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Singular Value Decomposition (SVD)

Given A € R™*"™ withrank(A) = r, we like to decompose it into a special matrix form:

V = [#,...,7,] orthonormal e.v.’s for A" A eigenvalues of A" A (or AA"): A1 >--->X.>0---0

U = |u1,...,Un,| orthonormal e.v.’s for AAT Y =diag{o; =V A1,...,0, =V A} >0

ocp 0 -+ 0 '?71T'
T
(o)

I . 0
Compact SVD: A =U,%,V," = [iy,is,...,i,] 72

01 0

o O

Full SVD: A=UXV " =[idy,... dp, Ups1,--.,1n]

o oo
)
Q
%
oo ooo o
)
)
i~
_|

oo O



Geometric Interpretation of SVD

S, S >, 0, (n—r v
y:Aaz:A:UEVT:[Ur,Um_T]{ x(n=) H r }
O(m—r)Xr O(m—r)x(n—r) Vn—r—r
A= U 2 v’

“rotation” scaling “rotation”



Geometric Interpretation of SVD (Example)
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Algebraic Interpretation of SVD

—~
A — UZVT — [U,r.7 Um_,r.] [ Z’r‘ O')"X(’I’L—’r‘) ] [ Vi’lﬂ— ] _ UTETVT.T
O(m—r)Xr O(m—r)x(n—r) Vn—r



Applications of SVD: Matrix Inverse

Given A € R™*" with rank(A) =r=m=n: A=UXV . Whatis its inverse?



Applications of SVD: Matrix Pseudo Inverse

Definition: Given A € R™*™ with rank(A) = r and SVD:

A = UZVT —U [ ET OTX(TL—T) ] VT
O(m—T)XT’ O(m—'r)x(n—'r)

its (Moore-Penrose) pseudo inverse is defined to be:

2;1 Orx(n—r)

AT:V[
O(m—r)Xr O(m—r)x(n—fr)

]UT:ufoJ

Example: A = [;l ;L] . AT =7



Applications of SVD: Matrix Pseudo Inverse



Applications of SVD: Matrix Pseudo Inverse

Geometric interpretation of AAT or ATA.



Applications of SVD: Least Squares

min || — AZ||3, with A € R™*" and rank(4) =n: &, =(A'A) 1A'y



Applications of SVD: Least Squares

Show: Given A € R™*" and rank(A) =n: AT = (AT A)71AT



Applications of SVD: Minimum Norm Solution
min || Z]|3 s.t. ¥ = A%, with A € R™*" and rank(A) =m: &, = A' (AA") "1y

Show: 7, = ATjj (= AT (AAT)™19).



Applications of SVD: Minimum Norm Solution
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