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Outline

• Orthonormalization (Gram-Schmidt) and QR Decomposition

• Upper Triangularization



Gram-Schmidt Procedure (Summary)
<latexit sha1_base64="L8FWv1LysRoTKAcu8Nw2XzcbiKM="></latexit>

~z1 = ~d1

~z2 = ~d2 � (~d>2 ~q1)~q1

~z3 = ~d3 � (~d>3 ~q1)~q1 � (~d>3 ~q2)~q2
...

~zk = ~dk �
k�1X

j=1

(~d>k ~qj)~qj

<latexit sha1_base64="XFmNhm5zcYuFnGRprghgbcJriFA="></latexit>

~q1 = ~z1/k~z1k
~q2 = ~z2/k~z2k
~q3 = ~z3/k~z3k
...

~qk = ~zk/k~zkk

Claim:
<latexit sha1_base64="ZiYbOEyT0Rp9O43zTWm+6L1JcAA="></latexit>

1. ~z>j ~qi = 0 for all i < j 2. k~zik = ~d>i ~qi



Gram-Schmidt & QR Decomposition
<latexit sha1_base64="5ENdJb9oMiNaseAQQXqUmVzOoyQ="></latexit>

[~d1, ~d2, . . . , ~dk] = [~q1, ~q2, . . . , ~qk]

2

6664

r11 r12 · · · r1k
0 r22 · · · r2k
...

. . .
. . .

...
0 · · · 0 rkk

3

7775

<latexit sha1_base64="cNZqhiRe9dBZEnydreTuHuRO+yU="></latexit>

~d1 = (~d>1 ~q1)~q1
~d2 = (~d>2 ~q1)~q1 + (~d>2 ~q2)~q2
~d3 = (~d>3 ~q1)~q1 + (~d>3 ~q2)~q2 + (~d>3 ~q3)~q3
...

~dk = (~d>k ~q1)~q1 + (~d>k ~q2)~q2 + · · ·+ (~d>k ~qk)~qk

<latexit sha1_base64="97ah2t/c2A+OtwmfZ+FDiIUYZC4=">AAACDHicbVC9TsMwGHTKXyl/BUYWiwqpLFWCELAgVbAwFon+SE2IHMdp3TpOsJ1KVZQHYOFVWBhAiJUHYONtcNsM0HKSpfPdfbK/82JGpTLNb6OwtLyyulZcL21sbm3vlHf3WjJKBCZNHLFIdDwkCaOcNBVVjHRiQVDoMdL2htcTvz0iQtKI36lxTJwQ9TgNKEZKS265UhVuSgcZvIT2iODUz9zBva2ieHZ9yFx6rFNmzZwCLhIrJxWQo+GWv2w/wklIuMIMSdm1zFg5KRKKYkaykp1IEiM8RD3S1ZSjkEgnnS6TwSOt+DCIhD5cwan6eyJFoZTj0NPJEKm+nPcm4n9eN1HBhZNSHieKcDx7KEgYVBGcNAN9KghWbKwJwoLqv0LcRwJhpfsr6RKs+ZUXSeukZp3VzNvTSv0qr6MIDsAhqAILnIM6uAEN0AQYPIJn8ArejCfjxXg3PmbRgpHP7IM/MD5/AFkNmy8=</latexit>

(rij = ~d>j ~qi)



QR, Diagonalization, Triangularization
<latexit sha1_base64="5ENdJb9oMiNaseAQQXqUmVzOoyQ="></latexit>

[~d1, ~d2, . . . , ~dk] = [~q1, ~q2, . . . , ~qk]

2

6664

r11 r12 · · · r1k
0 r22 · · · r2k
...

. . .
. . .

...
0 · · · 0 rkk

3
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QR Decomposition for                 :

Diagonalization for                 :

<latexit sha1_base64="tpCLJe+0zpkxKhZ04QQUGWXc5/M="></latexit>

A[~v1, . . . ,~vn] = [�1~v1, . . . ,�~vn] = [~v1, . . . ,~vn]

2

64
�1 0 0

0
. . . 0

0 0 �n

3

75

Triangularization for                :

<latexit sha1_base64="BKftXNVu01p4JntXfl7806TyHtc=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9FPXisYj+giWWz3bZLN5uwuxFKyMWLf8WLB0W8+h+8+W/ctD1o64OBx3szzMwLYs6Udpxvq7CwuLS8Ulwtra1vbG7Z2zsNFSWS0DqJeCRbAVaUM0HrmmlOW7GkOAw4bQbDy9xvPlCpWCTu9Cimfoj7gvUYwdpIHXv/CnlMIC/EehAE6W12nwpPs5AqNMw6dtmpOGOgeeJOSRmmqHXsL68bkSSkQhOOlWq7Tqz9FEvNCKdZyUsUjTEZ4j5tGyqw2eOn4y8ydGiULupF0pTQaKz+nkhxqNQoDExnfq2a9XLxP6+d6N65nzIRJ5oKMlnUSzjSEcojQV0mKdF8ZAgmkplbERlgiYk2wZVMCO7sy/OkcVxxTyvOzUm5ejGNowh7cABH4MIZVOEaalAHAo/wDK/wZj1ZL9a79TFpLVjTmV34A+vzBylwmGA=</latexit>

D 2 Rn⇥k

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="+GYcLsj1kzPJzEI8xgd1AUQr6ZI="></latexit>

A[~u1, ~u2, . . . , ~un] = [~u1, ~u2, . . . , ~un]

2

6664

t11 t12 · · · t1n
0 t22 · · · t2k
...

. . .
. . .

...
0 · · · 0 tnn

3

7775



Diagonalization v.s. Triangularization

Conditions for diagonalization of                  :
<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="T6YyNMjVbnNMdYkq3BdV3oSkDIU="></latexit>

V �1AV =

2

64
�1 0 0

0
. . . 0

0 0 �n

3

75



Upper-Triangularization

Upper-triangularization for                :
<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

Eigenvalues of an upper-triangular matrix:

<latexit sha1_base64="+mt0Qq/XI3BXOIuNzvpDC8sQPlc="></latexit>

U�1AU =

2
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t11 t12 · · · t1n
0 t22 · · · t2k
...

. . .
. . .

...
0 · · · 0 tnn
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Upper-Triangularization
Solution to an upper-triangular system of linear equations:

<latexit sha1_base64="o8TqkmsXMvNLJxuFTcN20/F0lAQ="></latexit>2

6664

y1
y2
...
yn

3

7775
=

2

6664

t11 t12 · · · t1n
0 t22 · · · t2k
...

. . .
. . .

...
0 · · · 0 tnn

3

7775

2

6664

x1

x2
...
xn

3

7775



Upper-Triangularization
Solution to an upper-triangular system of linear differential equations:

<latexit sha1_base64="oEicuGDLz5zoJy5a0CBw2wFAwmY="></latexit>2

6664

ẋ1(t)
ẋ2(t)
...

ẋn(t)

3

7775
=

2

6664

t11 t12 · · · t1n
0 t22 · · · t2k
...

. . .
. . .

...
0 · · · 0 tnn

3

7775

2

6664

x1(t)
x2(t)
...

xn(t)

3

7775
+

2

6664

b1
b2
...
bn

3

7775
u(t)



Upper-Triangularization (Schur Decomposition)
Claim: For any matrix                  with real eigenvalues, there exists an orthogonal matrix:                    
such that                 and 

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

Proof (by induction):

<latexit sha1_base64="4HtQ1wAMW+9p5dPHdL2wFMVfIWE=">AAACBXicbVBNS8NAEN34WetX1aMeFovgqSQi6rHoxWMV0xaaWDbbbbt0swm7E6GEXLz4V7x4UMSr/8Gb/8ZNm4O2Phh4vDfDzLwgFlyDbX9bC4tLyyurpbXy+sbm1nZlZ7epo0RR5tJIRKodEM0El8wFDoK1Y8VIGAjWCkZXud96YErzSN7BOGZ+SAaS9zklYKRu5cDFHpfYCwkMgyC9ze5T6QEPmcYy61aqds2eAM8TpyBVVKDRrXx5vYgmIZNABdG649gx+ClRwKlgWdlLNIsJHZEB6xgqidnjp5MvMnxklB7uR8qUBDxRf0+kJNR6HAamM79Wz3q5+J/XSaB/4adcxgkwSaeL+onAEOE8EtzjilEQY0MIVdzciumQKELBBFc2ITizL8+T5knNOavZN6fV+mURRwnto0N0jBx0juroGjWQiyh6RM/oFb1ZT9aL9W59TFsXrGJmD/2B9fkDSY6YdA==</latexit>

U 2 Rn⇥n
<latexit sha1_base64="StaPrVI6VEc+ESfHwjfHYfLhiVk=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1ItQ9KK3CqYtNLFstpt26Sa77E6EEvo3vHhQxKt/xpv/xm2bg1YfDDzem2FmXqQEN+C6X05paXllda28XtnY3Nreqe7utYzMNGU+lULqTkQMEzxlPnAQrKM0I0kkWDsaXU/99iPThsv0HsaKhQkZpDzmlICVAv8hAKmwjy/xba9ac+vuDPgv8QpSQwWavepn0Jc0S1gKVBBjup6rIMyJBk4Fm1SCzDBF6IgMWNfSlCTMhPns5gk+skofx1LbSgHP1J8TOUmMGSeR7UwIDM2iNxX/87oZxBdhzlOVAUvpfFGcCQwSTwPAfa4ZBTG2hFDN7a2YDokmFGxMFRuCt/jyX9I6qXtndffutNa4KuIoowN0iI6Rh85RA92gJvIRRQo9oRf06mTOs/PmvM9bS04xs49+wfn4BllckJQ=</latexit>

U>U = I <latexit sha1_base64="kbeuDqlLRr/b3w6UIjwTqOfAiDQ="></latexit>

T = U�1AU = U>AU =

2

6664

t11 t12 · · · t1n
0 t22 · · · t2k
...

. . .
. . .

...
0 · · · 0 tnn

3

7775



Claim: For any matrix                  with real eigenvalues, there exists an orthogonal matrix:                    
such that                and                                   is upper-triangular. 

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

Proof (continued):

<latexit sha1_base64="4HtQ1wAMW+9p5dPHdL2wFMVfIWE=">AAACBXicbVBNS8NAEN34WetX1aMeFovgqSQi6rHoxWMV0xaaWDbbbbt0swm7E6GEXLz4V7x4UMSr/8Gb/8ZNm4O2Phh4vDfDzLwgFlyDbX9bC4tLyyurpbXy+sbm1nZlZ7epo0RR5tJIRKodEM0El8wFDoK1Y8VIGAjWCkZXud96YErzSN7BOGZ+SAaS9zklYKRu5cDFHpfYCwkMgyC9ze5T6QEPmcYy61aqds2eAM8TpyBVVKDRrXx5vYgmIZNABdG649gx+ClRwKlgWdlLNIsJHZEB6xgqidnjp5MvMnxklB7uR8qUBDxRf0+kJNR6HAamM79Wz3q5+J/XSaB/4adcxgkwSaeL+onAEOE8EtzjilEQY0MIVdzciumQKELBBFc2ITizL8+T5knNOavZN6fV+mURRwnto0N0jBx0juroGjWQiyh6RM/oFb1ZT9aL9W59TFsXrGJmD/2B9fkDSY6YdA==</latexit>

U 2 Rn⇥n
<latexit sha1_base64="StaPrVI6VEc+ESfHwjfHYfLhiVk=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1ItQ9KK3CqYtNLFstpt26Sa77E6EEvo3vHhQxKt/xpv/xm2bg1YfDDzem2FmXqQEN+C6X05paXllda28XtnY3Nreqe7utYzMNGU+lULqTkQMEzxlPnAQrKM0I0kkWDsaXU/99iPThsv0HsaKhQkZpDzmlICVAv8hAKmwjy/xba9ac+vuDPgv8QpSQwWavepn0Jc0S1gKVBBjup6rIMyJBk4Fm1SCzDBF6IgMWNfSlCTMhPns5gk+skofx1LbSgHP1J8TOUmMGSeR7UwIDM2iNxX/87oZxBdhzlOVAUvpfFGcCQwSTwPAfa4ZBTG2hFDN7a2YDokmFGxMFRuCt/jyX9I6qXtndffutNa4KuIoowN0iI6Rh85RA92gJvIRRQo9oRf06mTOs/PmvM9bS04xs49+wfn4BllckJQ=</latexit>

U>U = I

Upper-Triangularization (Schur Decomposition)
<latexit sha1_base64="k/6tOZa9BcCd0qoRIcvDLfsguPQ=">AAACBHicbZBPS8MwGMbT+W/Of1WPuwSH4MXRiqgXYerF44R1G2x1pFm6haVJSVJhlB28+FW8eFDEqx/Cm9/GtNtBNx8I/PK870vyPkHMqNKO820VlpZXVteK66WNza3tHXt3r6lEIjHxsGBCtgOkCKOceJpqRtqxJCgKGGkFo5us3nogUlHBG3ocEz9CA05DipE2Vs8uN+Al9O7TY3dyBb2cu1rEMLv07IpTdXLBRXBnUAEz1Xv2V7cvcBIRrjFDSnVcJ9Z+iqSmmJFJqZsoEiM8QgPSMchRRJSf5ktM4KFx+jAU0hyuYe7+nkhRpNQ4CkxnhPRQzdcy879aJ9HhhZ9SHieacDx9KEwY1AJmicA+lQRrNjaAsKTmrxAPkURYm9xKJgR3fuVFaJ5U3bOqc3daqV3P4iiCMjgAR8AF56AGbkEdeACDR/AMXsGb9WS9WO/Wx7S1YM1m9sEfWZ8/ApSVIw==</latexit>

T = U�1AU = U>AU



Claim: For any matrix                  with real eigenvalues, there exists an orthogonal matrix:                    
such that                and                                   is upper-triangular. 

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

Proof (continued):

<latexit sha1_base64="4HtQ1wAMW+9p5dPHdL2wFMVfIWE=">AAACBXicbVBNS8NAEN34WetX1aMeFovgqSQi6rHoxWMV0xaaWDbbbbt0swm7E6GEXLz4V7x4UMSr/8Gb/8ZNm4O2Phh4vDfDzLwgFlyDbX9bC4tLyyurpbXy+sbm1nZlZ7epo0RR5tJIRKodEM0El8wFDoK1Y8VIGAjWCkZXud96YErzSN7BOGZ+SAaS9zklYKRu5cDFHpfYCwkMgyC9ze5T6QEPmcYy61aqds2eAM8TpyBVVKDRrXx5vYgmIZNABdG649gx+ClRwKlgWdlLNIsJHZEB6xgqidnjp5MvMnxklB7uR8qUBDxRf0+kJNR6HAamM79Wz3q5+J/XSaB/4adcxgkwSaeL+onAEOE8EtzjilEQY0MIVdzciumQKELBBFc2ITizL8+T5knNOavZN6fV+mURRwnto0N0jBx0juroGjWQiyh6RM/oFb1ZT9aL9W59TFsXrGJmD/2B9fkDSY6YdA==</latexit>

U 2 Rn⇥n
<latexit sha1_base64="StaPrVI6VEc+ESfHwjfHYfLhiVk=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1ItQ9KK3CqYtNLFstpt26Sa77E6EEvo3vHhQxKt/xpv/xm2bg1YfDDzem2FmXqQEN+C6X05paXllda28XtnY3Nreqe7utYzMNGU+lULqTkQMEzxlPnAQrKM0I0kkWDsaXU/99iPThsv0HsaKhQkZpDzmlICVAv8hAKmwjy/xba9ac+vuDPgv8QpSQwWavepn0Jc0S1gKVBBjup6rIMyJBk4Fm1SCzDBF6IgMWNfSlCTMhPns5gk+skofx1LbSgHP1J8TOUmMGSeR7UwIDM2iNxX/87oZxBdhzlOVAUvpfFGcCQwSTwPAfa4ZBTG2hFDN7a2YDokmFGxMFRuCt/jyX9I6qXtndffutNa4KuIoowN0iI6Rh85RA92gJvIRRQo9oRf06mTOs/PmvM9bS04xs49+wfn4BllckJQ=</latexit>

U>U = I

Upper-Triangularization (Schur Decomposition)
<latexit sha1_base64="k/6tOZa9BcCd0qoRIcvDLfsguPQ=">AAACBHicbZBPS8MwGMbT+W/Of1WPuwSH4MXRiqgXYerF44R1G2x1pFm6haVJSVJhlB28+FW8eFDEqx/Cm9/GtNtBNx8I/PK870vyPkHMqNKO820VlpZXVteK66WNza3tHXt3r6lEIjHxsGBCtgOkCKOceJpqRtqxJCgKGGkFo5us3nogUlHBG3ocEz9CA05DipE2Vs8uN+Al9O7TY3dyBb2cu1rEMLv07IpTdXLBRXBnUAEz1Xv2V7cvcBIRrjFDSnVcJ9Z+iqSmmJFJqZsoEiM8QgPSMchRRJSf5ktM4KFx+jAU0hyuYe7+nkhRpNQ4CkxnhPRQzdcy879aJ9HhhZ9SHieacDx9KEwY1AJmicA+lQRrNjaAsKTmrxAPkURYm9xKJgR3fuVFaJ5U3bOqc3daqV3P4iiCMjgAR8AF56AGbkEdeACDR/AMXsGb9WS9WO/Wx7S1YM1m9sEfWZ8/ApSVIw==</latexit>

T = U�1AU = U>AU
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Algorithm 10 Real Schur Decomposition

Input: A square matrix A 2 Rn⇥n with real eigenvalues.

Output: An orthonormal matrix U 2 Rn⇥n and an upper-triangular matrix T 2 Rn⇥n such that A =

UTU>.

1: function REALSCHURDECOMPOSITION(A)

2: if A is 1 ⇥ 1 then

3: return

h
1
i

, A
4: end if

5: (~q1, l1) := FINDEIGENVECTOREIGENVALUE(A)

6: Q := EXTENDBASIS({~q1}, Rn) . Extend {~q1} to a basis of Rn using Gram-Schmidt; see Note 13

7: Unpack Q :=
h
~q1 eQ

i

8: Compute and unpack Q>AQ =

2

4 l1 ~ea
>
12

~0n�1 eA22

3

5

9: (P, eT) := REALSCHURDECOMPOSITION( eA22)

10: U :=
h
~q1 eQP

i

11: T :=

2

4 l1 ~ea
>
12P

~0n�1 eT

3

5

12: return (U, T)
13: end function

Concept Check: Once you read Note 2j, prove Theorem 8 and come up with a complex analogue to
Algorithm 10.

We have now just developed a method for, and validated our use of, upper triangularization, which we
used in Note 11 for example.

5 Spectral Theorem

Now that we have shown the existence of the Schur decomposition, we can now use it to prove one of the
most important and fundamental theorems in linear algebra. This is the spectral theorem (for real symmet-
ric matrices). Spectral theorems (for different classes of symmetric linear maps) are useful in mathematics
and engineering, as they reveal useful decompositions of symmetric linear maps.

Theorem 11 (Spectral Theorem for Real Symmetric Matrices)

Let A 2 Rn⇥n be real and symmetric. Then:

(i) The eigenvalues of A are real.

(ii) A is diagonalizable.

(iii) There is an orthonormal basis of Rn consisting of eigenvectors of A.

In short, A may be orthonormally diagonalized: A = VLV> where V 2 Rn⇥n is an orthonormal matrix
of eigenvectors of A, and L 2 Rn⇥n is a real diagonal matrix of eigenvalues.
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