vYkmI0jBBtW57bmz8lCrDmcBpsZNojCkb0QG2LZU0RO2ns4un5NQqPdKPlC1pyEz9PZHSUOtJGNjOkJqhXvQy8T+vnZj+tZ9yGScGJZsv6ieCmIhk75MeV8iMmFhCmeL2VsKGVFFmbEhZCN7iy8ukcV7xLivu/UW5epPHUYBjOIEz8OAKqnAHNagDAwnP8ApvjnZenHfnY9664uQzR/AHzucPCzqQgA==</latexit>

~q1



Orthonormal Bases or Matrix: Properties

Isometric

Invertible (and determinante)

Multiplicative



Orthonormal Bases: Projection
<latexit sha1_base64="TocICGT5+lBOzxCbFeFNreo245E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZXrWL1fcqrsAWSdeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgTOSr1UY0LZmA6xa6mkEWo/W5w7IxdWGZAwVrakIQv190RGI62nUWA7I2pGetWbi/953dSEt37GZZIalGy5KEwFMTGZ/04GXCEzYmoJZYrbWwkbUUWZsQmVbAje6svrpHVV9WpV9/G6Ur/L4yjCGZzDJXhwA3V4gAY0gcEYnuEV3pzEeXHenY9la8HJZ07hD5zPH6vwj8o=</latexit>

~s

Least Squares:

<latexit sha1_base64="mwOIcNENFpV7sM98GsDZSlWSXfQ=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGoB48V7Ac0sWy2m3bpZhN2J5US+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFco+N8W4WV1bX1jeJmaWt7Z3evvH/Q1HGqKGvQWMSqHRDNBJesgRwFayeKkSgQrBUMb6Z+a8SU5rF8wHHC/Ij0JQ85JWikx1tvxGiWTLqeRqK65YpTdWawl4mbkwrkqHfLX14vpmnEJFJBtO64ToJ+RhRyKtik5KWaJYQOSZ91DJUkYtrPZldP7BOj9OwwVqYk2jP190RGIq3HUWA6I4IDvehNxf+8TorhlZ9xmaTIJJ0vClNhY2xPI7B7XDGKYmwIoYqbW206IIpQNEGVTAju4svLpHlWdS+qzv15pXadx1GEIziGU3DhEmpwB3VoAAUFz/AKb9aT9WK9Wx/z1oKVzxzCH1ifP+Y3ksY=</latexit>

D~p?

<latexit sha1_base64="GkUxnFLBCAiTIu1cLctg2JbdzDg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0yQxJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaJKs1g+mElCA4GHkkWMYGMl3xfYjMIwu58+8n615tbdGdAy8QpSgwLNfvXLH8QkFVQawrHWPc9NTJBhZRjhdFrxU00TTMZ4SHuWSiyoDrJZ5ik6scoARbGyTxo0U39vZFhoPRGhncwz6kUvF//zeqmJroKMySQ1VJL5oSjlyMQoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3buou3fntcZ1UUcZjuAYTsGDS2jALTShBQQSeIZXeHNS58V5dz7moyWn2DmEP3A+fwBDv5HV</latexit>

Rl

<latexit sha1_base64="FcnQ3CqYaI/+NLOSCaV6ikYCCcM=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbabt0s4m7m0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqlGwSU2DDcC24lCGoUCW+Hobua3xqg0j+WjmSQYRHQgeZ8zaqwU+GNkGU67vjZUdcsVt+rOQVaJl5MK5Kh3y19+L2ZphNIwQbXueG5igowqw5nAaclPNSaUjegAO5ZKGqEOsvnRU3JmlR7px8qWNGSu/p7IaKT1JAptZ0TNUC97M/E/r5Oa/k2QcZmkBiVbLOqngpiYzBIgPa6QGTGxhDLF7a2EDamizNicSjYEb/nlVdK8qHpXVffhslK7zeMowgmcwjl4cA01uIc6NIDBEzzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ARb6SbQ==</latexit>

~e?

<latexit sha1_base64="SNoA6heAQG2B0cvWp6V0QEcbwG0="></latexit>

~p? = argmin
~p

k~s�D~pk22 = (D>D)�1D>~s

If orthonormal:
<latexit sha1_base64="dQ1RRy98KY70nCMvSw3eKiIB5fg=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBbBU0lE1ItQtAe9VbAf0KZls920SzfZsDtRSuj/8OJBEa/+F2/+GzdtDlp9MPB4b4aZeX4suAbH+bIKS8srq2vFdXtjc2t7p7S719QyUZQ1qBRStX2imeARawAHwdqxYiT0BWv54+vMbz0wpbmM7mESMy8kw4gHnBIwUq/W64KMcQ1f4lvb7pfKTsWZAf8lbk7KKEe9X/rsDiRNQhYBFUTrjuvE4KVEAaeCTe1uollM6JgMWcfQiIRMe+ns6ik+MsoAB1KZigDP1J8TKQm1noS+6QwJjPSil4n/eZ0Eggsv5VGcAIvofFGQCAwSZxHgAVeMgpgYQqji5lZMR0QRCiaoLAR38eW/pHlScc8qzt1puXqVx1FEB+gQHSMXnaMqukF11EAUKfSEXtCr9Wg9W2/W+7y1YOUz++gXrI9vlBuQmg==</latexit>

D>D = I

<latexit sha1_base64="0fSQeobccae47wuD7tMqqG99jLs="></latexit>

projspan[D](~s) = D~p?

<latexit sha1_base64="Gz5cFAjBnOn7Xck0CXcrHclUbz4=">AAACFnicbZDLSsNAFIYn9VbrLerSzWARXGhJiqgboagLlxXsBdIQJpNJO3QyCTOTQgl9Cje+ihsXirgVd76N0zaitv4w8PGfczhzfj9hVCrL+jQKC4tLyyvF1dLa+sbmlrm905RxKjBp4JjFou0jSRjlpKGoYqSdCIIin5GW378a11sDIiSN+Z0aJsSNUJfTkGKktOWZx9fwAjqdAcFZMPLsI/iNVY0siJX8sfquZ5atijURnAc7hzLIVffMj04Q4zQiXGGGpHRsK1FuhoSimJFRqZNKkiDcR13iaOQoItLNJmeN4IF2AhjGQj+u4MT9PZGhSMph5OvOCKmenK2Nzf9qTqrCczejPEkV4Xi6KEwZVDEcZwQDKghWbKgBYUH1XyHuIYGw0kmWdAj27Mnz0KxW7NOKdXtSrl3mcRTBHtgHh8AGZ6AGbkAdNAAG9+ARPIMX48F4Ml6Nt2lrwchndsEfGe9fFnSeHg==</latexit>

D = [~d1, ~d2, . . . , ~dk]



Orthonormalization: QR Decomposition
What if columns of                                      are not orthonormal? Consider the QR decomposition:

<latexit sha1_base64="5ENdJb9oMiNaseAQQXqUmVzOoyQ="></latexit>

[~d1, ~d2, . . . , ~dk] = [~q1, ~q2, . . . , ~qk]

2

6664

r11 r12 · · · r1k
0 r22 · · · r2k
...

. . .
. . .

...
0 · · · 0 rkk

3

7775

<latexit sha1_base64="Gz5cFAjBnOn7Xck0CXcrHclUbz4=">AAACFnicbZDLSsNAFIYn9VbrLerSzWARXGhJiqgboagLlxXsBdIQJpNJO3QyCTOTQgl9Cje+ihsXirgVd76N0zaitv4w8PGfczhzfj9hVCrL+jQKC4tLyyvF1dLa+sbmlrm905RxKjBp4JjFou0jSRjlpKGoYqSdCIIin5GW378a11sDIiSN+Z0aJsSNUJfTkGKktOWZx9fwAjqdAcFZMPLsI/iNVY0siJX8sfquZ5atijURnAc7hzLIVffMj04Q4zQiXGGGpHRsK1FuhoSimJFRqZNKkiDcR13iaOQoItLNJmeN4IF2AhjGQj+u4MT9PZGhSMph5OvOCKmenK2Nzf9qTqrCczejPEkV4Xi6KEwZVDEcZwQDKghWbKgBYUH1XyHuIYGw0kmWdAj27Mnz0KxW7NOKdXtSrl3mcRTBHtgHh8AGZ6AGbkAdNAAG9+ARPIMX48F4Ml6Nt2lrwchndsEfGe9fFnSeHg==</latexit>

D = [~d1, ~d2, . . . , ~dk]
<latexit sha1_base64="LMuxf3EsPQ3eVlhBPEjtWzNvmuQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZRERN0IRV24rGAfkIYymU7aIZOZMDMRayj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwqjSjvNtFRYWl5ZXiqultfWNzS17e6epRCoxaWDBhGwHSBFGOWloqhlpJ5KgOGCkFURXY791T6Sigt/pYUL8GPU5DSlG2khde6/SiQPxkEnEo5F37cMLGB117bJTdSaA88TNSRnkqHftr05P4DQmXGOGlPJcJ9F+hqSmmJFRqZMqkiAcoT7xDOUoJsrPJteP4KFRejAU0hTXcKL+nshQrNQwDkxnjPRAzXpj8T/PS3V47meUJ6kmHE8XhSmDWsBxFLBHJcGaDQ1BWFJzK8QDJBHWJrCSCcGdfXmeNI+r7mnVuT0p1y7zOIpgHxyACnDBGaiBG1AHDYDBI3gGr+DNerJerHfrY9pasPKZXfAH1ucPLO6UYw==</latexit>

(rank[D] = k)



QR Decomposition & Least Squares



Gram-Schmidt Procedure
Gram-Schmidt via illustration:

<latexit sha1_base64="fO5cD0naj/zt2qNjKK0RQ2x1V2A=">AAACH3icbZDNSsNAFIUn9a/Wv6hLN4NFcCElKVIFEYq6cFnFtkISy2Q6bYfOJGFmUiwhb+LGV3HjQhFx17dx0lbQ1gMDH+fey9x7/IhRqSxrZOQWFpeWV/KrhbX1jc0tc3unIcNYYFLHIQvFvY8kYTQgdUUVI/eRIIj7jDT9/mVWbw6IkDQM7tQwIh5H3YB2KEZKWy2zcgXPoeMOCE7aacs+gj9Y9qB75nI/fExokGqGLkeq5/vJbfpQbplFq2SNBefBnkIRTFVrmV9uO8QxJ4HCDEnp2FakvAQJRTEjacGNJYkQ7qMucTQGiBPpJeP7UnignTbshEK/QMGx+3siQVzKIfd1Z7ajnK1l5n81J1adU0/fF8WKBHjyUSdmUIUwCwu2qSBYsaEGhAXVu0LcQwJhpSMt6BDs2ZPnoVEu2ZWSdXNcrF5M48iDPbAPDoENTkAVXIMaqAMMnsALeAPvxrPxanwYn5PWnDGd2QV/ZIy+AeYAobE=</latexit>

D = [~d1, ~d2] in R2



Gram-Schmidt Procedure
Gram-Schmidt via algebraic derivation:

<latexit sha1_base64="V1EwqCLOSNVpaewYrIfHZEAZAzw="></latexit>

D = [~d1, ~d2, . . . , ~dk] in Rn



Gram-Schmidt Procedure (Summary)
<latexit sha1_base64="L8FWv1LysRoTKAcu8Nw2XzcbiKM="></latexit>

~z1 = ~d1

~z2 = ~d2 � (~d>2 ~q1)~q1

~z3 = ~d3 � (~d>3 ~q1)~q1 � (~d>3 ~q2)~q2
...

~zk = ~dk �
k�1X

j=1

(~d>k ~qj)~qj

<latexit sha1_base64="XFmNhm5zcYuFnGRprghgbcJriFA="></latexit>

~q1 = ~z1/k~z1k
~q2 = ~z2/k~z2k
~q3 = ~z3/k~z3k
...

~qk = ~zk/k~zkk

Claim:
<latexit sha1_base64="ZiYbOEyT0Rp9O43zTWm+6L1JcAA="></latexit>

1. ~z>j ~qi = 0 for all i < j 2. k~zik = ~d>i ~qi



Gram-Schmidt Procedure & QR
<latexit sha1_base64="5ENdJb9oMiNaseAQQXqUmVzOoyQ="></latexit>

[~d1, ~d2, . . . , ~dk] = [~q1, ~q2, . . . , ~qk]

2

6664

r11 r12 · · · r1k
0 r22 · · · r2k
...

. . .
. . .

...
0 · · · 0 rkk

3

7775

<latexit sha1_base64="cNZqhiRe9dBZEnydreTuHuRO+yU="></latexit>

~d1 = (~d>1 ~q1)~q1
~d2 = (~d>2 ~q1)~q1 + (~d>2 ~q2)~q2
~d3 = (~d>3 ~q1)~q1 + (~d>3 ~q2)~q2 + (~d>3 ~q3)~q3
...

~dk = (~d>k ~q1)~q1 + (~d>k ~q2)~q2 + · · ·+ (~d>k ~qk)~qk
<latexit sha1_base64="97ah2t/c2A+OtwmfZ+FDiIUYZC4=">AAACDHicbVC9TsMwGHTKXyl/BUYWiwqpLFWCELAgVbAwFon+SE2IHMdp3TpOsJ1KVZQHYOFVWBhAiJUHYONtcNsM0HKSpfPdfbK/82JGpTLNb6OwtLyyulZcL21sbm3vlHf3WjJKBCZNHLFIdDwkCaOcNBVVjHRiQVDoMdL2htcTvz0iQtKI36lxTJwQ9TgNKEZKS265UhVuSgcZvIT2iODUz9zBva2ieHZ9yFx6rFNmzZwCLhIrJxWQo+GWv2w/wklIuMIMSdm1zFg5KRKKYkaykp1IEiM8RD3S1ZSjkEgnnS6TwSOt+DCIhD5cwan6eyJFoZTj0NPJEKm+nPcm4n9eN1HBhZNSHieKcDx7KEgYVBGcNAN9KghWbKwJwoLqv0LcRwJhpfsr6RKs+ZUXSeukZp3VzNvTSv0qr6MIDsAhqAILnIM6uAEN0AQYPIJn8ArejCfjxXg3PmbRgpHP7IM/MD5/AFkNmy8=</latexit>

(rij = ~d>j ~qi)


