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Least-Squares vs Minimum-Norm Solutions

Moore-Penrose pseudo inverse of A € R™*" . ¢ = Ag = Aly. 3 . A DC Z
m > nand rank(A) =n: Al :<_(A\TA)_1ATﬁ$’3§'éU"‘ 1'0( H;—_ !/j = 1@,

m<nandrank(d) =m:  A'=AT(AA)™ contro  y- |_A

C~—

MMH 29-&'. 83/“)(.

A € R™*™ not full column or row rank?

é:’:AJC\ | /A_\J Th\/\/rL_,r(: .




Low-Dim Structures in High-Dim Data

(
Principal Component Analysis: Finding one linear subspacg_ Data space R™
Compressive Sensing: Finding multiple low-dim linear structures ‘L' N .,
~ :
- Solving under-determined systems of linear equations X ‘ o .' .
. I(_ow-rank matrix appro@n or recovery T ank(X) R
Deep Learning: Finding non-linear low-dimensional structures/,
L

A mixture of
incoherent subspaces

John Wright and Yi Ma 1 RD
High-Dimensional A mixture of
Data Analysis low-dim submanifolds /

EECS 208: Computational Principles for High-Dimensional Data Analysis

with
Low-Dimensional
Models (from SVD/PCA, to Generalized PCA, Robust PCA, Nonlinear PCA, and to Deep Networks...)



https://classes.berkeley.edu/content/2021-fall-eecs-208-001-lec-001

Ln, > TR <=—
Identifying a Low-dim Linear Subspace

Given X = [T1,%o,...,Tp] € R™X" findalowrank L: min||X — L||%, s.t. rank(L) <.
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Singular Value Decomposition (SVD)

Given A € R™*"™ withrank(A) = r, we like to decompose it into a special outer-product form:

A= alulvl + 0'2?1,2?}2 © =+ O'rur,/U J/

hv lin R | 1)
Ui, Us, ..., U, orthonormal in R™ f
} A= ZL?—?— 2 ,—\'
U1, V2, ..., U, orthonormal in R"
o1 >09>-- >0, >0 — (’ | '7( J (! | l])
- el rff[v. iz N
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Singular Value Decomposition (SVD)

Given A € R™*"™ withrank(A) = r, we like to decompose it into a special matrix form:

o1 0 e 07 g
A=ty u Uy ] 0 o = — SR VAl
7’ ;_I ﬁl) Dy oo oy 7”—— . g 2_ V
U U 01 |
™M XY _0 0 Op | Up
U = [uy,Us,...,u,| orthogonal — i "v.r.
V = |th, Vs, ..., U,| orthogonal VXV rxn A
E:diag{al,(;g,...,ar}>0 [ ¢

9.

2
ATA =(uzv)(yzvT) A = bl
=y U u=v" J B N -

\-
S YUZVI =VAVT = T



Singular Value Decomposition (SVD) L

Claim: A'A ¢ R™ " ?II eigenvalues are non-negative and eigenvectors are orthogonal. M “ N ]
Proof: A TA \/-,/,/( ?D’Wmc_'e‘ﬂhcf \/ ( ATA) VV\ r |
ATA= Va A \/V. orthegorel, )

- M2 AL 2N -2 r\r >0
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= N O ~L\/.TA)(A V¢ .
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Singular Value Decomposition (SVD)

Claim: rank(A' A) = rank(A) = r hence r eigenvalues of A’ A are positive. ’/R’)

Proof: @ NML((A) S_ N(A,U(ATA) ATA hny B

Ar=02ATA»r =0 ;ﬁw,w‘
© Null(A) = Nul/l(ATA) ol (A D2V
AAw = 0 = TTATAY = 0 Nullid)=n-re

> A7l =0 Tk (A"A)= Y
= A; =0 - ATA v 7;,93}5\,’%1
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Singular Value Decomposition (Algorithm)

Algorithm: given A € R™*"with rank(A) = r, startwith A' A € R"*":

TA=V=V = ! step ). ATA= VAV
A'A = VAV = VYT VﬂrTAN”—I . ]
= = 1IN, 6 =38, =k >\ Ar>o@ 0.,‘0
AV o UZ\/TV V= {V\Sr\l\l.l 'V\r
Av= U= y=Avz’ eéowz .-A‘, T




Singular Value Decomposition (Example)
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Singular Value Decomposition (Example)

W LT, e
0
l J ~
p= i (o[ F0 T8 [Jaee 1
6{ T/T, \/\f a: /V\L
— L-=25



UV = 6 (<) (-VY)
Singular Value Decomposition (Theorem)

Theorem: given A € R™*" with rank(A) =7, let AT A = Z Nt ando; = /A

P 1=1

— 1 — m . = Y — —
U; = ;Avi e R™, i=1,...,7. Then U = [G71, 0o~ - » U] orthogonal, and
7 r cp 0 O
A=) oo =USVT 5 = diag{or,....o0} = |0 . o
' T ' \\/{> i1 D 0 0 o

J_ = 6; ] J R /l[
< U \/T‘ o= . c\Uv ("
s:6: Vi SV, =0 4]



Singular Value Decomposition (Theorem)

Theorem: given A € R™*" with rank(A) =7, let AT A = Z U0, ando; = /i
1 i=1
U; = ;A’Ui cR™, ¢=1,...,r. Then we have U = [i1, Uo, ..., U,] orthogonal,, and

1=1

Proof:



