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Claim: For any matrix                  with real eigenvalues, there exists an orthogonal matrix:                    
such that                and                                   is upper-triangular. 

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

Proof (continued):

<latexit sha1_base64="4HtQ1wAMW+9p5dPHdL2wFMVfIWE=">AAACBXicbVBNS8NAEN34WetX1aMeFovgqSQi6rHoxWMV0xaaWDbbbbt0swm7E6GEXLz4V7x4UMSr/8Gb/8ZNm4O2Phh4vDfDzLwgFlyDbX9bC4tLyyurpbXy+sbm1nZlZ7epo0RR5tJIRKodEM0El8wFDoK1Y8VIGAjWCkZXud96YErzSN7BOGZ+SAaS9zklYKRu5cDFHpfYCwkMgyC9ze5T6QEPmcYy61aqds2eAM8TpyBVVKDRrXx5vYgmIZNABdG649gx+ClRwKlgWdlLNIsJHZEB6xgqidnjp5MvMnxklB7uR8qUBDxRf0+kJNR6HAamM79Wz3q5+J/XSaB/4adcxgkwSaeL+onAEOE8EtzjilEQY0MIVdzciumQKELBBFc2ITizL8+T5knNOavZN6fV+mURRwnto0N0jBx0juroGjWQiyh6RM/oFb1ZT9aL9W59TFsXrGJmD/2B9fkDSY6YdA==</latexit>

U 2 Rn⇥n
<latexit sha1_base64="StaPrVI6VEc+ESfHwjfHYfLhiVk=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1ItQ9KK3CqYtNLFstpt26Sa77E6EEvo3vHhQxKt/xpv/xm2bg1YfDDzem2FmXqQEN+C6X05paXllda28XtnY3Nreqe7utYzMNGU+lULqTkQMEzxlPnAQrKM0I0kkWDsaXU/99iPThsv0HsaKhQkZpDzmlICVAv8hAKmwjy/xba9ac+vuDPgv8QpSQwWavepn0Jc0S1gKVBBjup6rIMyJBk4Fm1SCzDBF6IgMWNfSlCTMhPns5gk+skofx1LbSgHP1J8TOUmMGSeR7UwIDM2iNxX/87oZxBdhzlOVAUvpfFGcCQwSTwPAfa4ZBTG2hFDN7a2YDokmFGxMFRuCt/jyX9I6qXtndffutNa4KuIoowN0iI6Rh85RA92gJvIRRQo9oRf06mTOs/PmvM9bS04xs49+wfn4BllckJQ=</latexit>

U>U = I

Upper-Triangularization (Schur Decomposition)
<latexit sha1_base64="k/6tOZa9BcCd0qoRIcvDLfsguPQ=">AAACBHicbZBPS8MwGMbT+W/Of1WPuwSH4MXRiqgXYerF44R1G2x1pFm6haVJSVJhlB28+FW8eFDEqx/Cm9/GtNtBNx8I/PK870vyPkHMqNKO820VlpZXVteK66WNza3tHXt3r6lEIjHxsGBCtgOkCKOceJpqRtqxJCgKGGkFo5us3nogUlHBG3ocEz9CA05DipE2Vs8uN+Al9O7TY3dyBb2cu1rEMLv07IpTdXLBRXBnUAEz1Xv2V7cvcBIRrjFDSnVcJ9Z+iqSmmJFJqZsoEiM8QgPSMchRRJSf5ktM4KFx+jAU0hyuYe7+nkhRpNQ4CkxnhPRQzdcy879aJ9HhhZ9SHieacDx9KEwY1AJmicA+lQRrNjaAsKTmrxAPkURYm9xKJgR3fuVFaJ5U3bOqc3daqV3P4iiCMjgAR8AF56AGbkEdeACDR/AMXsGb9WS9WO/Wx7S1YM1m9sEfWZ8/ApSVIw==</latexit>

T = U�1AU = U>AU <latexit sha1_base64="+GYcLsj1kzPJzEI8xgd1AUQr6ZI="></latexit>

A[~u1, ~u2, . . . , ~un] = [~u1, ~u2, . . . , ~un]

2

6664

t11 t12 · · · t1n
0 t22 · · · t2k
...

. . .
. . .

...
0 · · · 0 tnn

3

7775



Claim: For any matrix                  with real eigenvalues, there exists an orthogonal matrix:                    
such that                and                                   is upper-triangular. 

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

Proof (continued):

<latexit sha1_base64="4HtQ1wAMW+9p5dPHdL2wFMVfIWE=">AAACBXicbVBNS8NAEN34WetX1aMeFovgqSQi6rHoxWMV0xaaWDbbbbt0swm7E6GEXLz4V7x4UMSr/8Gb/8ZNm4O2Phh4vDfDzLwgFlyDbX9bC4tLyyurpbXy+sbm1nZlZ7epo0RR5tJIRKodEM0El8wFDoK1Y8VIGAjWCkZXud96YErzSN7BOGZ+SAaS9zklYKRu5cDFHpfYCwkMgyC9ze5T6QEPmcYy61aqds2eAM8TpyBVVKDRrXx5vYgmIZNABdG649gx+ClRwKlgWdlLNIsJHZEB6xgqidnjp5MvMnxklB7uR8qUBDxRf0+kJNR6HAamM79Wz3q5+J/XSaB/4adcxgkwSaeL+onAEOE8EtzjilEQY0MIVdzciumQKELBBFc2ITizL8+T5knNOavZN6fV+mURRwnto0N0jBx0juroGjWQiyh6RM/oFb1ZT9aL9W59TFsXrGJmD/2B9fkDSY6YdA==</latexit>

U 2 Rn⇥n
<latexit sha1_base64="StaPrVI6VEc+ESfHwjfHYfLhiVk=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1ItQ9KK3CqYtNLFstpt26Sa77E6EEvo3vHhQxKt/xpv/xm2bg1YfDDzem2FmXqQEN+C6X05paXllda28XtnY3Nreqe7utYzMNGU+lULqTkQMEzxlPnAQrKM0I0kkWDsaXU/99iPThsv0HsaKhQkZpDzmlICVAv8hAKmwjy/xba9ac+vuDPgv8QpSQwWavepn0Jc0S1gKVBBjup6rIMyJBk4Fm1SCzDBF6IgMWNfSlCTMhPns5gk+skofx1LbSgHP1J8TOUmMGSeR7UwIDM2iNxX/87oZxBdhzlOVAUvpfFGcCQwSTwPAfa4ZBTG2hFDN7a2YDokmFGxMFRuCt/jyX9I6qXtndffutNa4KuIoowN0iI6Rh85RA92gJvIRRQo9oRf06mTOs/PmvM9bS04xs49+wfn4BllckJQ=</latexit>

U>U = I

Upper-Triangularization (Schur Decomposition)
<latexit sha1_base64="k/6tOZa9BcCd0qoRIcvDLfsguPQ=">AAACBHicbZBPS8MwGMbT+W/Of1WPuwSH4MXRiqgXYerF44R1G2x1pFm6haVJSVJhlB28+FW8eFDEqx/Cm9/GtNtBNx8I/PK870vyPkHMqNKO820VlpZXVteK66WNza3tHXt3r6lEIjHxsGBCtgOkCKOceJpqRtqxJCgKGGkFo5us3nogUlHBG3ocEz9CA05DipE2Vs8uN+Al9O7TY3dyBb2cu1rEMLv07IpTdXLBRXBnUAEz1Xv2V7cvcBIRrjFDSnVcJ9Z+iqSmmJFJqZsoEiM8QgPSMchRRJSf5ktM4KFx+jAU0hyuYe7+nkhRpNQ4CkxnhPRQzdcy879aJ9HhhZ9SHieacDx9KEwY1AJmicA+lQRrNjaAsKTmrxAPkURYm9xKJgR3fuVFaJ5U3bOqc3daqV3P4iiCMjgAR8AF56AGbkEdeACDR/AMXsGb9WS9WO/Wx7S1YM1m9sEfWZ8/ApSVIw==</latexit>

T = U�1AU = U>AU



Upper-Triangularization (Algorithm)EECS 16B Note 15: Upper Triangulation, Schur Decomposition 2022-09-19 19:42:41-07:00

Algorithm 10 Real Schur Decomposition

Input: A square matrix A 2 Rn⇥n with real eigenvalues.

Output: An orthonormal matrix U 2 Rn⇥n and an upper-triangular matrix T 2 Rn⇥n such that A =

UTU>.

1: function REALSCHURDECOMPOSITION(A)

2: if A is 1 ⇥ 1 then

3: return

h
1
i

, A
4: end if

5: (~q1, l1) := FINDEIGENVECTOREIGENVALUE(A)

6: Q := EXTENDBASIS({~q1}, Rn) . Extend {~q1} to a basis of Rn using Gram-Schmidt; see Note 13

7: Unpack Q :=
h
~q1 eQ

i

8: Compute and unpack Q>AQ =

2

4 l1 ~ea
>
12

~0n�1 eA22

3

5

9: (P, eT) := REALSCHURDECOMPOSITION( eA22)

10: U :=
h
~q1 eQP

i

11: T :=

2

4 l1 ~ea
>
12P

~0n�1 eT

3

5

12: return (U, T)
13: end function

Concept Check: Once you read Note 2j, prove Theorem 8 and come up with a complex analogue to
Algorithm 10.

We have now just developed a method for, and validated our use of, upper triangularization, which we
used in Note 11 for example.

5 Spectral Theorem

Now that we have shown the existence of the Schur decomposition, we can now use it to prove one of the
most important and fundamental theorems in linear algebra. This is the spectral theorem (for real symmet-
ric matrices). Spectral theorems (for different classes of symmetric linear maps) are useful in mathematics
and engineering, as they reveal useful decompositions of symmetric linear maps.

Theorem 11 (Spectral Theorem for Real Symmetric Matrices)

Let A 2 Rn⇥n be real and symmetric. Then:

(i) The eigenvalues of A are real.

(ii) A is diagonalizable.

(iii) There is an orthonormal basis of Rn consisting of eigenvectors of A.

In short, A may be orthonormally diagonalized: A = VLV> where V 2 Rn⇥n is an orthonormal matrix
of eigenvectors of A, and L 2 Rn⇥n is a real diagonal matrix of eigenvalues.

© UCB EECS 16B, Fall 2022. All Rights Reserved. This may not be publicly shared without explicit permission. 5



Upper-Triangularization (Example)
A RLC Circuit

<latexit sha1_base64="BgH1U4scH/LJZN5+AQczN9yWCWE=">AAACCnicbZDNSsNAFIUn9a/Wv6hLN6NFqAglEVE3QtGNCxdVbFpoQ5hMJ+3QySTMTIQSunbjq7hxoYhbn8Cdb+OkjaCtBwY+zr2XO/f4MaNSWdaXUZibX1hcKi6XVlbX1jfMzS1HRonApIEjFomWjyRhlJOGooqRViwICn1Gmv7gMqs374mQNOJ3ahgTN0Q9TgOKkdKWZ+46nqyoA3gOHe82g0MN1z+ANXhm2apaY8FZsHMog1x1z/zsdCOchIQrzJCUbduKlZsioShmZFTqJJLECA9Qj7Q1chQS6abjU0ZwXztdGERCP67g2P09kaJQymHo684Qqb6crmXmf7V2ooIzN6U8ThTheLIoSBhUEcxygV0qCFZsqAFhQfVfIe4jgbDS6ZV0CPb0ybPgHFXtk6p1c1yuXeRxFMEO2AMVYINTUANXoA4aAIMH8ARewKvxaDwbb8b7pLVg5DPb4I+Mj28Ezpap</latexit>

Vs(t) = VR(t) + VL(t) + Vc(t)

<latexit sha1_base64="SGtfyxZ6J5ato1T3nGJqP4ws6y0=">AAACKXicbVDLSgMxFM3UV62vqks3wSJUkDIjom6EYjcuuqhgH9ApJZPJtKGZh8kdoQz9HTf+ihsFRd36I2baKtp6IHA451xu7nEiwRWY5ruRWVhcWl7JrubW1jc2t/LbOw0VxpKyOg1FKFsOUUzwgNWBg2CtSDLiO4I1nUEl9Zt3TCoeBjcwjFjHJ72Ae5wS0FI3X+ZFOMQXuIJtTxKauLjRpVoaJS6MjrB9G5NUqk5S1Z8U/8508wWzZI6B54k1JQU0Ra2bf7bdkMY+C4AKolTbMiPoJEQCp4KNcnasWETogPRYW9OA+Ex1kvGlI3ygFRd7odQvADxWf08kxFdq6Ds66RPoq1kvFf/z2jF4552EB1EMLKCTRV4sMIQ4rQ27XDIKYqgJoZLrv2LaJ7oL0OXmdAnW7MnzpHFcsk5L5vVJoXw5rSOL9tA+KiILnaEyukI1VEcU3aNH9IJejQfjyXgzPibRjDGd2UV/YHx+AcMzo/M=</latexit>

i(t) = C
dVc(t)

dt
, VL(t) = L

di(t)

dt
Stability, Controllability
Diagonalization, Triangularization



Upper-Triangularization (Example)
A RLC Circuit (critically damped)



Upper-Triangularization (Example)
A RLC Circuit (critically damped)



Upper-Triangularization (Example)
A RLC Circuit





Spectral Theorem (motivations)
Diagonalization for                  with n independent eigenvectors:

Triangularization for                 with real eigenvalues:

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="T6YyNMjVbnNMdYkq3BdV3oSkDIU="></latexit>

V �1AV =

2

64
�1 0 0

0
. . . 0

0 0 �n

3

75

<latexit sha1_base64="HcQIUvY29fetyHiz9mt6cqxl4A4="></latexit>

U�1AU = U>AU =

2

6664

t11 t12 · · · t1n
0 t22 · · · t2k
...

. . .
. . .

...
0 · · · 0 tnn

3

7775

For real symmetric matrices                             :
<latexit sha1_base64="2ESFSsphFUnykfbpgZtb+blwSlU=">AAACDnicbVA9SwNBEN2LXzF+nVraLIaAVbgTURsh0cYyivmAXBL2Nptkyd7esTsnhCO/wMa/YmOhiK21nf/GveQKjT4YeLw3w8w8PxJcg+N8Wbml5ZXVtfx6YWNza3vH3t1r6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vTHV6nfvGdK81DewSRinYAMJR9wSsBIPbtUxRe42vUgjLDHJfYCAiPfT26n3UR6wAOmsZz27KJTdmbAf4mbkSLKUOvZn14/pHHAJFBBtG67TgSdhCjgVLBpwYs1iwgdkyFrGyqJ2dNJZu9McckofTwIlSkJeKb+nEhIoPUk8E1neq1e9FLxP68dw+C8k3AZxcAknS8axAJDiNNscJ8rRkFMDCFUcXMrpiOiCAWTYMGE4C6+/Jc0jsvuadm5OSlWLrM48ugAHaIj5KIzVEHXqIbqiKIH9IRe0Kv1aD1bb9b7vDVnZTP76Besj28KtpuF</latexit>

A = A> 2 Rn⇥n

<latexit sha1_base64="3xbnTmpVMTDquxCZOYoVt7ziKhc="></latexit>

V �1AV = V >AV =

2

64
�1 0 0

0
. . . 0

0 0 �n

3

75



Spectral Theorem (statement)
Theorem: Let                            be a real and symmetric matrix. Then

1. All eigenvalues of     are real.
2. is diagonalizable.
3. All eigenvectors are orthogonal to each other.

<latexit sha1_base64="2ESFSsphFUnykfbpgZtb+blwSlU=">AAACDnicbVA9SwNBEN2LXzF+nVraLIaAVbgTURsh0cYyivmAXBL2Nptkyd7esTsnhCO/wMa/YmOhiK21nf/GveQKjT4YeLw3w8w8PxJcg+N8Wbml5ZXVtfx6YWNza3vH3t1r6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vTHV6nfvGdK81DewSRinYAMJR9wSsBIPbtUxRe42vUgjLDHJfYCAiPfT26n3UR6wAOmsZz27KJTdmbAf4mbkSLKUOvZn14/pHHAJFBBtG67TgSdhCjgVLBpwYs1iwgdkyFrGyqJ2dNJZu9McckofTwIlSkJeKb+nEhIoPUk8E1neq1e9FLxP68dw+C8k3AZxcAknS8axAJDiNNscJ8rRkFMDCFUcXMrpiOiCAWTYMGE4C6+/Jc0jsvuadm5OSlWLrM48ugAHaIj5KIzVEHXqIbqiKIH9IRe0Kv1aD1bb9b7vDVnZTP76Besj28KtpuF</latexit>

A = A> 2 Rn⇥n
<latexit sha1_base64="mFAl7ZSjLgfLNXIeTua2YlRqWxk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSwzXplStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt0Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07JhuAtvrxMmmdV76Lq3p9Xajd5HEU4gmM4BQ8uoQZ3UIcGMAjhGV7hzRk5L8678zFvLTj5zCH8gfP5A+oojPQ=</latexit>

A
<latexit sha1_base64="mFAl7ZSjLgfLNXIeTua2YlRqWxk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSwzXplStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt0Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07JhuAtvrxMmmdV76Lq3p9Xajd5HEU4gmM4BQ8uoQZ3UIcGMAjhGV7hzRk5L8678zFvLTj5zCH8gfP5A+oojPQ=</latexit>

A



Spectral Theorem (proof)



Spectral Theorem (extensions)
<latexit sha1_base64="KcXGQgfMLW7Qe/CFMzmnwfb/CuA=">AAACH3icbVDLSgMxFM34rPVVdekmWIS6KTNFqhuh6MZlBfuAznTIpGkbmnmQ3CmWaf/Ejb/ixoUi4q5/Y/pAauuBwLnn3MvNPV4kuALTHBtr6xubW9upnfTu3v7BYebouKrCWFJWoaEIZd0jigkesApwEKweSUZ8T7Ca17ub+LU+k4qHwSMMIub4pBPwNqcEtORmitUcXOAbbA/tPqPJ00iX9tAtNAsT8Vdq2hBGC7WbyZp5cwq8Sqw5yaI5ym7m226FNPZZAFQQpRqWGYGTEAmcCjZK27FiEaE90mENTQPiM+Uk0/tG+FwrLdwOpX4B4Km6OJEQX6mB7+lOn0BXLXsT8T+vEUP72kl4EMXAAjpb1I4FhhBPwsItLhkFMdCEUMn1XzHtEkko6EjTOgRr+eRVUi3krWLefLjMlm7ncaTQKTpDOWShK1RC96iMKoiiZ/SK3tGH8WK8GZ/G16x1zZjPnKA/MMY/QOahTA==</latexit>

V (t) = k~x(t)k22 = ~x(t)>~x(t)

Consider:

How does the “energy”                                                  evolve? 

<latexit sha1_base64="DJskp7luCj/E8WaZg6d10xCNnjc="></latexit>

d~x(t)

dt
= A~x(t) with A symmetric, and �max(A) < ��.



Spectral Theorem (extensions)
<latexit sha1_base64="FNtXqoCvG25ArtG4QoY7A9XwOYg=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoNoY7gTURsh0cYyivmA3CXsbTbJkr29Y3dOCEd+go1/xcZCEVtLO/+Ne0kKTXww8Hhvhpl5fiS4Btv+tjILi0vLK9nV3Nr6xuZWfnunpsNYUValoQhVwyeaCS5ZFTgI1ogUI4EvWN0fXKd+/YEpzUN5D8OIeQHpSd7llICR2vnDcsuFMMKX+BiXscsldgMCfd9P7katRLrAA6axHLXzBbtoj4HniTMlBTRFpZ3/cjshjQMmgQqiddOxI/ASooBTwUY5N9YsInRAeqxpqCRmj5eMHxrhA6N0cDdUpiTgsfp7IiGB1sPAN53ptXrWS8X/vGYM3Qsv4TKKgUk6WdSNBYYQp+ngDleMghgaQqji5lZM+0QRCibDnAnBmX15ntROis5Z0b49LZSupnFk0R7aR0fIQeeohG5QBVURRY/oGb2iN+vJerHerY9Ja8aazuyiP7A+fwDcr5vm</latexit>

A> = �A 2 Rn⇥nWhat if       is real and anti-symmetric: 
<latexit sha1_base64="mFAl7ZSjLgfLNXIeTua2YlRqWxk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSwzXplStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt0Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07JhuAtvrxMmmdV76Lq3p9Xajd5HEU4gmM4BQ8uoQZ3UIcGMAjhGV7hzRk5L8678zFvLTj5zCH8gfP5A+oojPQ=</latexit>

A


