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Least-Squares vs Minimum-Norm Solutions
Moore-Penrose pseudo inverse of                    : 

<latexit sha1_base64="F8pJ3gxBvDIzG1wwYio4hmqyxeo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCVm78FTcuFHHrN7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fsX0KMCehzpYRCkt9l9yqGnKScKiqxnV52aMwGcJ25BqqBAo2d/ef0IJ5wIjRlSqus6sfZTJDXFjGQVL1EkRniEBqRrqEBmj59O3sjgoVH6MIykKaHhRP09kSKu1JgHpjM/V816ufif1010eO6nVMSJJgJPF4UJgzqCeSawTyXBmo0NQVhScyvEQyQR1ia5ignBnX15nrSOa+5pzbk5qdYvizjKYA8cgCPggjNQB9egAZoAg0fwDF7Bm/VkvVjv1se0tWQVM7vgD6zPH4V8mIk=</latexit>

A 2 Rm⇥n

<latexit sha1_base64="dLUdXH1tqjC3Re1cFeVysUBgDPI="></latexit>

m � n and rank(A) = n : A† = (AA>)�1A>

<latexit sha1_base64="ldSELnUM0Pyev6tk6TR6kZHetVc="></latexit>

m  n and rank(A) = m : A† = A>(AA>)�1

<latexit sha1_base64="Ln5po0cNZCS3mutX99Xbb2gUfts=">AAACIXicbVDLSgMxFM34rPVVdekmWAQXUmZEtBuh6sZlBfuATi2ZzG0bmnmYZIrD0F9x46+4caFId+LPmE5H0NYDgZNzziW5xwk5k8o0P42FxaXlldXcWn59Y3Nru7CzW5dBJCjUaMAD0XSIBM58qCmmODRDAcRzODScwfXEbwxBSBb4dyoOoe2Rns+6jBKlpU6hbA+BJvEIX+BLnPLH0TG2HyLi/lwn1r3tkl4PBM7iJdwpFM2SmQLPEysjRZSh2imMbTegkQe+opxI2bLMULUTIhSjHEZ5O5IQEjogPWhp6hMPZDtJNxzhQ624uBsIfXyFU/X3REI8KWPP0UmPqL6c9Sbif14rUt1yO2F+GCnw6fShbsSxCvCkLuwyAVTxWBNCBdN/xbRPBKFKl5rXJVizK8+T+knJOiuZt6fFylVWRw7towN0hCx0jiroBlVRDVH0hF7QG3o3no1X48MYT6MLRjazh/7A+PoGyuCiqw==</latexit>

~y = A~x, ~x = A†~y.

Moore-Penrose pseudo inversenot full column or row rank?
<latexit sha1_base64="F8pJ3gxBvDIzG1wwYio4hmqyxeo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCVm78FTcuFHHrN7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fsX0KMCehzpYRCkt9l9yqGnKScKiqxnV52aMwGcJ25BqqBAo2d/ef0IJ5wIjRlSqus6sfZTJDXFjGQVL1EkRniEBqRrqEBmj59O3sjgoVH6MIykKaHhRP09kSKu1JgHpjM/V816ufif1010eO6nVMSJJgJPF4UJgzqCeSawTyXBmo0NQVhScyvEQyQR1ia5ignBnX15nrSOa+5pzbk5qdYvizjKYA8cgCPggjNQB9egAZoAg0fwDF7Bm/VkvVjv1se0tWQVM7vgD6zPH4V8mIk=</latexit>

A 2 Rm⇥n



Low-Dim Structures in High-Dim Data
Principal Component Analysis: Finding one linear subspace

Compressive Sensing: Finding multiple low-dim linear structures

• Solving under-determined systems of linear equations

• Low-rank matrix approximation or recovery 

Deep Learning: Finding non-linear low-dimensional structures

EECS 208: Computational Principles for High-Dimensional Data Analysis

(from SVD/PCA, to Generalized PCA, Robust PCA, Nonlinear PCA, and to Deep Networks…)

4.1 Motivating Examples of Low-Rank Modeling 135
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Figure 4.1 Low-rank Data Matrices. If matrix X with columns x1, . . . ,xn2 has
rank r, its columns lie on an r-dimensional subspace range(X). Many naturally
occurring data matrices approximately satisfy this property. Right: low-dimensional
approximations to images of faces under di↵erent lighting conditions.

4.1 Motivating Examples of Low-Rank Modeling

4.1.1 3D Shape from Photometric Measurements

As mentioned in the introduction, there are many situations in which low-rank
data models arise due to the physical processes that generate the data. If the
generative process has limited degrees of freedom, the data we observe would in-
trinsically be low dimensional, regardless of the dimension of the ambient space in
which such data are observed or measured. For example, in computer vision, low
rank models arise in a number of problems in reconstructing three-dimensional
shape of a scene from two-dimensional images.1 In photometric stereo [Woo80],
we obtain images y1, . . . , yn2

2 Rn1 of an object, say a face, illuminated by
di↵erent distant point light sources. Write Y = [y1 | · · · | y

n2
] 2 Rn1⇥n2 . Let

l1, . . . , ln2 2 S2 denote the directions of these light sources. The Lambertian
model for reflectance models the reflected light intensity as

Yij = ↵i[h⌫i, lji]+,

where ⌫i 2 S2 is the surface normal at the i-th pixel, ↵i is a nonnegative scalar
known as the albedo, and [·]+ takes the positive part of its argument. This model
is appropriate for matte objects. See Figure 4.2 for a visualization of this model.

1 Do not confuse the dimension of the measurements, in this case, the number of pixels with
the physical dimension of the image array, which is two.

Parsimony: What to Learn from High-Dimensional Data?
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incoherent subspaces

A mixture of 
low-dim submanifolds

Objective of Learning from High-Dimensional Data

Low-dim Autoencoding for High-Dim Data

Assumption: the data X = [x1, . . . , xm] ⇢ RD lie on one or multiple
low-dim submanifolds: X ⇢ [k

j=1Mj in a high-dim space 2 RD:
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Figure 1: Left and Middle: The distribution D of high-dim data x � RD is supported on a manifold M and
its classes on low-dim submanifolds Mj , we learn a map f(x, �) such that zi = f(xi, �) are on a union of
maximally uncorrelated subspaces {Sj}. Right: Cosine similarity between learned features by our method
for the CIFAR10 training dataset. Each class has 5,000 samples and their features span a subspace of over 10
dimensions (see Figure 3(c)).

the component distributions Dj are (or can be made). One popular working assumption is that the
distribution of each class has relatively low-dimensional intrinsic structures.9 Hence we may assume
the distribution Dj of each class has a support on a low-dimensional submanifold, say Mj with
dimension dj ⌧ D, and the distribution D of x is supported on the mixture of those submanifolds,
M = [k

j=1Mj , in the high-dimensional ambient space RD, as illustrated in Figure 1 left.

With the manifold assumption in mind, we want to learn a mapping z = f(x, ✓) that maps each of
the submanifolds Mj ⇢ RD to a linear subspace Sj ⇢ Rd (see Figure 1 middle). To do so, we
require our learned representation to have the following properties:

1. Between-Class Discriminative: Features of samples from different classes/clusters should
be highly uncorrelated and belong to different low-dimensional linear subspaces.

2. Within-Class Compressible: Features of samples from the same class/cluster should be
relatively correlated in a sense that they belong to a low-dimensional linear subspace.

3. Maximally Diverse Representation: Dimension (or variance) of features for each class/cluster
should be as large as possible as long as they stay uncorrelated from the other classes.

Notice that, although the intrinsic structures of each class/cluster may be low-dimensional, they are
by no means simply linear in their original representation x. Here the subspaces {Sj} can be viewed
as nonlinear generalized principal components for x [VMS16]. Furthermore, for many clustering
or classification tasks (such as object recognition), we consider two samples as equivalent if they
differ by certain class of domain deformations or augmentations T = {�}. Hence, we are only
interested in low-dimensional structures that are invariant to such deformations,10 which are known to
have sophisticated geometric and topological structures [WDCB05] and can be difficult to learn in a
principled manner even with CNNs [CW16, CGW19]. There are previous attempts to directly enforce
subspace structures on features learned by a deep network for supervised [LQMS18] or unsupervised
learning [JZL+17, ZJH+18, PFX+17, ZHF18, ZJH+19, ZLY+19, LQMS18]. However, the self-
expressive property of subspaces exploited by [JZL+17] does not enforce all the desired properties
listed above; [LQMS18] uses a nuclear norm based geometric loss to enforce orthogonality between
classes, but does not promote diversity in the learned representations, as we will soon see. Figure 1
right illustrates a representation learned by our method on the CIFAR10 dataset. More details can be
found in the experimental Section 3.

2 Technical Approach and Method

2.1 Measure of Compactness for a Representation

Although the above properties are all highly desirable for the latent representation z, they are by no
means easy to obtain: Are these properties compatible so that we can expect to achieve them all at

9There are many reasons why this assumption is plausible: 1. high dimensional data are highly redundant; 2.
data that belong to the same class should be similar and correlated to each other; 3. typically we only care about
equivalent structures of x that are invariant to certain classes of deformation and augmentations.

10So x � M iff �(x) � M for all � � T .

3

Goal: a linear discriminative representation (LDR) Z = [z1, . . . , zm] ⇢ Rd

(d ⌧ D) for the data X = [x1, . . . , xm] ⇢ RD such that:

X ⇢ RD f(x,✓)������! Z ⇢ Rd g(z,⌘)�����! X̂ ⇡ X 2 RD. (2)
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dimension dj ⌧ D, and the distribution D of x is supported on the mixture of those submanifolds,
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Identifying a Low-dim Linear Subspace
<latexit sha1_base64="xdTU4kSvwZk2CgpHNdE4hpid6TM="></latexit>

X = [~x1, ~x2, . . . , ~xn] 2 Rm⇥n
<latexit sha1_base64="DUrX3zBFiHkbHe0g81W9bfTX7qk="></latexit>

min
L

kX � Lk2F , s.t. rank(L)  r.Given , find a low rank     :<latexit sha1_base64="vmZkabHxG7pgwXkhs7DOmRVk1LI=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6UvjNU=</latexit>

L

<latexit sha1_base64="xdTU4kSvwZk2CgpHNdE4hpid6TM="></latexit>

X = [~x1, ~x2, . . . , ~xn] 2 Rm⇥n



Singular Value Decomposition (SVD)
Given                        with                           , we like to decompose it into a special outer-product form:

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="FptoNacYWpPmQhJNAc/+JdS4PRk=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJtIS8ituXCji1h9x5984bbPQ1gMXDufcy733hDGj2njet7Oyura+sVnYKm7v7O7tuwelppaJwqSBJZOqHSJNGBWkYahhpB0rgnjISCsc3U391hNRmkrxaCYxCTgaCBpRjIyVem6py0M5ThUSo6xycwqvoeq5Za/qzQCXiZ+TMshR77lf 3b7ECSfCYIa07vhebIIUKUMxI1mxm2gSIzxCA9KxVCBOdJDObs/giVX6MJLKljBwpv6eSBHXesJD28mRGepFbyr+53USE10FKRVxYojA80VRwqCRcBoE7FNFsGETSxBW1N4K8RAphI2Nq2hD8BdfXibNs6p/UfUezsu12zyOAjgCx6ACfHAJauAe1EEDYDAG z+AVvDmZ8+K8Ox/z1hUnnzkEf+B8/gDGEZOb</latexit>

rank(A) = r
<latexit sha1_base64="lfQa0LLrhkrohad8+n2Ye1Laz3o="></latexit>

A = �1~u1~v
>
1 + �2~u2~v

>
2 + · · ·+ �r~ur~v

>
r

<latexit sha1_base64="Fs2zZ8OcPH6FX50q2RZ8zDfJD6A="></latexit>

~u1, ~u2, . . . , ~ur orthonormal in Rm

<latexit sha1_base64="dwiX7pk3sV+fIvDEMTATEH6CX34="></latexit>

~v1,~v2, . . . ,~vr orthonormal in Rn

<latexit sha1_base64="wcZMAyZ7Rn6Qg+TnWKLooLIg4qk=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSlJEXUnRjcsK9gFNCJPJJB06kwkzE6GEfocbf8WNC0XciRv/xmmbRW09MHDuOfdy554wY1Rpx/mxVlbX1jc2K1vV7Z3dvX374LCjRC4xaWPBhOyFSBFGU9LWVDPSyyRBPGSkGw5vJ373kUhFRfqgRxnxOUpSGlOMtJEC2/UUTTgKXOglBJZFY1bgSGg1r0t4DZ3Arjl1Zwq4TNyS1ECJVmB/eZHAOSepxgwp1XedTPsFkppiRsZVL1ckQ3iIEtI3NEWcKL+YnjaGp0aJYCykeamGU3V+okBcqREPTSdHeqAWvYn4n9fPdXzlFzTNck1SPFsU5wxqASc5wYhKgjUbGYKwpOavEA+QRFibNKsmBHfx5GXSadTdi7pzf15r3pRxVMAxOAFnwAWXoAnuQAu0AQZP4AW8gXfr2Xq1PqzPWeuKVc4cgT+wvn8BY+KfMg==</latexit>

�1 � �2 � · · · � �r > 0



Singular Value Decomposition (SVD)
Given                        with                           , we like to decompose it into a special matrix form:

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="FptoNacYWpPmQhJNAc/+JdS4PRk=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJtIS8ituXCji1h9x5984bbPQ1gMXDufcy733hDGj2njet7Oyura+sVnYKm7v7O7tuwelppaJwqSBJZOqHSJNGBWkYahhpB0rgnjISCsc3U391hNRmkrxaCYxCTgaCBpRjIyVem6py0M5ThUSo6xycwqvoeq5Za/qzQCXiZ+TMshR77lf 3b7ECSfCYIa07vhebIIUKUMxI1mxm2gSIzxCA9KxVCBOdJDObs/giVX6MJLKljBwpv6eSBHXesJD28mRGepFbyr+53USE10FKRVxYojA80VRwqCRcBoE7FNFsGETSxBW1N4K8RAphI2Nq2hD8BdfXibNs6p/UfUezsu12zyOAjgCx6ACfHAJauAe1EEDYDAG z+AVvDmZ8+K8Ox/z1hUnnzkEf+B8/gDGEZOb</latexit>

rank(A) = r
<latexit sha1_base64="EQNS+FXp7JQ8AF09YTx/9EdjfFQ="></latexit>

A = [~u1, ~u2, . . . , ~ur]

2

66664

�1 0 · · · 0

0 �2
. . .

...
...

. . .
. . . 0

0 · · · 0 �r

3

77775

2

6664

~v>1
~v>2
...
~v>r

3

7775

<latexit sha1_base64="oa/YjwRCQTq39QC4E+V00X1yqv8="></latexit>

V = [~v1,~v2, . . . ,~vr] orthogonal

<latexit sha1_base64="tP73Ml6XK/0z9Dtkpi8cQqqhaU0="></latexit>

U = [~u1, ~u2, . . . , ~ur] orthogonal

<latexit sha1_base64="YsXiIqPqav6XiISr8oD7+BxWcdk=">AAACKnicbZDLSgMxFIYzXmu9VV26CRbBRSkzRdSNUnXjsqK9QGcYMpm0DU0mQ5IRy9DnceOruOlCKW59ENN2BG39IfDxn3M4OX8QM6q0bY+tpeWV1bX13EZ+c2t7Z7ewt99QIpGY1LFgQrYCpAijEalrqhlpxZIgHjDSDPq3k3rziUhFRfSoBzHxOOpGtEMx0sbyC9fuA+1yBC+hywPxnIYUdYdu6qqJ6zslmFHFEAuFViX4Y0l3CK+g7ReKdtmeCi6Ck0ERZKr5hZEbCpxwEmnMkFJtx461lyKpKWZkmHcTRWKE+6hL2gYjxIny0umpQ3hsnBB2hDQv0nDq/p5IEVdqwAPTyZHuqfnaxPyv1k5058JLaRQnmkR4tqiTMKgFnOQGQyoJ1mxgAGFJzV8h7iGJsDbp5k0IzvzJi9ColJ2zsn1/WqzeZHHkwCE4AifAAeegCu5ADdQBBi/gDbyDD+vVGllj63PWumRlMwfgj6yvbwf4pcA=</latexit>

⌃ = diag{�1,�2, . . . ,�r} > 0



Singular Value Decomposition (SVD)
<latexit sha1_base64="rZzcWIvAuToFMZHAk/bMrdGYzgg=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSiKiLlvduKxiH9C0ZTKdtEMnkzBzI5SQD3Djr7hxoYhbP8Cdf+OkzUJbD1w4nHMv997jRYJrsO1va2l5ZXVtvbBR3Nza3tkt7e03dRgryho0FKFqe0QzwSVrAAfB2pFiJPAEa3nj68xvPTCleSjvYRKxbkCGkvucEjBSv1Su9VwII1zDLpfYDQiMPC+5S3uJdIEHTGOZmi67Yk+BF4mTkzLKUe+XvtxBSOOASaCCaN1x7Ai6CVHAqWBp0Y01iwgdkyHrGCqJ2dNNps+k+NgoA+yHypQEPFV/TyQk0HoSeKYzu1bPe5n4n9eJwb/sJlxGMTBJZ4v8WGAIcZYMHnDFKIiJIYQqbm7FdEQUoWDyK5oQnPmXF0nztOKcV+zbs3L1Ko+jgA7RETpBDrpAVXSD6qiBKHpEz+gVvVlP1ov1bn3MWpesfOYA/YH1+QMoXJsU</latexit>

A>A 2 Rn⇥n all eigenvalues are non-negative and eigenvectors are orthogonal.Claim:

Proof:



Singular Value Decomposition (SVD)
hence    eigenvalues of           are positive.Claim:

<latexit sha1_base64="sq+WhjsO3qUC4UDScdxFwvWFOP4=">AAACFHicbZDLSgMxFIYzXmu9jbp0EyxCRSgzIupGaHXjsoK9QGcsmTTThmaSIcmIZehDuPFV3LhQxK0Ld76NmbYL2/pD4Oc753By/iBmVGnH+bEWFpeWV1Zza/n1jc2tbXtnt65EIjGpYcGEbAZIEUY5qWmqGWnGkqAoYKQR9K+zeuOBSEUFv9ODmPgR6nIaUoy0QW372IsC8ZhKxPvDYuXe0yKGlSN4Cad4BiRs2wWn5IwE5407MQUwUbVtf3sdgZOIcI0ZUqrlOrH2UyQ1xYwM816iSIxwH3VJy1iOIqL8dHTUEB4a0oGhkOZxDUf070SKIqUGUWA6I6R7araWwf9qrUSHF35KeZxowvF4UZgwqAXMEoIdKgnWbGAMwpKav0LcQxJhbXLMmxDc2ZPnTf2k5J6VnNvTQvlqEkcO7IMDUAQuOAdlcAOqoAYweAIv4A28W8/Wq/VhfY5bF6zJzB6YkvX1CxWFnOg=</latexit>

rank(A>A) = rank(A) = r
<latexit sha1_base64="uiaCvjV/Q9Dnge7tQDBx4i8seLs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6JJv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mpU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZ/U0GQnOGcmIJZVrYWwkbUU0Z2nRKNgRv+eVV0rqoerWqe39Zqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb450Xpx352PRWnDymWP4A+fzB4pSjU8=</latexit>r

<latexit sha1_base64="FmOCJJqMpY5gt4RuHpFqLIGrOOU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMdELx4jmIcka5idTJIh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruimDNjff/by62srq1v5DcLW9s7u3vF/YOGUYkmtE4UV7oVYUM5k7RumeW0FWuKRcRpMxrdTP3mE9WGKXlvxzENBR5I1mcEWyc9VB87VsWoirrFkl/2Z0DLJMhICTLUusWvTk+RRFBpCcfGtAM/tmGKtWWE00mhkxgaYzLCA9p2VGJBTZjODp6gE6f0UF9pV9Kimfp7IsXCmLGIXKfAdmgWvan4n9dObP8qTJmME0slmS/qJxxZhabfox7TlFg+dgQTzdytiAyxxsS6jAouhGDx5WXSOCsHF2X/7rxUuc7iyMMRHMMpBHAJFbiFGtSBgIBneIU3T3sv3rv3MW/NednMIfyB9/kDp/GPqA==</latexit>

A>A

Proof:



Singular Value Decomposition (Algorithm)
Algorithm: given                       with                          ,  start with.                         :

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="Ev3ArgU5HE+SgucGU0O8K/Lljok=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJmII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCWNGtfG8b2dpeWV1bb2wUdzc2t7Zdff2m1omCpMGlkyqdog0YVSQhqGGkXasCOIhI61wdDPxWw9EaSrFvUljEnA0EDSiGBkr9dxSl4fyMVNIjMaVq2N4CRXsuWWv6k0BF4mfkzLIUe+5X92+xAknwmCGtO74XmyCDClDMSPjYjfRJEZ4hAakY6lAnOggmx4/hkdW6cNIKlvCwKn6eyJDXOuUh7aTIzPU895E/M/rJCa6CDIq4sQQgWeLooRBI+EkCdinimDDUksQVtTeCvEQKYSNzatoQ/DnX14kzZOqf1b17k7Ltes8jgI4AIegAnxwDmrgFtRBA2CQgmfwCt6cJ+fFeXc+Zq1LTj5TAn/gfP4AIfyTxQ==</latexit>

rank(A) = r
<latexit sha1_base64="rZzcWIvAuToFMZHAk/bMrdGYzgg=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSiKiLlvduKxiH9C0ZTKdtEMnkzBzI5SQD3Djr7hxoYhbP8Cdf+OkzUJbD1w4nHMv997jRYJrsO1va2l5ZXVtvbBR3Nza3tkt7e03dRgryho0FKFqe0QzwSVrAAfB2pFiJPAEa3nj68xvPTCleSjvYRKxbkCGkvucEjBSv1Su9VwII1zDLpfYDQiMPC+5S3uJdIEHTGOZmi67Yk+BF4mTkzLKUe+XvtxBSOOASaCCaN1x7Ai6CVHAqWBp0Y01iwgdkyHrGCqJ2dNNps+k+NgoA+yHypQEPFV/TyQk0HoSeKYzu1bPe5n4n9eJwb/sJlxGMTBJZ4v8WGAIcZYMHnDFKIiJIYQqbm7FdEQUoWDyK5oQnPmXF0nztOKcV+zbs3L1Ko+jgA7RETpBDrpAVXSD6qiBKHpEz+gVvVlP1ov1bn3MWpesfOYA/YH1+QMoXJsU</latexit>

A>A 2 Rn⇥n



Singular Value Decomposition (Example)



Singular Value Decomposition (Theorem)
Theorem: given                       with                          ,  

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="Ev3ArgU5HE+SgucGU0O8K/Lljok=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJmII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCWNGtfG8b2dpeWV1bb2wUdzc2t7Zdff2m1omCpMGlkyqdog0YVSQhqGGkXasCOIhI61wdDPxWw9EaSrFvUljEnA0EDSiGBkr9dxSl4fyMVNIjMaVq2N4CRXsuWWv6k0BF4mfkzLIUe+5X92+xAknwmCGtO74XmyCDClDMSPjYjfRJEZ4hAakY6lAnOggmx4/hkdW6cNIKlvCwKn6eyJDXOuUh7aTIzPU895E/M/rJCa6CDIq4sQQgWeLooRBI+EkCdinimDDUksQVtTeCvEQKYSNzatoQ/DnX14kzZOqf1b17k7Ltes8jgI4AIegAnxwDmrgFtRBA2CQgmfwCt6cJ+fFeXc+Zq1LTj5TAn/gfP4AIfyTxQ==</latexit>

rank(A) = r let                                 and                 ,

Proof:

<latexit sha1_base64="1j3RihzOGcWU6EXJKi/IhM01O+o=">AAACJHicbVBLS8NAGNzUV62vqEcvi0XwVBIRFaTQ6sVjBfuAJg2bzaZdunmwuymUkB/jxb/ixYMPPHjxt7hNc6jVgYVh5pvd/caNGRXSML600srq2vpGebOytb2zu6fvH3RElHBM2jhiEe+5SBBGQ9KWVDLSizlBgctI1x3fzvzuhHBBo/BBTmNiB2gYUp9iJJXk6NfNgSWjGDYhrENLJIGT0rqZDTi0mLrFQw6F1oTgdJItsjzk6FWjZuSAf4lZkCoo0HL0d8uLcBKQUGKGhOibRiztFHFJMSNZxUoEiREeoyHpKxqigAg7zZfM4IlSPOhHXJ1QwlxdTKQoEGIauGoyQHIklr2Z+J/XT6R/Zac0jBNJQjx/yE8YlBGcNQY9ygmWbKoIwpyqv0I8QhxhqXqtqBLM5ZX/ks5ZzbyoGffn1cZNUUcZHIFjcApMcAka4A60QBtg8AiewSt40560F+1D+5yPlrQicwh+Qfv+AQ/qpIs=</latexit>

A>A =
rX

i=1

�i~vi~v
>
i

<latexit sha1_base64="/NAHZt6WrJsAKciCraoWB6FcPLU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclURE3QhFNy4r2Ac0IUwm03boZBJnboQSunDjr7hxoYhbP8Kdf+O0zUJbDwwczrmHO/eEqeAaHOfbWlpeWV1bL22UN7e2d3btvf2WTjJFWZMmIlGdkGgmuGRN4CBYJ1WMxKFg7XB4PfHbD0xpnsg7GKXMj0lf8h6nBIwU2BVP835MAo4vsafvFeSeMOnIKOPArjo1Zwq8SNyCVFGBRmB/eVFCs5hJoIJo3XWdFPycKOBUsHHZyzRLCR2SPusaKknMtJ9PjxjjI6NEuJco8yTgqfo7kZNY61EcmsmYwEDPexPxP6+bQe/Cz7lMM2CSzhb1MoEhwZNGcMQVoyBGhhCquPkrpgOiCAXTW9mU4M6fvEhaJzX3rObcnlbrV0UdJVRBh+gYuegc1dENaqAmougRPaNX9GY9WS/Wu/UxG12yiswB+gPr8weZf5gT</latexit>

�i =
p

�i
<latexit sha1_base64="X96bK9kT2Pa+RYhdx3HNLUfsS4M="></latexit>

~ui =
1

�i
A~vi 2 Rm, i = 1, . . . , r.

<latexit sha1_base64="tP73Ml6XK/0z9Dtkpi8cQqqhaU0="></latexit>

U = [~u1, ~u2, . . . , ~ur] orthogonal , andThen we have 
<latexit sha1_base64="gQ+1G6HjZFJeg13WSd9vDyNkDYM="></latexit>

A =
rX

i=1

�i~ui~v
>
i = U⌃V >

<latexit sha1_base64="xlX2UMhccZYg/NpXCV9cG+96eCI="></latexit>

⌃ = diag{�1, . . . ,�r} =

2

64
�1 0 0

0
. . . 0

0 0 �r

3

75



Singular Value Decomposition (Theorem)
Theorem: given                       with                          ,  

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="Ev3ArgU5HE+SgucGU0O8K/Lljok=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJmII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCWNGtfG8b2dpeWV1bb2wUdzc2t7Zdff2m1omCpMGlkyqdog0YVSQhqGGkXasCOIhI61wdDPxWw9EaSrFvUljEnA0EDSiGBkr9dxSl4fyMVNIjMaVq2N4CRXsuWWv6k0BF4mfkzLIUe+5X92+xAknwmCGtO74XmyCDClDMSPjYjfRJEZ4hAakY6lAnOggmx4/hkdW6cNIKlvCwKn6eyJDXOuUh7aTIzPU895E/M/rJCa6CDIq4sQQgWeLooRBI+EkCdinimDDUksQVtTeCvEQKYSNzatoQ/DnX14kzZOqf1b17k7Ltes8jgI4AIegAnxwDmrgFtRBA2CQgmfwCt6cJ+fFeXc+Zq1LTj5TAn/gfP4AIfyTxQ==</latexit>

rank(A) = r let                                 and                 ,

Proof:

<latexit sha1_base64="1j3RihzOGcWU6EXJKi/IhM01O+o=">AAACJHicbVBLS8NAGNzUV62vqEcvi0XwVBIRFaTQ6sVjBfuAJg2bzaZdunmwuymUkB/jxb/ixYMPPHjxt7hNc6jVgYVh5pvd/caNGRXSML600srq2vpGebOytb2zu6fvH3RElHBM2jhiEe+5SBBGQ9KWVDLSizlBgctI1x3fzvzuhHBBo/BBTmNiB2gYUp9iJJXk6NfNgSWjGDYhrENLJIGT0rqZDTi0mLrFQw6F1oTgdJItsjzk6FWjZuSAf4lZkCoo0HL0d8uLcBKQUGKGhOibRiztFHFJMSNZxUoEiREeoyHpKxqigAg7zZfM4IlSPOhHXJ1QwlxdTKQoEGIauGoyQHIklr2Z+J/XT6R/Zac0jBNJQjx/yE8YlBGcNQY9ygmWbKoIwpyqv0I8QhxhqXqtqBLM5ZX/ks5ZzbyoGffn1cZNUUcZHIFjcApMcAka4A60QBtg8AiewSt40560F+1D+5yPlrQicwh+Qfv+AQ/qpIs=</latexit>

A>A =
rX

i=1

�i~vi~v
>
i

<latexit sha1_base64="/NAHZt6WrJsAKciCraoWB6FcPLU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclURE3QhFNy4r2Ac0IUwm03boZBJnboQSunDjr7hxoYhbP8Kdf+O0zUJbDwwczrmHO/eEqeAaHOfbWlpeWV1bL22UN7e2d3btvf2WTjJFWZMmIlGdkGgmuGRN4CBYJ1WMxKFg7XB4PfHbD0xpnsg7GKXMj0lf8h6nBIwU2BVP835MAo4vsafvFeSeMOnIKOPArjo1Zwq8SNyCVFGBRmB/eVFCs5hJoIJo3XWdFPycKOBUsHHZyzRLCR2SPusaKknMtJ9PjxjjI6NEuJco8yTgqfo7kZNY61EcmsmYwEDPexPxP6+bQe/Cz7lMM2CSzhb1MoEhwZNGcMQVoyBGhhCquPkrpgOiCAXTW9mU4M6fvEhaJzX3rObcnlbrV0UdJVRBh+gYuegc1dENaqAmougRPaNX9GY9WS/Wu/UxG12yiswB+gPr8weZf5gT</latexit>

�i =
p

�i
<latexit sha1_base64="X96bK9kT2Pa+RYhdx3HNLUfsS4M="></latexit>

~ui =
1

�i
A~vi 2 Rm, i = 1, . . . , r.

<latexit sha1_base64="tP73Ml6XK/0z9Dtkpi8cQqqhaU0="></latexit>

U = [~u1, ~u2, . . . , ~ur] orthogonal , andThen we have 
<latexit sha1_base64="gQ+1G6HjZFJeg13WSd9vDyNkDYM="></latexit>

A =
rX

i=1

�i~ui~v
>
i = U⌃V >


