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Least-Squares vs Minimum-Norm Solutions

Moore-Penrose pseudo inverse of A € R™*" . = Ax¥, I = Ang’.
m >nand rank(4) =n: AT =(4A4")71AT
m < nand rank(A) =m: AT =A"(4A4")"!

A € R™*"™ not full column or row rank? Moore-Penrose pseudo inverse



Low-Dim Structures in High-Dim Data

Principal Component Analysis: Finding one linear subspace Data space R™

Compressive Sensing: Finding multiple low-dim linear structures ‘k T s |

* Solving under-determined systems of linear equations ‘ _' ﬂ
* Low-rank matrix approximation or recovery e ) S e

Deep Learning: Finding non-linear low-dimensional structures
John Wright and Yi Ma I re
High-Dimensional A mixture of
Data Ana|ysis low-dim submanifolds /

EECS 208: Computational Principles for High-Dimensional Data Analysis

A mixture of
incoherent subspaces

with
Low-Dimensional
Models (from SVD/PCA, to Generalized PCA, Robust PCA, Nonlinear PCA, and to Deep Networks...)



https://classes.berkeley.edu/content/2021-fall-eecs-208-001-lec-001

Identifying a Low-dim Linear Subspace

Given X = [¥1,Z2,...,Z,] € R™*™  findalowrank L : mgn | X — L||%, s.t. rank(L) <.




Singular Value Decomposition (SVD)

Given A € R™*"™ withrank(A) = r, we like to decompose it into a special outer-product form:
A= 01U1Vq + O2U2V, + -+ Or Uy,

Ui, Us, ..., U, orthonormal in R™

U1, Vs, ..., U, orthonormal in R"

o1 >0902>:2>0.>0



Singular Value Decomposition (SVD)

Given A € R™*"™ withrank(A) = r, we like to decompose it into a special matrix form:

o 0 0] g
(Y
A:[ﬁlaﬁQW"?ﬁT] 0 02 2
of | 2
| 0 0 o] LY
U = |uy,Us,...,u| orthogonal
V = |th, Vs, ..., U,| orthogonal

Y, = diag{o1,09,...,0.} >0



Singular Value Decomposition (SVD)

Claim: A'A € R™ " all eigenvalues are non-negative and eigenvectors are orthogonal.

Proof:



Singular Value Decomposition (SVD)

Claim; rank(A' A) = rank(A) = r hence T eigenvalues of A" A are positive.

Proof:



Singular Value Decomposition (Algorithm)

Algorithm: given A € R™*"with rank(A4) = r, startwith.A' A € R"*":



Singular Value Decomposition (Example)



Singular Value Decomposition (Theorem)

Theorem: given A € R™*" with rank(A) =7, letAT A = Z \iT;T; ando; = /A

1 i=1
u; = —AU; €e R™, i=1,...,7. Then we have U = [u1, U3, ..., U, orthogonal, and
O-i r 01 0
A _ Z O-iuivz' — UEV Y= dlag{al ..... O'T} =10 :
i=1 0 0

Proof:



Singular Value Decomposition (Theorem)

Theorem: given A € R™*" with rank(A) =7, letAT A = Z \iT;T; ando; = /A
1 1=1
U; = ;A’Ui cR™, ¢=1,...,r. Then we have U = [i1, Uo, ..., U,] orthogonal,, and

1=1

Proof:



