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• Singular Value Decomposition (SVD)

• Geometric Interpretation of SVD

• Applications of SVD: unifying

• Matrix (Pseudo) Inverse

• Least Squares
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Singular Value Decomposition (SVD)
Given                        with                           , we like to decompose it into a special matrix form:

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="FptoNacYWpPmQhJNAc/+JdS4PRk=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJtIS8ituXCji1h9x5984bbPQ1gMXDufcy733hDGj2njet7Oyura+sVnYKm7v7O7tuwelppaJwqSBJZOqHSJNGBWkYahhpB0rgnjISCsc3U391hNRmkrxaCYxCTgaCBpRjIyVem6py0M5ThUSo6xycwqvoeq5Za/qzQCXiZ+TMshR77lf 3b7ECSfCYIa07vhebIIUKUMxI1mxm2gSIzxCA9KxVCBOdJDObs/giVX6MJLKljBwpv6eSBHXesJD28mRGepFbyr+53USE10FKRVxYojA80VRwqCRcBoE7FNFsGETSxBW1N4K8RAphI2Nq2hD8BdfXibNs6p/UfUezsu12zyOAjgCx6ACfHAJauAe1EEDYDAG z+AVvDmZ8+K8Ox/z1hUnnzkEf+B8/gDGEZOb</latexit>

rank(A) = r

<latexit sha1_base64="nF6A0/99vaCOyZA/vLg5Ufz4ra4="></latexit>

A = Ur⌃rV
>
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<latexit sha1_base64="BnC/d1s4BkeHMHrx+Txm2O8xh00="></latexit>

A = U⌃V > = [~u1, . . . , ~ur, ~ur+1, . . . , ~un]
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<latexit sha1_base64="6TLKgS2aIkKt5m/3Z0pyG9kFX84="></latexit>

U = [~u1, . . . , ~um] orthonormal e.v.’s for AA>

<latexit sha1_base64="rYEwdw9CYJHszBhT0NimmHHywRQ="></latexit>

V = [~v1, . . . ,~vn] orthonormal e.v.’s for A>A
<latexit sha1_base64="id69j7EU4gszN18W0kc4c7FspxE="></latexit>

⌃r = diag{�1 =
p
�1, . . . ,�r =

p
�r} > 0

Compact SVD:

Full SVD:

<latexit sha1_base64="WWxwVal0zAyrvCyTogH47eBbptU="></latexit>

eigenvalues of A>A (or AA>) : �1 � · · · � �r > 0 · · · 0
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1. V
>~x which rotates ~x without changing its length.

2. SV
>~x which stretches the resulting vector along each axis with the corresponding singular value,

3. USV
>~x which again rotates the resulting vector without changing its length.

The following figure illustrates these three operations moving from the right to the left.

A = U S V
>

~v1

~v2

~e1

~e2

s1~e1

s2~e2
s1~u1

s2~u2

Here as usual~e1,~e2 are the first and second standard basis vectors.
The geometric interpretation above reveals that s1 is the largest amplification factor a vector can expe-

rience upon multiplication by A. More specifically, if k~xk  1 then kA~xk  s1. We achieve equality at
~x = ~v1, because then

kA~xk =
���USV

>~v1

��� = kUS~e1k = ks1U~e1k = ks1~u1k = s1k~u1k = s1. (21)

5 The SVD and Orthonormal Diagonalization

We attempt to compare the results of the full SVD to orthonormal diagonalization. The spectral theorem
says that, if A 2 Rn⇥n is symmetric, then there exists some orthonormal square matrix P 2 Rn⇥n and
diagonal matrix L 2 Rn⇥n such that A = PLP

>. It turns out that (up to sign issues and ordering of the
singular values) that this is a valid SVD, and thus inherits the linear algebraic properties of the SVD.

Theorem 17 (Orthonormal Diagonalization is SVD)

Let A 2 Rn⇥n be a square symmetric matrix with orthonormal diagonalization A = PLP
>, where

P =
h
~p1 · · · ~pn

i
L =

2

664

l1
. . .

ln

3

775 . (22)

Suppose that |l1| � · · · � |ln|. Define

U =
h
~u1 · · · ~un

i
where ~ui =

8
<

:
~pi li � 0

�~pi li < 0
(23)

S =

2

664

|l1|
. . .

|ln|

3

775 (24)

V = P. (25)
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<latexit sha1_base64="57hJ6Wq5GlLQnQjamn0HrP1PqcY="></latexit>

A = U⌃V > = [Ur, Um�r]


⌃r 0r⇥(n�r)

0(m�r)⇥r 0(m�r)⇥(n�r)

� 
V >
r

V >
n�r

�
<latexit sha1_base64="d+SRlDE2hCqJNTNDm+1b6bkqMUc=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcFUSERVBqLpxWcFeoA1lMp20QycXZibFEAK+ihsXirj1Odz5Nk7TLLT1h4GP/5zDOfO7EWdSWda3sbC4tLyyWlorr29sbm2bO7tNGcaC0AYJeSjaLpaUs4A2FFOctiNBse9y2nJHt5N6a0yFZGHwoJKIOj4eBMxjBCtt9cx91B1TkiYZukLXOT5ml6hnVqyqlQvNg11ABQrVe+ZXtx+S2KeBIhxL2bGtSDkpFooRTrNyN5Y0wmSEB7SjMcA+lU6an5+hI+30kRcK/QKFcvf3RIp9KRPf1Z0+VkM5W5uY/9U6sfIunJQFUaxoQKaLvJgjFaJJFqjPBCWKJxowEUzfisgQC0yUTqysQ7BnvzwPzZOqfVa17k8rtZsijhIcwCEcgw3nUIM7qEMDCKTwDK/wZjwZL8a78TFtXTCKmT34I+PzB+iIlM8=</latexit>

~y = A~x :

“rotation”“rotation” scaling



Geometric Interpretation of SVD (Example)
<latexit sha1_base64="vzNKzTvhqZ5KxPk9f9kygO1ZcpE=">AAACJ3icbVBNS8NAEN34bfyqevSyWBRPJdGiXpSqF48KVoUmlM120i5uNmF3IpbQf+PFv+JFUBE9+k/c1iJ+PVh4vDczO/OiTAqDnvfmjIyOjU9MTk27M7Nz8wulxaVzk+aaQ52nMtWXETMghYI6CpRwmWlgSSThIro66vsX16CNSNUZdjMIE9ZWIhacoZWapf0DukfdQEKMDTeIoC1UkTDU4qbnVuk6rdIgcLcs2XIDUK0vL9Ci3cGwWSp7FW8A+pf4Q1ImQ5w0S49BK+V5Agq5ZMY0fC/DsGAaBZdg5+YGMsavWBsaliqWgAmLwZ09umaVFo1TbZ9COlC/dxQsMaabRLbS7tkxv72++J/XyDHeDQuhshxB8c+P4lxSTGk/NNoSGjjKriWMa2F3pbzDNONoo3VtCP7vk/+S882Kv13xTqvl2uEwjimyQlbJBvHJDqmRY3JC6oSTW3JPnsizc+c8OC/O62fpiDPsWSY/4Lx/AKOoos8=</latexit>

A =


4 4
3 3

�



Algebraic Interpretation of SVD
<latexit sha1_base64="7liVco/MHiVdfOn7wHOSjMjcluQ="></latexit>

A = U⌃V > = [Ur, Um�r]


⌃r 0r⇥(n�r)

0(m�r)⇥r 0(m�r)⇥(n�r)
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V >
r

V >
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�
= Ur⌃rV

>
r



Applications of SVD: Matrix Inverse
Given                        with                           

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="wwqAWSMjt+WIz+8zHfYhaGWmjNQ=">AAACHHicbVDLSgMxFM3UV62vUZdugkWomzKjoqIIrW5cVrQP6NSSSdM2NI8hyYhl6Ie48VfcuFDEjQvBvzF9LLR64MDhnHtJ7gkjRrXxvC8nNTM7N7+QXswsLa+srrnrGxUtY4VJGUsmVS1EmjAqSNlQw0gtUgTxkJFq2LsY5tU7ojSV4sb0I9LgqCNom2JkrNV09wMeyvtEIdEb5Iq78AwqS24pTmBwCotWlWFwTTscwcptYGSUb7pZL++NAP8KfyKyYIJS0/0IWhLHnAiDGdK67nuRaSRIGYoZGWSCWJMI4R7qkLqVAnGiG8nouAHcsU4LtqWyFAaO3J8bCeJa93loJzkyXT2dDc3/snps2seNhIooNkTg8UPtmEEj4bAp2KKKYMP6ViCsqP0rxF2kEDa2z4wtwZ8++a+o7OX9w7x3dZAtnE/qSIMtsA1ywAdHoAAuQQmUAQYP4Am8gFfn0Xl23pz38WjKmexsgl9wPr8BqLKd/A==</latexit>

rank(A) = r = m = n : A = U⌃V >. What is its inverse?



Applications of SVD: Matrix Pseudo Inverse
Definition: Given                       with                           and SVD:

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="FptoNacYWpPmQhJNAc/+JdS4PRk=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJtIS8ituXCji1h9x5984bbPQ1gMXDufcy733hDGj2njet7Oyura+sVnYKm7v7O7tuwelppaJwqSBJZOqHSJNGBWkYahhpB0rgnjISCsc3U391hNRmkrxaCYxCTgaCBpRjIyVem6py0M5ThUSo6xycwqvoeq5Za/qzQCXiZ+TMshR77lf3b7ECSfCYIa07vhebIIUKUMxI1mxm2gSIzxCA9KxVCBOdJDObs/giVX6MJLKljBwpv6eSBHXesJD28mRGepFbyr+53USE10FKRVxYojA80VRwqCRcBoE7FNFsGETSxBW1N4K8RAphI2Nq2hD8BdfXibNs6p/UfUezsu12zyOAjgCx6ACfHAJauAe1EEDYDAGz+AVvDmZ8+K8Ox/z1hUnnzkEf+B8/gDGEZOb</latexit>

rank(A) = r

its (Moore-Penrose) pseudo inverse is defined to be:
<latexit sha1_base64="Taj6ayLvw6Ecel57NPyTzaewWQ4="></latexit>

A† = V


⌃�1

r 0r⇥(n�r)

0(m�r)⇥r 0(m�r)⇥(n�r)

�
UT = Vr⌃

�1
r U>

r

<latexit sha1_base64="xvCffLs4NvsPTOSSwlvPtmhS8Ic="></latexit>

A = U⌃V > = U


⌃r 0r⇥(n�r)

0(m�r)⇥r 0(m�r)⇥(n�r)

�
V >

<latexit sha1_base64="I2RZR7dj5d+qhJfvrXLH8JKHUn8="></latexit>

A =


4 4
3 3

�
, A† =?Example: 



Applications of SVD: Matrix Pseudo Inverse



Applications of SVD: Matrix Pseudo Inverse
Geometric interpretation of 

<latexit sha1_base64="SFU0ldW6G/iRj0AMsDeYk07vPLM=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdhUREBTetblxWsA9oYplMpunQSSbMTMQS+gtu/BU3LhRx686df+OkDaitBy6cOede5t7jJ4xKZdtfxsLi0vLKammtvL6xubVt7uy2JE8FJk3MGRcdH0nCaEyaiipGOokgKPIZafvDy9xv3xEhKY9v1CghXoTCmPYpRkpLPbNah/VbN0BhSAR0z6Eb+fw+42KcP36cutUzK7ZlTwDniVOQCijQ6JmfbsBxGpFYYYak7Dp2orwMCUUxI+Oym0qSIDxEIelqGqOISC+bXDSGh1oJYJ8LXbGCE/X3RIYiKUeRrzsjpAZy1svF/7xuqvpnXkbjJFUkxtOP+imDisM8HhhQQbBiI00QFlTvCvEACYSVDrGsQ3BmT54nrSPLObHs6+NK7aKIowT2wQGoAgecghq4Ag3QBBg8gCfwAl6NR+PZeDPep60LRjGzB/7A+PgGiQqbkw==</latexit>

AA† or A†A.

<latexit sha1_base64="uunGeV6Nkyv7aTMQY18Ud/yzXiM=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkxRl0S3biERB4JTEindKChnY5th0gmfIcbFxrj1o9x599YYBYKnuQmJ+fc2957gpgzbVz328mtrW9sbuW3Czu7e/sHxcOjppaJIrRBJJeqHWBNOYtowzDDaTtWFIuA01Ywupv5rTFVmsnowUxi6gs8iFjICDZW8rsikE+pfWZarp/3iiW34s6BVomXkRJkqPWKX92+JImgkSEca93x3Nj4KVaGEU6nhW6iaYzJCA9ox9IIC6r9dL70FJ1ZpY9CqWxFBs3V3xMpFlpPRGA7BTZDvezNxP+8TmLCGz9lUZwYGpHFR2HCkZFolgDqM0WJ4RNLMFHM7orIECtMjM2pYEPwlk9eJc2LindVceuXpeptFkceTuAUyuDBNVThHmrQAAKP8Ayv8OaMnRfn3flYtOacbOYY/sD5/AGAfpHr</latexit>

col(Q)

<latexit sha1_base64="HsxTMomQv+HRtid+27dPboU7BTc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPbUDbbSbt0swm7m0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WjmSToR3QgecgZNVZ6It0xsmwyJaRXrrhVdw6ySrycVCBHvVf+6vZjlkYoDRNU647nJsbPqDKcCZyWuqnGhLIRHWDHUkkj1H42v3hKzqzSJ2GsbElD5urviYxGWk+iwHZG1Az1sjcT//M6qQlv/IzLJDUo2WJRmApiYjJ7n/S5QmbExBLKFLe3EjakijJjQyrZELzll1dJ86LqXVXdh8tK7TaPowgncArn4ME11OAe6tAABhKe4RXeHO28OO/Ox6K14OQzx/AHzucPvMmQTg==</latexit>

~y

<latexit sha1_base64="nKpPVLNaD0bYmJwZFEf/aYn0bCc=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE1GPRi8cW7Ac0sWy2m3bpJht2J4UY+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IBFcg+N8W2vrG5tb26Wd8u7e/kHFPjxqa5kqylpUCqm6AdFM8Ji1gINg3UQxEgWCdYLx3czvTJjSXMYPkCXMj8gw5iGnBIzUtyvN5qMHMsHehNE8m/btqlNz5sCrxC1IFRVo9O0vbyBpGrEYqCBa91wnAT8nCjgVbFr2Us0SQsdkyHqGxiRi2s/nh0/xmVEGOJTKVAx4rv6eyEmkdRYFpjMiMNLL3kz8z+ulEN74OY+TFFhMF4vCVGCQeJYCHnDFKIjMEEIVN7diOiKKUDBZlU0I7vLLq6R9UXOvak7zslq/LeIooRN0is6Ri65RHd2jBmohilL0jF7Rm/VkvVjv1seidc0qZo7RH1ifP7RHkyA=</latexit>

QQ>~y



Applications of SVD: Least Squares
<latexit sha1_base64="+ih8BtWeEs/3IOjijcsQwnHK6b8=">AAACGXicbVDLTgIxFO3gC/E16tJNIzHBhWTGGHVjArpxiYk8EgZIpxRo6DzS3iGSyfyGG3/FjQuNcakr/8YCs1DwJE1Ozzk37T1uKLgCy/o2MkvLK6tr2fXcxubW9o65u1dTQSQpq9JABLLhEsUE91kVOAjWCCUjnitY3R3eTPz6iEnFA/8exiFreaTv8x6nBLTUMS3sjBiNH5KOo4BIfIUL5bYDQYjLx+34xE4wTu/T3DjpmHmraE2BF4mdkjxKUemYn043oJHHfKCCKNW0rRBaMZHAqWBJzokUCwkdkj5rauoTj6lWPN0swUda6eJeIPXxAU/V3xMx8ZQae65OegQGat6biP95zQh6l62Y+2EEzKezh3qRwBDgSU24yyWjIMaaECq5/iumAyIJBV1mTpdgz6+8SGqnRfu8aN2d5UvXaR1ZdIAOUQHZ6AKV0C2qoCqi6BE9o1f0ZjwZL8a78TGLZox0Zh/9gfH1Aw80nxk=</latexit>

~x? = (A>A)�1A>~y
<latexit sha1_base64="E3TnnCuRLbonExJ6rCEquh4Vg6o="></latexit>

min
~x

k~y �A~xk22, with A 2 Rm⇥n and rank(A) = n :

<latexit sha1_base64="z0pgIaqQ7E9NJYgl/U52RnwggAE=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkxRl2iblxiIo8EJqRTOtDQace2QyQTvsONC41x68e4828sMAsFT3KTk3Pube89QcyZNq777eRWVtfWN/Kbha3tnd294v5BQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTMY3k795ogqzaR4MOOY+hHuCxYygo2V/E4UyKfUPjMpX592iyW34s6AlomXkRJkqHWLX52eJElEhSEca9323Nj4KVaGEU4nhU6iaYzJEPdp21KBI6r9dLb0BJ1YpYdCqWwJg2bq74kUR1qPo8B2RtgM9KI3Ff/z2okJr/yUiTgxVJD5R2HCkZFomgDqMUWJ4WNLMFHM7orIACtMjM2pYEPwFk9eJo2zindRce/PS9WbLI48HMExlMGDS6jCHdSgDgQe4Rle4c0ZOS/Ou/Mxb8052cwh/IHz+QNoLpHb</latexit>

col(A)

<latexit sha1_base64="HsxTMomQv+HRtid+27dPboU7BTc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPbUDbbSbt0swm7m0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WjmSToR3QgecgZNVZ6It0xsmwyJaRXrrhVdw6ySrycVCBHvVf+6vZjlkYoDRNU647nJsbPqDKcCZyWuqnGhLIRHWDHUkkj1H42v3hKzqzSJ2GsbElD5urviYxGWk+iwHZG1Az1sjcT//M6qQlv/IzLJDUo2WJRmApiYjJ7n/S5QmbExBLKFLe3EjakijJjQyrZELzll1dJ86LqXVXdh8tK7TaPowgncArn4ME11OAe6tAABhKe4RXeHO28OO/Ox6K14OQzx/AHzucPvMmQTg==</latexit>

~y

<latexit sha1_base64="cyoZzCSC0TLm9LR6bJ4Un2Bjj14=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE1GPVi8cK9gOaEDbbTbt0swm7k2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rZXVtfWNzdJWeXtnd69i7x+0dJIpypo0EYnqhEQzwSVrAgfBOqliJA4Fa4fD26nfHjGleSIfYJwyPyZ9ySNOCRgpsCvX3ojR/HESeBqIwoFddWrODHiZuAWpogKNwP7yegnNYiaBCqJ113VS8HOigFPBJmUv0ywldEj6rGuoJDHTfj47fIJPjNLDUaJMScAz9fdETmKtx3FoOmMCA73oTcX/vG4G0ZWfc5lmwCSdL4oygSHB0xRwjytGQYwNIVRxcyumA6IIBZNV2YTgLr68TFpnNfei5tyfV+s3RRwldISO0Sly0SWqozvUQE1EUYae0St6s56sF+vd+pi3rljFzCH6A+vzB8DekyY=</latexit>

A~x?



Applications of SVD: Least Squares
<latexit sha1_base64="rqqPiwyQ2yXb7m0fwvvxzd2yiTQ=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCVgSpBCFiQWlgYi0QfUptWjuO0Vh07sh2kKuoPsPArLAwgxMrOxt/gthmgcCRL555zr67v8WNGlXacLyu3sLi0vJJfLaytb2xu2ds7DSUSiUkdCyZky0eKMMpJXVPNSCuWBEU+I01/eD3xm/dEKir4nR7FxItQn9OQYqSN1LMPqt1OgPp9IuElLJlCixhWj7rpsTuGMKt7dtEpO1PAv8TNSBFkqPXsz04gcBIRrjFDSrVdJ9ZeiqSmmJFxoZMoEiM8RH3SNpSjiCgvnV4zhodGCWAopHlcw6n6cyJFkVKjyDedEdIDNe9NxP+8dqLDCy+lPE404Xi2KEwY1AJOooEBlQRrNjIEYUnNXyEeIImwNgEWTAju/Ml/SeOk7J6VndvTYuUqiyMP9sA+KAEXnIMKuAE1UAcYPIAn8AJerUfr2Xqz3metOSub2QW/YH18A5kRmVw=</latexit>

A† = (A>A)�1A><latexit sha1_base64="wiZYYxx6Yp/l9NAMfZkx9HgIwLc="></latexit>

Given A 2 Rm⇥n and rank(A) = n :Show: 



Applications of SVD: Minimum Norm Solution
<latexit sha1_base64="/qw/U2zvI9Rd0ST2HEOGPjdO61g=">AAACGnicbVC7SgNBFJ2Nrxhfq5Y2g0GIhWFXRG2ERBvLCOYB2STMTibJkNkHM3eDYdnvsPFXbCwUsRMb/8ZJsoUmHhg4nHMud+5xQ8EVWNa3kVlaXlldy67nNja3tnfM3b2aCiJJWZUGIpANlygmuM+qwEGwRigZ8VzB6u7wZuLXR0wqHvj3MA5ZyyN9n/c4JaCljmljZ8Ro/JB0HAVE4itcbjsQhLhQTtlxOz6xE4xnwXHSMfNW0ZoCLxI7JXmUotIxP51uQCOP+UAFUappWyG0YiKBU8GSnBMpFhI6JH3W1NQnHlOteHpago+00sW9QOrnA56qvydi4ik19lyd9AgM1Lw3Ef/zmhH0Llsx98MImE9ni3qRwBDgSU+4yyWjIMaaECq5/iumAyIJBd1mTpdgz5+8SGqnRfu8aN2d5UvXaR1ZdIAOUQHZ6AKV0C2qoCqi6BE9o1f0ZjwZL8a78TGLZox0Zh/9gfH1A3fgn0M=</latexit>

~x? = A>(AA>)�1~y

Show: 
<latexit sha1_base64="OKNJGaU614PapfRSl6rhkX34kZ8="></latexit>

~x? = A†~y (= A>(AA>)�1~y).

<latexit sha1_base64="GZDVidETvSfB9hbo6cketRal4r4="></latexit>

min
~x

k~xk22 s.t. ~y = A~x, with A 2 Rm⇥n and rank(A) = m :



Applications of SVD: Minimum Norm Solution

<latexit sha1_base64="lRFPSdDsW+plnsP+D0LS+SPA80c=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquiHqsevFYwX5Au5Zsmm1Dk+ySZNWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geD3xmw9UaRbJOzOKqS9wX7KQEWysdN8RQfSUyoTzcfnyuFssuRV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9PpFhoPRKB7RTYDPS8NxH/89qJCS/8lMk4MVSS2aIw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8OZfXiSNk4p3VnFvT0vVqyyOPBzAIZTBg3Oowg3UoA4EFDzDK7w5j86L8+58zFpzTjazD3/gfP4AUJmSYg==</latexit>

null(A)

<latexit sha1_base64="e3sIpSLuy5BrDERkT4EVtTF0peM=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9kVUY9VLx4r2A9ol5JNs21oNlmTbLUs/R1ePCji1R/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/rmWiCK0RyaVqBlhTzgStGWY4bcaK4ijgtBEMbiZ+Y0iVZlLcm1FM/Qj3BAsZwcZKfjsK5FOq5OO4dHXSKRTdsjsFWiReRoqQodopfLW7kiQRFYZwrHXLc2Pjp1gZRjgd59uJpjEmA9yjLUsFjqj20+nRY3RslS4KpbIlDJqqvydSHGk9igLbGWHT1/PeRPzPayUmvPRTJuLEUEFmi8KEIyPRJAHUZYoSw0eWYKKYvRWRPlaYGJtT3obgzb+8SOqnZe+87N6dFSvXWRw5OIQjKIEHF1CBW6hCDQg8wDO8wpszdF6cd+dj1rrkZDMH8AfO5w+QHJH1</latexit>

row(A)

<latexit sha1_base64="XAueosqYWiLddfIuOXC7W2MH9UY=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOya5id9CZDZh/MzEbDkv/w4kERr/6LN//GSbIHTSxoKKq66e7yE8GVtu1vq7Cyura+UdwsbW3v7O6V9w+aKk4lwwaLRSzbPlUoeIQNzbXAdiKRhr7Alj+8mfqtEUrF4+hejxP0QtqPeMAZ1UZ6cEfIsqdJ11WaStItV+yqPQNZJk5OKpCj3i1/ub2YpSFGmgmqVMexE+1lVGrOBE5KbqowoWxI+9gxNKIhKi+bXT0hJ0bpkSCWpiJNZurviYyGSo1D33SGVA/UojcV//M6qQ6uvIxHSaoxYvNFQSqIjsk0AtLjEpkWY0Mok9zcStiASsq0CapkQnAWX14mzbOqc1G1784rtes8jiIcwTGcggOXUINbqEMDGEh4hld4sx6tF+vd+pi3Fqx85hD+wPr8Ab4Kkqo=</latexit>

~x?


