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Outline

• Spectral Theorem (finish)

• Singular Value Decomposition (Motivations)

• Least Squares and Minimum Norm Solution

• Identifying Low-dim Linear Subspace



Spectral Theorem
Diagonalization for                  with n independent eigenvectors:

Triangularization for                 with real eigenvalues:

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="T6YyNMjVbnNMdYkq3BdV3oSkDIU="></latexit>
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<latexit sha1_base64="HcQIUvY29fetyHiz9mt6cqxl4A4="></latexit>

U�1AU = U>AU =
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For real symmetric matrices                             :
<latexit sha1_base64="2ESFSsphFUnykfbpgZtb+blwSlU=">AAACDnicbVA9SwNBEN2LXzF+nVraLIaAVbgTURsh0cYyivmAXBL2Nptkyd7esTsnhCO/wMa/YmOhiK21nf/GveQKjT4YeLw3w8w8PxJcg+N8Wbml5ZXVtfx6YWNza3vH3t1r6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vTHV6nfvGdK81DewSRinYAMJR9wSsBIPbtUxRe42vUgjLDHJfYCAiPfT26n3UR6wAOmsZz27KJTdmbAf4mbkSLKUOvZn14/pHHAJFBBtG67TgSdhCjgVLBpwYs1iwgdkyFrGyqJ2dNJZu9McckofTwIlSkJeKb+nEhIoPUk8E1neq1e9FLxP68dw+C8k3AZxcAknS8axAJDiNNscJ8rRkFMDCFUcXMrpiOiCAWTYMGE4C6+/Jc0jsvuadm5OSlWLrM48ugAHaIj5KIzVEHXqIbqiKIH9IRe0Kv1aD1bb9b7vDVnZTP76Besj28KtpuF</latexit>

A = A> 2 Rn⇥n

<latexit sha1_base64="3xbnTmpVMTDquxCZOYoVt7ziKhc="></latexit>

V �1AV = V >AV =
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Spectral Theorem
Theorem: Let                            be a real and symmetric matrix. Then

1. All eigenvalues of     are real.
2. is diagonalizable.
3. All eigenvectors are orthogonal to each other.

<latexit sha1_base64="2ESFSsphFUnykfbpgZtb+blwSlU=">AAACDnicbVA9SwNBEN2LXzF+nVraLIaAVbgTURsh0cYyivmAXBL2Nptkyd7esTsnhCO/wMa/YmOhiK21nf/GveQKjT4YeLw3w8w8PxJcg+N8Wbml5ZXVtfx6YWNza3vH3t1r6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vTHV6nfvGdK81DewSRinYAMJR9wSsBIPbtUxRe42vUgjLDHJfYCAiPfT26n3UR6wAOmsZz27KJTdmbAf4mbkSLKUOvZn14/pHHAJFBBtG67TgSdhCjgVLBpwYs1iwgdkyFrGyqJ2dNJZu9McckofTwIlSkJeKb+nEhIoPUk8E1neq1e9FLxP68dw+C8k3AZxcAknS8axAJDiNNscJ8rRkFMDCFUcXMrpiOiCAWTYMGE4C6+/Jc0jsvuadm5OSlWLrM48ugAHaIj5KIzVEHXqIbqiKIH9IRe0Kv1aD1bb9b7vDVnZTP76Besj28KtpuF</latexit>

A = A> 2 Rn⇥n
<latexit sha1_base64="mFAl7ZSjLgfLNXIeTua2YlRqWxk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSwzXplStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt0Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07JhuAtvrxMmmdV76Lq3p9Xajd5HEU4gmM4BQ8uoQZ3UIcGMAjhGV7hzRk5L8678zFvLTj5zCH8gfP5A+oojPQ=</latexit>

A
<latexit sha1_base64="mFAl7ZSjLgfLNXIeTua2YlRqWxk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSwzXplStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt0Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07JhuAtvrxMmmdV76Lq3p9Xajd5HEU4gmM4BQ8uoQZ3UIcGMAjhGV7hzRk5L8678zFvLTj5zCH8gfP5A+oojPQ=</latexit>

A

An Important Example: for any                         , we have two associated symmetric matrices:
<latexit sha1_base64="KPSWCSsIoG0R8tumzIQU5DdB4vc=">AAACF3icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1ItQ68VjFfsBTRs22227dLMJuxOhhPwLL/4VLx4U8ao3/43bNgdtfTDweG+GmXl+JLgG2/62ckvLK6tr+fXCxubW9k5xd6+hw1hRVqehCFXLJ5oJLlkdOAjWihQjgS9Y0x9dT/zmA1Oah/IexhHrBGQgeZ9TAkbyiuUrz8GXuIqrXRfCCGOXS+wGBIa+n9yl3UR6jgs8YBoblnrFkl22p8CLxMlICWWoecUvtxfSOGASqCBatx07gk5CFHAqWFpwY80iQkdkwNqGSmI2dZLpXyk+MkoP90NlSgKeqr8nEhJoPQ580zm5WM97E/E/rx1D/6KTcBnFwCSdLerHAkOIJyHhHleMghgbQqji5lZMh0QRCibKggnBmX95kTROys5Z2b49LVWqWRx5dIAO0TFy0DmqoBtUQ3VE0SN6Rq/ozXqyXqx362PWmrOymX30B9bnDxWinhI=</latexit>

A1 = BB> 2 Rn1⇥n1
<latexit sha1_base64="a7cmCBgyEXuRVj04VcqI2KucVmk=">AAACF3icbVBNS8NAEN34WetX1aOXxSJ4KkkR9SLUevFYxX5Ak4bNdtsu3WzC7kQoof/Ci3/FiwdFvOrNf+Om7UFbHww83pthZl4QC67Btr+tpeWV1bX13EZ+c2t7Z7ewt9/QUaIoq9NIRKoVEM0El6wOHARrxYqRMBCsGQyvM7/5wJTmkbyHUcy8kPQl73FKwEh+oXTll/ElrnZciGJcxdjlErshgUEQpHfjTir9sgs8ZBobNvYLRbtkT4AXiTMjRTRDzS98ud2IJiGTQAXRuu3YMXgpUcCpYOO8m2gWEzokfdY2VBKzyUsnf43xsVG6uBcpUxLwRP09kZJQ61EYmM7sYj3vZeJ/XjuB3oWXchknwCSdLuolAkOEs5BwlytGQYwMIVRxcyumA6IIBRNl3oTgzL+8SBrlknNWsm9Pi5XqLI4cOkRH6AQ56BxV0A2qoTqi6BE9o1f0Zj1ZL9a79TFtXbJmMwfoD6zPHxyVnhU=</latexit>

A2 = B>B 2 Rn2⇥n2

<latexit sha1_base64="6+OB3Cicibhv2X5EaPB9HUgkwMM=">AAACC3icbVBNS8NAEJ34WetX1aOXpUXwVJIi6rHUi8cq9gOaGDbbTbt0swm7G6GE3r34V7x4UMSrf8Cb/8ZN24O2Phh4vDfDzLwg4Uxp2/62VlbX1jc2C1vF7Z3dvf3SwWFbxakktEViHstugBXlTNCWZprTbiIpjgJOO8HoKvc7D1QqFos7PU6oF+GBYCEjWBvJL5VRAyGXCeRGWA+DILud3GfCd1zNIqqQ8GsTv1Sxq/YUaJk4c1KBOZp+6cvtxySNqNCEY6V6jp1oL8NSM8LppOimiiaYjPCA9gwV2GzysukvE3RilD4KY2lKaDRVf09kOFJqHAWmM79YLXq5+J/XS3V46WVMJKmmgswWhSlHOkZ5MKjPJCWajw3BRDJzKyJDLDHRJr6iCcFZfHmZtGtV57xq35xV6o15HAU4hjKcggMXUIdraEILCDzCM7zCm/VkvVjv1sesdcWazxzBH1ifP1N/mf4=</latexit>

B 2 Rn1⇥n2



Spectral Theorem (extensions)
<latexit sha1_base64="FNtXqoCvG25ArtG4QoY7A9XwOYg=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoNoY7gTURsh0cYyivmA3CXsbTbJkr29Y3dOCEd+go1/xcZCEVtLO/+Ne0kKTXww8Hhvhpl5fiS4Btv+tjILi0vLK9nV3Nr6xuZWfnunpsNYUValoQhVwyeaCS5ZFTgI1ogUI4EvWN0fXKd+/YEpzUN5D8OIeQHpSd7llICR2vnDcsuFMMKX+BiXscsldgMCfd9P7katRLrAA6axHLXzBbtoj4HniTMlBTRFpZ3/cjshjQMmgQqiddOxI/ASooBTwUY5N9YsInRAeqxpqCRmj5eMHxrhA6N0cDdUpiTgsfp7IiGB1sPAN53ptXrWS8X/vGYM3Qsv4TKKgUk6WdSNBYYQp+ngDleMghgaQqji5lZM+0QRCibDnAnBmX15ntROis5Z0b49LZSupnFk0R7aR0fIQeeohG5QBVURRY/oGb2iN+vJerHerY9Ja8aazuyiP7A+fwDcr5vm</latexit>

A> = �A 2 Rn⇥nWhat if       is real and anti-symmetric: 
<latexit sha1_base64="mFAl7ZSjLgfLNXIeTua2YlRqWxk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSwzXplStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt0Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07JhuAtvrxMmmdV76Lq3p9Xajd5HEU4gmM4BQ8uoQZ3UIcGMAjhGV7hzRk5L8678zFvLTj5zCH8gfP5A+oojPQ=</latexit>

A

<latexit sha1_base64="+sP+z1XiqKo1YsN8oiXgUyEVjs8=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMiLoRim50V6UvaMeSSdM2NJMZkkyhDP0TNy4UceufuPNvzLSz0NYDl3s4515yc/yIM6Ud59vKrayurW/kNwtb2zu7e/b+QUOFsSS0TkIeypaPFeVM0LpmmtNWJCkOfE6b/ug29ZtjKhULRU1PIuoFeCBYnxGsjdS17ceSPn2qobSha3SPunbRKTszoGXiZqQIGapd+6vTC0kcUKEJx0q1XSfSXoKlZoTTaaETKxphMsID2jZU4IAqL5ldPkUnRumhfihNCY1m6u+NBAdKTQLfTAZYD9Wil4r/ee1Y96+8hIko1lSQ+UP9mCMdojQG1GOSEs0nhmAimbkVkSGWmGgTVsGE4C5+eZk0zsruRdl5OC9WbrI48nAEx1ACFy6hAndQhToQGMMzvMKblVgv1rv1MR/NWdnOIfyB9fkD3T6RNg==</latexit>

R(t)TR(t) = IAn Important Example:           is a continuous rotation 
<latexit sha1_base64="bremesISZ1WHZTDXaZWALBrr27s=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8cqpi20oWy2m3bpZhN2J0Ip/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYMEmmGfdZIhPdCqnhUijuo0DJW6nmNA4lb4bD26nffOLaiEQ94ijlQUz7SkSCUbSS/1DBM9Itld2qOwNZJl5OypCj3i19dXoJy2KukElqTNtzUwzGVKNgkk+KnczwlLIh7fO2pYrG3ATj2bETcmqVHokSbUshmam/J8Y0NmYUh7Yzpjgwi95U/M9rZxhdB2Oh0gy5YvNFUSYJJmT6OekJzRnKkSWUaWFvJWxANWVo8ynaELzFl5dJ47zqXVbd+4ty7SaPowDHcAIV8OAKanAHdfCBgYBneIU3RzkvzrvzMW9dcfKZI/gD5/MHn+aN6A==</latexit>

R(t)



Singular Value Decomposition (SVD)
Diagonalization for                  with n independent eigenvectors:

Triangularization for                 with real eigenvalues:

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="T6YyNMjVbnNMdYkq3BdV3oSkDIU="></latexit>

V �1AV =

2
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0
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3
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<latexit sha1_base64="HcQIUvY29fetyHiz9mt6cqxl4A4="></latexit>

U�1AU = U>AU =

2
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t11 t12 · · · t1n
0 t22 · · · t2k
...

. . .
. . .

...
0 · · · 0 tnn

3
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What about a non-square matrix: 
<latexit sha1_base64="d9S26w7hEQHX21RxfcGUDd5GXh4=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclURE3Vl147KKfUATy2Q6aYfOTMLMRCghOzf+ihsXirj1F9z5N07aLLT1wIXDOfdy7z1BzKjSjvNtzc0vLC4tl1bKq2vrG5v21nZTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4lfutByIVjcSdHsXE56gvaEgx0kbq2nsX0KMCehzpQRCkt9l9yqGnKScKiuy8a1ecqjMGnCVuQSqgQL1rf3m9CCecCI0ZUqrjOrH2UyQ1xYxkZS9RJEZ4iPqkY6hAZpGfjv/I4IFRejCMpCmh4Vj9PZEirtSIB6Yzv1dNe7n4n9dJdHjmp1TEiSYCTxaFCYM6gnkosEclwZqNDEFYUnMrxAMkEdYmurIJwZ1+eZY0j6ruSdW5Oa7ULos4SmAX7IND4IJTUAPXoA4aAINH8AxewZv1ZL1Y79bHpHXOKmZ2wB9Ynz8U+ZjS</latexit>

A 2 Rm⇥n?

<latexit sha1_base64="tiKyLG1per7kh/cDTHA5pRBT9FQ=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAUXJUZERUvWHXjsoK9QKeUTJppQ5PMmGSKZZgncOOruHGhiFvX7nwb03YW2vpD4OM/53Byfi9kVGnb/rYyc/MLi0vZ5dzK6tr6Rn5zq6aCSGJSxQELZMNDijAqSFVTzUgjlARxj5G6178e1esDIhUNxJ0ehqTFUVdQn2KkjdXOF/kZFCfQvY9QB7oDguNhAs/h5YQfEuieXkDYzhfskj0WnAUnhQJIVWnnv9xOgCNOhMYMKdV07FC3YiQ1xYwkOTdSJES4j7qkaVAgTlQrHp+TwKJxOtAPpHlCw7H7eyJGXKkh90wnR7qnpmsj879aM9L+cSumIow0EXiyyI8Y1AEcZQM7VBKs2dAAwpKav0LcQxJhbRLMmRCc6ZNnobZfcg5L9u1BoXyVxpEFO2AX7AEHHIEyuAEVUAUYPIJn8ArerCfrxXq3PiatGSud2QZ/ZH3+AL9imgM=</latexit>

m < n : ~y = A~x ?
<latexit sha1_base64="88H5rm/9ki92O+AOPuMoHtDb/rI=">AAACCnicbVA9SwNBEN3z2/gVtbQZDYJVuBNRUcSvxlLBaCAXwt7eXFyyt3fu7gXDkdrGv2JjoYitv8DOf+MmplDjg4HHezPMzAtSwbVx3U9nZHRsfGJyarowMzs3v1BcXLrSSaYYVlgiElUNqEbBJVYMNwKrqUIaBwKvg9Zpz79uo9I8kZemk2I9pk3JI86osVKjuBqD30SQe+DfZjSEDhzAMfhtZPld198/BGgUS27Z7QOGiTcgJTLAeaP44YcJy2KUhgmqdc1zU1PPqTKcCewW/ExjSlmLNrFmqaQx6nref6UL61YJIUqULWmgr/6cyGmsdScObGdMzY3+6/XE/7xaZqLdes5lmhmU7HtRlAkwCfRygZArZEZ0LKFMcXsrsBuqKDM2vYINwfv78jC52ix722X3Yqt0dDKIY4qskDWyQTyyQ47IGTknFcLIPXkkz+TFeXCenFfn7bt1xBnMLJNfcN6/AHSsmDU=</latexit>

m � n : y = A~x ?



Over-determined: System Identification

<latexit sha1_base64="GykTXTt12J1tIW8WV3cn5IozZzM=">AAACI3icbVBLS8NAEN7UV42vqEcvi0URCiURURGEWi8eK9gHtKFsttN26ebB7qZYQv+LF/+KFw9K8eLB/2KSBtHWgYXvMcPsfE7AmVSm+anllpZXVtfy6/rG5tb2jrG7V5d+KCjUqM990XSIBM48qCmmODQDAcR1ODSc4W3iN0YgJPO9BzUOwHZJ32M9RomKpY5x1R4BjR4nLVa0bHx8jW9+BBsXcQWnNMxoSiAhuq53jIJZMtPCi8DKQAFlVe0Y03bXp6ELnqKcSNmyzEDZERGKUQ4TvR1KCAgdkj60YugRF6QdpTdO8FGsdHHPF/HzFE7V3xMRcaUcu07c6RI1kPNeIv7ntULVu7Qj5gWhAo/OFvVCjpWPk8Bwlwmgio9jQKhg8V8xHRBBqIpjTUKw5k9eBPXTknVeMu/PCuVKFkceHaBDdIIsdIHK6A5VUQ1R9IRe0Bt61561V22qfcxac1o2s4/+lPb1DTkMoiA=</latexit>

~x[i+ 1] = A~x[i] +B~u[i] + ~e[i]

Problem: consider the discrete linear system:

Given: observed inputs and outputs:

Objective: learn the system parameters:

<latexit sha1_base64="NogM88zxk//p6X+bO91Xy8SHNLA=">AAACVHicbZHNS8MwGMbTzumsX1WPXoJD8TBGK6Ieh148TnAf0JaRptkWln6QpGOj9I/Ug+Bf4sWD6dbB3Hwh8ON534c3eeInjAppWV+aXtmp7u7V9o2Dw6PjE/P0rCvilGPSwTGLed9HgjAakY6kkpF+wgkKfUZ6/uS56PemhAsaR29ynhAvRKOIDilGUkkDc3KduVOCszTPHctrlOzYClkQS9GAK4mtJOi6Rumarblm267ZmsswjIFZt5rWouA22CXUQVntgfnhBjFOQxJJzJAQjm0l0ssQlxQzkhtuKkiC8ASNiKMwQiERXrYIJYdXSgngMObqRBIu1HVHhkIh5qGvJkMkx2KzV4j/9ZxUDh+9jEZJKkmEl4uGKYMyhkXCMKCcYMnmChDmVN0V4jHiCEv1D0UI9uaTt6F727Tvm9brXb31VMZRAxfgEtwAGzyAFngBbdABGLyDbw1omvap/egVvboc1bXScw7+lH78C/HgsuQ=</latexit>

~u[0], ~u[1], . . . , ~u[l], . . .

~x[0], ~x[1], . . . , ~x[l], . . .

<latexit sha1_base64="hkOdHsdCh/qRbKdEstpqSO5ZH7Y=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxSJ4kJKIqMdaLx4r2A9oQ9lsN+3SzWbZ3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5oeRMG8/7dlZW19Y3Nktb7vbO7t5++eCwpZNUEdokCU9UJ8SaciZo0zDDaUcqiuOQ03Y4vsv99hNVmiXi0UwkDWI8FCxiBBsrtW/PUd113X654lW9GdAy8QtSgQKNfvmrN0hIGlNhCMdad31PmiDDyjDC6dTtpZpKTMZ4SLuWChxTHWSzc6fo1CoDFCXKljBopv6eyHCs9SQObWeMzUgvern4n9dNTXQTZEzI1FBB5ouilCOToPx3NGCKEsMnlmCimL0VkRFWmBibUB6Cv/jyMmldVP2rqvdwWanVizhKcAwncAY+XEMN7qEBTSAwhmd4hTdHOi/Ou/Mxb11xipkj+APn8wd6jY2y</latexit>

A,B

<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]



Least Squares: Some Extensions
<latexit sha1_base64="3NDXnTFrMj+nql8I2dMJlPaapwo="></latexit>

~s = D ~p
unknown

+ ~e

1. Over-determined

2. Under-determined

3. Ridge regression                       

<latexit sha1_base64="4JJ9zC7wrekDCsoan2Ar4otGleI="></latexit>

~p? = argmin
~p

k~pk22 s.t. ~s = D~p = D>(DD>)�1~s.

<latexit sha1_base64="SNoA6heAQG2B0cvWp6V0QEcbwG0="></latexit>

~p? = argmin
~p

k~s�D~pk22 = (D>D)�1D>~s

<latexit sha1_base64="wrc8sQ1WmKEBfttiMONEjBKq0Fw="></latexit>

~p? = argmin
~p

k~s�D~pk22 + �k~pk22 = (D>D + �I)�1D>~s.

<latexit sha1_base64="2lRsehK2ZULUU3KSgFadUdsNoiE="></latexit>

~s 2 Rl, D 2 Rl⇥q, ~p 2 Rq, ~e 2 Rl

<latexit sha1_base64="rZQMhGCc+vNGxHeEMWCon5kGOH8=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpRERAURirpwWcE+IAllMp20QyeTdGYiltClG3/FjQtF3PoJ7vwbp20W2nrgwuGce7n3Hj9mVCrL+jZyc/MLi0v55cLK6tr6hrm5VZdRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GG37sa+Y17IiSN+J0axMQLUYfTgGKktNQyd0sMuh0C+4fQPYdu6EcPqUC8N3SuvQvYP2iZRatsjQFniZ2RIshQbZlfbjvCSUi4wgxJ6dhWrLwUCUUxI8OCm0gSI9xDHeJoylFIpJeOHxnCfa20YRAJXVzBsfp7IkWhlIPQ150hUl057Y3E/zwnUcGZl1IeJ4pwPFkUJAyqCI5SgW0qCFZsoAnCgupbIe4igbDS2RV0CPb0y7OkflS2T8rW7XGxcpnFkQc7YA+UgA1OQQXcgCqoAQwewTN4BW/Gk/FivBsfk9ackc1sgz8wPn8A4uCX/w==</latexit>

(l � q, rank[D] = q)

<latexit sha1_base64="cBmlkN1MLb/ii4PU1rwswZnuv5M=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoiooIKRV24rGAfkIQymU7aoZNJnJmIJXTlxl9x40IRt36DO//GaZuFth64cDjnXu69x48Zlcqyvo3czOzc/EJ+sbC0vLK6Zq5v1GWUCExqOGKRaPpIEkY5qSmqGGnGgqDQZ6Th9y6HfuOeCEkjfqv6MfFC1OE0oBgpLbXM7RKDZ/BuH7qn0A396CEViPcGzpV3DtleyyxaZWsEOE3sjBRBhmrL/HLbEU5CwhVmSErHtmLlpUgoihkZFNxEkhjhHuoQR1OOQiK9dPTGAO5qpQ2DSOjiCo7U3xMpCqXsh77uDJHqyklvKP7nOYkKTryU8jhRhOPxoiBhUEVwmAlsU0GwYn1NEBZU3wpxFwmElU6uoEOwJ1+eJvWDsn1Utm4Oi5WLLI482AI7oARscAwq4BpUQQ1g8AiewSt4M56MF+Pd+Bi35oxsZhP8gfH5AxF9lvo=</latexit>

(l < q, rank[D] = l)



Under-determined: Minimum-Norm Control
Definition: a system                                              is said to be controllable if given any target state 
and initial state       , we can find a time         and a sequence of control input                     such that 

<latexit sha1_base64="bZrX8KPLjCvbQTSG/FWtpBpojFU=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfKmvbW9s7tX2T9oqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0k/vtMUjFYnGvJwn4ERkIFjJKtJEeumOg2dPUc3xs23avUnVqzgx4mbgFqaICjV7lq9uPaRqB0JQTpTzXSbSfEakZ5TC1u6mChNARGYBnqCARKD+bXT3FJ0bp4zCWpoTGM/X3REYipSZRYDojoodq0cvF/zwv1eGVnzGRpBoEnS8KU451jPMIcJ9JoJpPDCFUMnMrpkMiCdUmqDwEd/HlZdI6q7kXNefuvFq/LuIooyN0jE6Riy5RHd2iBmoiiiR6Rq/ozXq0Xqx362PeWrKKmUP0B9bnD45SkTs=</latexit>

~x[0]

<latexit sha1_base64="HwFKjec/UIJZVIiIARtWQ1xLlKA=">AAACBnicbVDLSsNAFJ34rPEVdSnCYBFclUREXRbduKxiH9DEMJlO2qGTSZiZFEvIyo2/4saFIm79Bnf+jZM2C209cOFwzr3ce0+QMCqVbX8bC4tLyyurlTVzfWNza9va2W3JOBWYNHHMYtEJkCSMctJUVDHSSQRBUcBIOxheFX57RISkMb9T44R4EepzGlKMlJZ868AdEZw95H4IXcqhGyE1CILsNr/npmn6VtWu2RPAeeKUpApKNHzry+3FOI0IV5ghKbuOnSgvQ0JRzEhuuqkkCcJD1CddTTmKiPSyyRs5PNJKD4ax0MUVnKi/JzIUSTmOAt1ZnClnvUL8z+umKrzwMsqTVBGOp4vClEEVwyIT2KOCYMXGmiAsqL4V4gESCCudXBGCM/vyPGmd1Jyzmn1zWq1flnFUwD44BMfAAeegDq5BAzQBBo/gGbyCN+PJeDHejY9p64JRzuyBPzA+fwDejJgS</latexit>

~xf 2 Rn
<latexit sha1_base64="3Jnek4PVdAy+/xYBJwoNESQuhU0=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1ItQ9OKxgrWFNJTNdtMu3eyG3Y1QQn+GFw+KePXXePPfuGlz0NYHA4/3ZpiZF6WcaeN5305lZXVtfaO66W5t7+zu1fYPHrXMFKFtIrlU3QhrypmgbcMMp91UUZxEnHai8W3hd56o0kyKBzNJaZjgoWAxI9hYKWDoGvUo567r9mt1r+HNgJaJX5I6lGj1a1+9gSRZQoUhHGsd+F5qwhwrwwinU7eXaZpiMsZDGlgqcEJ1mM9OnqITqwxQLJUtYdBM/T2R40TrSRLZzgSbkV70CvE/L8hMfBXmTKSZoYLMF8UZR0ai4n80YIoSwyeWYKKYvRWREVaYGJtSEYK/+PIyeTxr+BcN7/683rwp46jCERzDKfhwCU24gxa0gYCEZ3iFN8c4L8678zFvrTjlzCH8gfP5A6i1j4o=</latexit>

i = `
<latexit sha1_base64="37WJ+G3qhbN/zyxTmlGcNd9UkNI=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBVUlE1I1QdOOygn1AEsJketMOnTyYmRRL6MaNv+LGhSJu/Qd3/o1Jm4W2Hrhw5px7mXuPn3AmlWl+a5Wl5ZXVteq6vrG5tb1j7O61ZZwKCi0a81h0fSKBswhaiikO3UQACX0OHX94U/idEQjJ4uhejRNwQ9KPWMAoUbnkGYfOCGj2MLEd4NzFV7h8e4Gu655RM+vmFHiRWCWpoRJNz/hyejFNQ4gU5URK2zIT5WZEKEY5THQnlZAQOiR9sHMakRCkm02vmODjXOnhIBZ5RQpP1d8TGQmlHId+3hkSNZDzXiH+59mpCi7djEVJqiCis4+ClGMV4yIS3GMCqOLjnBAqWL4rpgMiCFV5cEUI1vzJi6R9WrfO6+bdWa1xXcZRRQfoCJ0gC12gBrpFTdRCFD2iZ/SK3rQn7UV71z5mrRWtnNlHf6B9/gDzlpeN</latexit>

~x[`] = ~xf
<latexit sha1_base64="CR2fpPpX6KswVoC+HVUTFtDreRw=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSyCi1ISEXVZdOOygn1AEspkMmmHTiZhHkIpdeOvuHGhiFv/wp1/46TNQlsPXDiccy/33hPljErlut/W0vLK6tp6ZcPe3Nre2XX29tsy0wKTFs5YJroRkoRRTlqKKka6uSAojRjpRMObwu88ECFpxu/VKCdhivqcJhQjZaSec6h9N6zBgMWZkjWo/YAwFtq23XOqbt2dAi4SryRVUKLZc76COMM6JVxhhqT0PTdX4RgJRTEjEzvQkuQID1Gf+IZylBIZjqcfTOCJUWKYZMIUV3Cq/p4Yo1TKURqZzhSpgZz3CvE/z9cquQrHlOdaEY5nixLNoMpgEQeMqSBYsZEhCAtqboV4gATCyoRWhODNv7xI2md176Lu3p1XG9dlHBVwBI7BKfDAJWiAW9AELYDBI3gGr+DNerJerHfrY9a6ZJUzB+APrM8ffymU+w==</latexit>

u[0], . . . , u[`]

<latexit sha1_base64="iCSYVsgdkCOaHHNVRB3SiLBpjgI=">AAACE3icbZDLSsNAFIYnXmu8RV26GSyCWCiJiLoRat24rGAvkIYymU7aoZNJmJkUS+g7uPFV3LhQxK0bd76NkzaItv4w8PGfczhzfj9mVCrb/jIWFpeWV1YLa+b6xubWtrWz25BRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7jO6s0hEZJG/E6NYuKFqMdpQDFS2upYx+0hwen92KUlx4OX8Ar+GB4swSqEaZKxaZodq2iX7YngPDg5FEGuWsf6bHcjnISEK8yQlK5jx8pLkVAUMzI224kkMcID1COuRo5CIr10ctMYHmqnC4NI6McVnLi/J1IUSjkKfd0ZItWXs7XM/K/mJiq48FLK40QRjqeLgoRBFcEsINilgmDFRhoQFlT/FeI+EggrHWMWgjN78jw0TsrOWdm+PS1WqnkcBbAPDsARcMA5qIAbUAN1gMEDeAIv4NV4NJ6NN+N92rpg5DN74I+Mj2+0eJt9</latexit>

~x[i+ 1] = A~x[i] +Bu[i]

<latexit sha1_base64="RarVyCrNR29bAhU1J8E1J/RwQsU="></latexit>

C`
.
= [A`�1B | · · · |AB | B] 2 Rn⇥`

<latexit sha1_base64="C/xPOO6/33ASY7k+g+5r4lLzNXg=">AAACMnicbVDLSsNAFJ3UV42vqks3g0UQhJKIqBuh2o3uKtgHNLFMprft0MmDmUmxhHyTG79EcKELRdz6ESZthNp6YOBwzj3MvccJOJPKMF613MLi0vJKflVfW9/Y3Cps79SlHwoKNepzXzQdIoEzD2qKKQ7NQABxHQ4NZ1BJ/cYQhGS+d6dGAdgu6XmsyyhRidQu3FhDoNFD3LKAcxtf4Mv7KKUx/jUMGx9hyyWqTwmPKnF72g+zoK7r7ULRKBlj4HliZqSIMlTbhWer49PQBU9RTqRsmUag7IgIxSiHWLdCCQGhA9KDVkI94oK0o/HJMT5IlA7u+iJ5nsJjdToREVfKkeskk+nqctZLxf+8Vqi653bEvCBU4NHJR92QY+XjtD/cYQKo4qOEECpYsiumfSIIVUnLaQnm7MnzpH5cMk9Lxu1JsXyV1ZFHe2gfHSITnaEyukZVVEMUPaIX9I4+tCftTfvUviajOS3L7KI/0L5/ABvfqgY=</latexit>

~x[`] = A`~x[0] + C`~u[`]





Principle of (Path) Optimality
Dido of Carthage…, Euler, Lagrange, Newton, Hamilton, Jacobi, Pontryagin, Bellman, Ford, Kalman

Principle of Optimality (Richard Bellman’54):
An optimal path has the property that any subsequent portion is optimal.

<latexit sha1_base64="XMfCuaTAgBkBo5NZZWcYGyOSVuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEL0o2k</latexit>x0
<latexit sha1_base64="WLk1sqBzfLwiH6xVt1Dsf/GgcpY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWz3bRLN5uwOxFL6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSKFQdf9cgpLyyura8X10sbm1vZOeXevaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXU391gPXRsTqHscJ9yM6UCIUjKKV7h57N71yxa26M5C/xMtJBXLUe+XPbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QI6v0SRhrWwrJTP05kdHImHEU2M6I4tAselPxP6+TYnjhZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsv/yXNk6p3VnVvTyu1yzyOIhzAIRyDB+dQg2uoQwMYDOAJXuDVkc6z8+a8z1sLTj6zD7/gfHwDOUqNwg==</latexit>xN

<latexit sha1_base64="sAodhMi01fAKGWb7vBDT6kRs0xw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Tv9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAHQI2h</latexit>u0
<latexit sha1_base64="uMyNSO8Rm+mb9o5bJoMoDMnKT2c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Tv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAIxI2i</latexit>u1

<latexit sha1_base64="XTVJXSBmBMSceGZnCjsNf6W7N0o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPZr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndZde8vKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAKSI2j</latexit>u2
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~y = A~x, ~x = A†~y.

“It is quite probable that our mathematical insights and understandings are
often used to achieve things that could in principle also be achieved
computationally but where blind computation without much insight may
turn out to be so inefficient that it is unworkable.”

-- Roger Penrose, Shadows of the Mind

Moore-Penrose pseudo inverse

not full column or row rank?
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X = [~x1, ~x2, . . . , ~xn] 2 Rm⇥n
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Figure 1.9 Illustration of linear regression on the left versus principal component
analysis on the right. Linear regression minimizes the least squares of ", error in
predicting the (one) variable y; Principal component analysis (PCA) minimizes the
least squares of ", distance to the estimated low-dimensional principal component w.

Figure 1.9 illustrates the relationship and di↵erence between regression analysis
and principal component analysis.

A classical result in statistics states a solution to PCA:

Fact 1.6 (Principal Component Analysis). For a zero-mean random vector
y 2 Rm, its first d principal directions {ui 2 Rm

}
d

i=1
are the d orthonormal

eigenvectors of the covariance matrix ⌃y = E[yy⇤] 2 Rm⇥m associated with the
largest d eigenvalues {�i}

d

i=1
. Moreover, �i = Var(u⇤

i
y), i = 1, 2, . . . , d.

To estimate the principal directions U from samples of y, we may stack the
samples as columns of a matrix Y

.
= [y1, y2, . . . , yn

] 2 Rm⇥n. The covariance of
y can be estimated by the sample covariance ⌃̂y

.
= 1

n
Y Y ⇤

2 Rm⇥m. As a result,
if

Y = U⌃V ⇤ (1.2.23)

is the singular value decomposition (SVD) of Y , the estimated principal direc-
tions of y will be precisely the leading d singular vectors – the first d columns of
U . For a more detailed characterization of SVD, one may refer to Appendix A.

Low-rank Approximation Perspective.
Singular value decomposition of a matrix was initially developed in the numer-
ical linear algebra literature by Eckart and Young in 1936 [EY36], independent
of PCA.23 The basic idea of singular value decomposition is to approximate a
matrix with a superposition of a few rank-1 matrices (usually expressed in a
bilinear outer product form):

Y = �1u1v
⇤
1

+ �2u2v
⇤
2

+ · · · + �dudv
⇤
d

+ E, (1.2.24)

23 So SVD is also known as the Eckart and Young decomposition [HMH00].

“Principal Component”
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range(X)
dimension = rank(X)

Figure 4.1 Low-rank Data Matrices. If matrix X with columns x1, . . . ,xn2 has
rank r, its columns lie on an r-dimensional subspace range(X). Many naturally
occurring data matrices approximately satisfy this property. Right: low-dimensional
approximations to images of faces under di↵erent lighting conditions.

4.1 Motivating Examples of Low-Rank Modeling

4.1.1 3D Shape from Photometric Measurements

As mentioned in the introduction, there are many situations in which low-rank
data models arise due to the physical processes that generate the data. If the
generative process has limited degrees of freedom, the data we observe would in-
trinsically be low dimensional, regardless of the dimension of the ambient space in
which such data are observed or measured. For example, in computer vision, low
rank models arise in a number of problems in reconstructing three-dimensional
shape of a scene from two-dimensional images.1 In photometric stereo [Woo80],
we obtain images y1, . . . , yn2

2 Rn1 of an object, say a face, illuminated by
di↵erent distant point light sources. Write Y = [y1 | · · · | y

n2
] 2 Rn1⇥n2 . Let

l1, . . . , ln2 2 S2 denote the directions of these light sources. The Lambertian
model for reflectance models the reflected light intensity as

Yij = ↵i[h⌫i, lji]+,

where ⌫i 2 S2 is the surface normal at the i-th pixel, ↵i is a nonnegative scalar
known as the albedo, and [·]+ takes the positive part of its argument. This model
is appropriate for matte objects. See Figure 4.2 for a visualization of this model.

1 Do not confuse the dimension of the measurements, in this case, the number of pixels with
the physical dimension of the image array, which is two.
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Figure 4.2 Photometric Stereo as Low-rank Matrix Recovery. Photometric
stereo (left) seeks to recover object shape from images taken under di↵erent
illuminations. Under a di↵use reflective (Lambertian) model (right), this leads
directly to a low-rank recovery problem.

Under this model, if we let

N =

2

64
↵1⌫⇤

1

...
↵m⌫⇤

m

3

75 2 Rn1⇥3, and L =
⇥

l1 | · · · | ln2

⇤
2 R3⇥n2 ,

then we have

Y = P⌦[NL],

where

⌦
.
= {(i, j) | h⌫i, lji � 0}.

If we can recover the low-rank matrix X = NL (of maximum rank 3), we can
then recover information about the shape and reflectance of the object. Again,
a useful heuristic is to look for a solution of minimum rank consistent with the
observations [WGS+10]:

min rank(X),
subject to P⌦[X] = Y .

(4.1.1)

The reader can obtain an open-source implementation of this example from:
https://github.com/yasumat/RobustPhotometricStereo. More detailed dis-
cussion will be covered in Chapter 14.

4.1.2 Recommendation Systems

In this example, imagine that we have n2 products of interest, and n1 users. Users
consume products and rate them based on the quality of their experience. Our
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range(X)
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Figure 4.1 Low-rank Data Matrices. If matrix X with columns x1, . . . ,xn2 has
rank r, its columns lie on an r-dimensional subspace range(X). Many naturally
occurring data matrices approximately satisfy this property. Right: low-dimensional
approximations to images of faces under di↵erent lighting conditions.

4.1 Motivating Examples of Low-Rank Modeling

4.1.1 3D Shape from Photometric Measurements

As mentioned in the introduction, there are many situations in which low-rank
data models arise due to the physical processes that generate the data. If the
generative process has limited degrees of freedom, the data we observe would in-
trinsically be low dimensional, regardless of the dimension of the ambient space in
which such data are observed or measured. For example, in computer vision, low
rank models arise in a number of problems in reconstructing three-dimensional
shape of a scene from two-dimensional images.1 In photometric stereo [Woo80],
we obtain images y1, . . . , yn2

2 Rn1 of an object, say a face, illuminated by
di↵erent distant point light sources. Write Y = [y1 | · · · | y

n2
] 2 Rn1⇥n2 . Let

l1, . . . , ln2 2 S2 denote the directions of these light sources. The Lambertian
model for reflectance models the reflected light intensity as

Yij = ↵i[h⌫i, lji]+,

where ⌫i 2 S2 is the surface normal at the i-th pixel, ↵i is a nonnegative scalar
known as the albedo, and [·]+ takes the positive part of its argument. This model
is appropriate for matte objects. See Figure 4.2 for a visualization of this model.

1 Do not confuse the dimension of the measurements, in this case, the number of pixels with
the physical dimension of the image array, which is two.

One low-dim subspace Multiple low-dim subspaces

Incomplete low-rank matrix
Corrupted low-rank matrix
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X = [~x1, ~x2, . . . , ~xn] 2 Rm⇥n
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min
L
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L



High-dimensional Data Analysis
Principal Component Analysis: Finding one linear subspace

Compressive Sensing: Finding multiple low-dim linear structures

• Solving under-determined systems of linear equations

• Low-rank matrix approximation or recovery 

Deep Learning: Finding non-linear low-dimensional structures

EECS 208: Computational Principles for High-Dimensional Data Analysis

(from SVD/PCA, to Generalized PCA, Robust PCA, Nonlinear PCA, and to Deep Networks…)

https://classes.berkeley.edu/content/2021-fall-eecs-208-001-lec-001

