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Singular Value Decomposition (SVD)

Given A € R™*"™ withrank(A) = r, we like to decompose it into a special matrix form:

V = [#,...,¥,] orthonormal e.v.’s for A" A
f
U = [il1,...,1dn] orthonormal e.v.’s for AA"
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Compact SVD: A = UL V.1 = [y, s, ..., 1]
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Full SVD: A=UXV " =[idy,... dp, Ups1,--.,1n]
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Y, =diag{o1 = VA1,...,0, =

0

eigenvalues of A' A (or AA"): X\ >---> X\, >0---0
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] Geometric Interpretatlon of SVD

y=AT7: A=UXV"' =[U,, Up_ r]{
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Geometric Interpretation of SVD (Example)




Algebraic Interpretation of SVD(/

—~
A= UZVT — [U‘r7 Um—r] [ dir Orx(n—'r) ] [ V;a ] _ UTZTVTT
O(m—r)X'r O(m—'r)x(n—r)

O AVer = 0 = Null(4) = ol Vr) <—
O U A=0 = NullAD = ok Un-r)

® col LU = COHA) 1 Nua[AD

B Col (V)= col (A7) = row(A)
1 Co“\/w-—r> 1 Null (A)




Applications of SVD: Matrix Inverse

Given A € R™*" with rank(A) =r=m=n: A=UXV . Whatis its inverse?

N=U=ZV"
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Applications of SVD: Matrix Pseudo Inverse

Definition: Given A € R™*™ with rank(A) = r and SVD:

> 0 msn
A= UZVT —U r rX(n—r) ] VT <
[O(m—r)xr O(m—'r)x(n—'r) 4 é ,p

its (Moore-Penrose) pseudo inverse is defined to be:

T — @ Orx(n—r)
A=l |

(m—r)Xxr O(m—'r)x(n—fr)
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Applications of SVD: Matrix Pseudo Inverse

@ v < VVl.\VliV",V?_}




Applications of SVD: Matrix Pseudo Inverse

Geometric interpretation of AAT or ATA.
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Applications of SVD: Least Squares  /

min | — Af”g, with A € R™*"™ and rank(A)=n: I, = (ATA)—lATg»
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an lter Ve V'ﬁ' _______ I
A;l ~ ortho prjecir™ onto |-
— 0L (A) = col (Uy) ceol(d) Az, ¢

A/L\T UY'Ur‘ ._)0('6 _owte W(LUY)
A AT‘d _ P”’J‘ 6} %) outo coL(A)
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Applications of SVD: Least Squares

Show: Given A € R™*™ and rank(A) = ik AT (ATA)TAT 9

(A AT A VT (o) L
*[\/ErU, rlr)/T) V =v U" A 6(, :L
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Applications of SVD: Minimum Norm Solution

/
min ||7]|3 s.t. § = A%With AeR™™ and rank(A) =m: ¥, = A (AA") 71y &
T —_ -’ ‘ . .
Show: #, = Aljj (= AT(AAT)"19). mE J 3: A(& + ?) ¢ eNu (4]
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ﬂ:A? — UY‘TST r X = Uy' 8—2,\/¢ 95
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Applications of SVD: Minimum Norm Solution
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