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1. V
>~x which rotates ~x without changing its length.

2. SV
>~x which stretches the resulting vector along each axis with the corresponding singular value,

3. USV
>~x which again rotates the resulting vector without changing its length.

The following figure illustrates these three operations moving from the right to the left.

A = U S V
>

~v1

~v2

~e1

~e2

s1~e1

s2~e2
s1~u1

s2~u2

Here as usual~e1,~e2 are the first and second standard basis vectors.
The geometric interpretation above reveals that s1 is the largest amplification factor a vector can expe-

rience upon multiplication by A. More specifically, if k~xk  1 then kA~xk  s1. We achieve equality at
~x = ~v1, because then

kA~xk =
���USV

>~v1

��� = kUS~e1k = ks1U~e1k = ks1~u1k = s1k~u1k = s1. (21)

5 The SVD and Orthonormal Diagonalization

We attempt to compare the results of the full SVD to orthonormal diagonalization. The spectral theorem
says that, if A 2 Rn⇥n is symmetric, then there exists some orthonormal square matrix P 2 Rn⇥n and
diagonal matrix L 2 Rn⇥n such that A = PLP

>. It turns out that (up to sign issues and ordering of the
singular values) that this is a valid SVD, and thus inherits the linear algebraic properties of the SVD.

Theorem 17 (Orthonormal Diagonalization is SVD)

Let A 2 Rn⇥n be a square symmetric matrix with orthonormal diagonalization A = PLP
>, where

P =
h
~p1 · · · ~pn

i
L =

2

664

l1
. . .

ln

3

775 . (22)

Suppose that |l1| � · · · � |ln|. Define

U =
h
~u1 · · · ~un

i
where ~ui =

8
<

:
~pi li � 0

�~pi li < 0
(23)

S =

2

664

|l1|
. . .

|ln|

3

775 (24)

V = P. (25)
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~y = A~x :

“rotation”“rotation” scaling



Applications of SVD: Minimum Norm Solution
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~x? = A>(AA>)�1~y

Show: 
<latexit sha1_base64="OKNJGaU614PapfRSl6rhkX34kZ8="></latexit>

~x? = A†~y (= A>(AA>)�1~y).

<latexit sha1_base64="GZDVidETvSfB9hbo6cketRal4r4="></latexit>

min
~x

k~xk22 s.t. ~y = A~x, with A 2 Rm⇥n and rank(A) = m :
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null(A)
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~x?
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row(A) = col(A>)



Applications of SVD: Minimum Norm Solution
Optimal Control: 
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~x[i+ 1] = A~x[i] +Bu[i]

<latexit sha1_base64="RarVyCrNR29bAhU1J8E1J/RwQsU="></latexit>

C`
.
= [A`�1B | · · · |AB | B] 2 Rn⇥`

<latexit sha1_base64="C/xPOO6/33ASY7k+g+5r4lLzNXg=">AAACMnicbVDLSsNAFJ3UV42vqks3g0UQhJKIqBuh2o3uKtgHNLFMprft0MmDmUmxhHyTG79EcKELRdz6ESZthNp6YOBwzj3MvccJOJPKMF613MLi0vJKflVfW9/Y3Cps79SlHwoKNepzXzQdIoEzD2qKKQ7NQABxHQ4NZ1BJ/cYQhGS+d6dGAdgu6XmsyyhRidQu3FhDoNFD3LKAcxtf4Mv7KKUx/jUMGx9hyyWqTwmPKnF72g+zoK7r7ULRKBlj4HliZqSIMlTbhWer49PQBU9RTqRsmUag7IgIxSiHWLdCCQGhA9KDVkI94oK0o/HJMT5IlA7u+iJ5nsJjdToREVfKkeskk+nqctZLxf+8Vqi653bEvCBU4NHJR92QY+XjtD/cYQKo4qOEECpYsiumfSIIVUnLaQnm7MnzpH5cMk9Lxu1JsXyV1ZFHe2gfHSITnaEyukZVVEMUPaIX9I4+tCftTfvUviajOS3L7KI/0L5/ABvfqgY=</latexit>

~x[`] = A`~x[0] + C`~u[`]

<latexit sha1_base64="dp5Kuow2T1zFIxkQdWWyGLX05Ag="></latexit>

~u[`] =

2

6664

u[0]
...

u[`� 2]
u[`� 1]

3

7775
2 R`



Low-Rank Approximation (Algebra) 
Modeling data as a low-rank matrix:

<latexit sha1_base64="9MNjrDMC10gqmFjceNK6YZST6hc="></latexit>

A = [~a1,~a2, . . . ,~an] 2 Rm⇥n



Low-Rank Approximation (Algebra)5.1 Robust PCA and Motivating Examples 195

= +

Figure 5.1 Superposition of a low-rank matrix Lo and a sparse matrix So.

Definition 5.1 (Matrix Rigidity). The rigidity of a matrix M (relative to rank
r matrices) is defined to be:

RM (r)
.
= min{kSk0 : rank (M + S)  r}, (5.1.6)

the smallest number of entries that need to be modified in order to change M to
a rank r matrix.

Matrix rigidity is an important concept in computational complexity theory:
It has been shown by [Val77] that matrix rigidity gives a lower bound on the
circuit complexity for computing the linear transform Mx. Matrix rigidity is
also related to the notion of communication complexity [Wun12]. Nevertheless,
computing matrix rigidity is in general NP-hard [MSM07], and so it is hard to
decompose a general matrix:

M = L + S

into a low-rank and sparse one. Exercise 5.2 studies the hardness of matrix
rigidity and guides the interested reader through this connection.

The hardness of the Robust PCA problem can also be established through its
connection to the Planted Clique problem [AB09].

Definition 5.2 (Planted Clique Problem). Given a graph G with n nodes, ran-
domly connect each pair of nodes with probability 1/2. Then select any no nodes
and make them a clique – a fully connected subgraph. The goal is to find this
hidden clique from the graph G.

It is known that with high probability the largest clique of the randomly
generated graph (with 1/2 connectivity) is 2 log2 n. Hence, theoretically, if

no > 2 log2 n,

we should be able to identify such a planted clique and distinguish the graph
from the randomly generated one. It is also known that if

no = ⌦(
p

n),

Approximate a matrix by a lower-rank matrix:
[Beltrami, 1873, Jordan, 1874] 

<latexit sha1_base64="9MNjrDMC10gqmFjceNK6YZST6hc="></latexit>

A = [~a1,~a2, . . . ,~an] 2 Rm⇥n

4.1 Motivating Examples of Low-Rank Modeling 135

xi

Data space Rn1

range(X)
dimension = rank(X)

Figure 4.1 Low-rank Data Matrices. If matrix X with columns x1, . . . ,xn2 has
rank r, its columns lie on an r-dimensional subspace range(X). Many naturally
occurring data matrices approximately satisfy this property. Right: low-dimensional
approximations to images of faces under di↵erent lighting conditions.

4.1 Motivating Examples of Low-Rank Modeling

4.1.1 3D Shape from Photometric Measurements

As mentioned in the introduction, there are many situations in which low-rank
data models arise due to the physical processes that generate the data. If the
generative process has limited degrees of freedom, the data we observe would in-
trinsically be low dimensional, regardless of the dimension of the ambient space in
which such data are observed or measured. For example, in computer vision, low
rank models arise in a number of problems in reconstructing three-dimensional
shape of a scene from two-dimensional images.1 In photometric stereo [Woo80],
we obtain images y1, . . . , yn2

2 Rn1 of an object, say a face, illuminated by
di↵erent distant point light sources. Write Y = [y1 | · · · | y

n2
] 2 Rn1⇥n2 . Let

l1, . . . , ln2 2 S2 denote the directions of these light sources. The Lambertian
model for reflectance models the reflected light intensity as

Yij = ↵i[h⌫i, lji]+,

where ⌫i 2 S2 is the surface normal at the i-th pixel, ↵i is a nonnegative scalar
known as the albedo, and [·]+ takes the positive part of its argument. This model
is appropriate for matte objects. See Figure 4.2 for a visualization of this model.

1 Do not confuse the dimension of the measurements, in this case, the number of pixels with
the physical dimension of the image array, which is two.



Low-Rank Approximation: Eckart-Young Theorem
Approximate a matrix                    with rank                           by a lower-rank matrix.
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r  min{m,n}
<latexit sha1_base64="Zg+QznStmtA0oWRIn/IBRXw8SrU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCVm78FTcuFHHrN7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fsXEHpUQI8jPQyC9Da7T7mnKScKiqxnV52aMwGcJ25BqqBAo2d/ef0IJ5wIjRlSqus6sfZTJDXFjGQVL1EkRniEBqRrqEBmj59O3sjgoVH6MIykKaHhRP09kSKu1JgHpjO/Vs16ufif1010eO6nVMSJJgJPF4UJgzqCeSawTyXBmo0NQVhScyvEQyQR1ia5ignBnX15nrSOa+5pzbk5qdYvizjKYA8cgCPggjNQB9egAZoAg0fwDF7Bm/VkvVjv1se0tWQVM7vgD6zPH4DvmIk=</latexit>

A 2 Rm⇥n

<latexit sha1_base64="T33D5Qqw0st3HbMw1EcdpJZNcV4=">AAACK3icbVBLTwIxEO7iC/GFevTSSEw8kV1i1CPBi0dM5JGwhHRLgYZ2u2lnVbLh/3jxr3jQg4949X9YFkwEnKTJ95jJdL4gEtyA6344mZXVtfWN7GZua3tndy+/f1A3KtaU1agSSjcDYpjgIasBB8GakWZEBoI1guHVxG/cMW24Cm9hFLG2JP2Q9zglYKVOvuLLQD0k9xwGeIx9w/uSdDzs9xn+ZaWU+aKrwMwZOmVuJ19wi25aeBl4M1BAs6p28i9+V9FYshCoIMa0PDeCdkI0cCrYOOfHhkWEDkmftSwMiWSmnaS3jvGJVbq4p7R9IeBU/TuREGnMSAa2UxIYmEVvIv7ntWLoXbYTHkYxsJBOF/VigUHhSXC4yzWjIEYWEKq5/SumA6IJBRtvzobgLZ68DOqlondedG/OCuXKLI4sOkLH6BR56AKV0TWqohqi6BE9ozf07jw5r86n8zVtzTizmUM0V873D7XtphU=</latexit>

with �1 � �2 � . . . � �r � 0

Theorem [Eckart-Young 1936]: The optimal solution to the low-rank approximation problem:
<latexit sha1_base64="PzX8HjUftS6EIYvw0Xb8nd84H4U="></latexit>

min
B2Rm⇥n

kA�Bk2F subject to rank(B) = `

is given by:

<latexit sha1_base64="0O5pkx9hvrH8i6ec8rP/ez17m+8="></latexit>

B? = A` =
X̀

i=1

�i~ui~v
>
i .

<latexit sha1_base64="i6yV/slI6+x5avUXZMNhoHAnmIo="></latexit>

A = [~a1,~a2, . . . ,~an] =
rX

i=1

�i~ui~v
>
i =

X̀

i=1

�i~ui~v
>
i +

rX

i=`+1

�i~ui~v
>
i





Low-Rank Approximation: Rank Minimization
Approximate a matrix                    with rank                           by a lower-rank matrix.
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r  min{m,n}
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A 2 Rm⇥n

<latexit sha1_base64="i6yV/slI6+x5avUXZMNhoHAnmIo="></latexit>

A = [~a1,~a2, . . . ,~an] =
rX

i=1

�i~ui~v
>
i =

X̀

i=1

�i~ui~v
>
i +

rX

i=`+1

�i~ui~v
>
i

<latexit sha1_base64="LRbmw2uBgBuSdlHiBaUP4OkklBc="></latexit>

min
B2Rm⇥n

rank(B) subject to kA�Bk2F  ✏2 ?Rank minimization problem:



Low-Rank Approximation: Model Selection
Approximate a matrix                    with rank                           by a lower-rank matrix.
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r  min{m,n}
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A 2 Rm⇥n
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Selecting a good tradeoff between rank and residual:
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Figure 2.7. Singular value as a function of the dimension of the subspace. Two model
selection criteria are illustrate in this picture: picking a subspace dimension based on a
threshold or picking a subspace dimension which trades off the model complexity (x-axis)
and fidelity (y-axis), both linearly weighted.

distribution. In the case of a degenerate Gaussian distribution in a d-dimensional
subspace of RD, the number of parameters needed is approximately Dd.5 There-
fore, assuming that the noise has variance �2ID with known �, the Bayesian
information criterion (BIC) [Rissanen, 1978] is given by

BIC(d) .
=

DX

i=d+1

�2

i + (logN)(Dd)�2, (2.85)

while the Akaike information criterion (AIC) [Akaike, 1977] is given by

AIC(d) .
=

DX

i=d+1

�2

i + 2(Dd)�2. (2.86)

More recently, a geometric version of the Akaike information criterion has been
proposed by [Kanatani, 1998]. The Geometric AIC is given by

G-AIC(d) .
=

DX

i=d+1

�2

i + 2(Dd+Nd)�2, (2.87)

where the extra term Nd accounts for the number of coordinates needed to
represent (the closest projection of) the given N data points in the estimated d-
dimensional subspace. From an information-theoretic viewpoint, the additional

5We leave as an exercise to the reader to calculate the number of parameters needed to specify
a d-dimensional subspace in RD and then the additional parameters needed to specify a Gaussian
distribution inside the subspace.

1.

2.
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Figure 2.1. Example showing a two-dimensional data set and its two principal components.

are exactly the columns of the matrix U 2 RD⇥d that minimizes the least-squares
error (2.29).

Proof. The proof is simple. Notice that if X has the singular value decomposition
X = UX⌃XV >

X , then XX> = UX⌃2

XU>

X is the eigenvalue decomposition of
XX>. If ⌃X is ordered, then the first d columns of UX are exactly the leading d
eigenvectors of XX>, which give the d sample principal components.

The above theorem shows that both the geometric and statistical formulations
of PCA lead to exactly the same solution/estimate of the sample principal com-
ponents. This equivalence is part of the reason why PCA has become the tool
of choice for dimensionality reduction as the optimality of the solution can be
interpreted either statistically or geometrically in different application contexts.

Figure 2.1 gives and example of a two-dimensional data set and its two
principal components.

2.1.3 A Rank Minimization View of PCA
Notice that the geometric PCA problem in (2.23) can be rewritten as

min
µ,U,Y

��X � µ1>
� UY

��2
F
, s.t. U>U = Id and Y 1 = 0, (2.33)

where X =
⇥
x1, . . . ,xN

⇤
, Y =

⇥
y
1
, . . . ,yN

⇤
, 1 2 RN is the vector of all

ones, and kXk
2

F =
P

ij X
2

ij is the Frobenius norm of X . Therefore, another
interpretation of PCA is to see it as the problem of finding a vector µ and rank-d
matrix that best approximate the data matrix X . This problem can be formulated
as

min
µ,A

kX � µ1>
�Ak

2

F s.t. rank(A) = d and A1 = 0. (2.34)

Notice that this formulation is identical to that in (2.23), except that we have now
replaced the subspace basis U and the matrix of principal components Y by their
product A = UY . The constraint A1 = 0 comes from the requirement that the
principal components be centered, i.e.,

P
yj = 0, hence Y 1 = 0.
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Figure 2.1. Example showing a two-dimensional data set and its two principal components.

are exactly the columns of the matrix U 2 RD⇥d that minimizes the least-squares
error (2.29).

Proof. The proof is simple. Notice that if X has the singular value decomposition
X = UX⌃XV >

X , then XX> = UX⌃2

XU>

X is the eigenvalue decomposition of
XX>. If ⌃X is ordered, then the first d columns of UX are exactly the leading d
eigenvectors of XX>, which give the d sample principal components.

The above theorem shows that both the geometric and statistical formulations
of PCA lead to exactly the same solution/estimate of the sample principal com-
ponents. This equivalence is part of the reason why PCA has become the tool
of choice for dimensionality reduction as the optimality of the solution can be
interpreted either statistically or geometrically in different application contexts.

Figure 2.1 gives and example of a two-dimensional data set and its two
principal components.

2.1.3 A Rank Minimization View of PCA
Notice that the geometric PCA problem in (2.23) can be rewritten as

min
µ,U,Y

��X � µ1>
� UY

��2
F
, s.t. U>U = Id and Y 1 = 0, (2.33)

where X =
⇥
x1, . . . ,xN

⇤
, Y =

⇥
y
1
, . . . ,yN

⇤
, 1 2 RN is the vector of all

ones, and kXk
2

F =
P

ij X
2

ij is the Frobenius norm of X . Therefore, another
interpretation of PCA is to see it as the problem of finding a vector µ and rank-d
matrix that best approximate the data matrix X . This problem can be formulated
as

min
µ,A

kX � µ1>
�Ak

2

F s.t. rank(A) = d and A1 = 0. (2.34)

Notice that this formulation is identical to that in (2.23), except that we have now
replaced the subspace basis U and the matrix of principal components Y by their
product A = UY . The constraint A1 = 0 comes from the requirement that the
principal components be centered, i.e.,

P
yj = 0, hence Y 1 = 0.
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Applications of PCA
• Eigenfaces [Turk & Pentland 1991]:

• PCANet [Chan & Ma et. al. 2015]:
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Figure 1.9 Illustration of linear regression on the left versus principal component
analysis on the right. Linear regression minimizes the least squares of ", error in
predicting the (one) variable y; Principal component analysis (PCA) minimizes the
least squares of ", distance to the estimated low-dimensional principal component w.

Figure 1.9 illustrates the relationship and di↵erence between regression analysis
and principal component analysis.

A classical result in statistics states a solution to PCA:

Fact 1.6 (Principal Component Analysis). For a zero-mean random vector
y 2 Rm, its first d principal directions {ui 2 Rm

}
d

i=1
are the d orthonormal

eigenvectors of the covariance matrix ⌃y = E[yy⇤] 2 Rm⇥m associated with the
largest d eigenvalues {�i}

d

i=1
. Moreover, �i = Var(u⇤

i
y), i = 1, 2, . . . , d.

To estimate the principal directions U from samples of y, we may stack the
samples as columns of a matrix Y

.
= [y1, y2, . . . , yn

] 2 Rm⇥n. The covariance of
y can be estimated by the sample covariance ⌃̂y

.
= 1

n
Y Y ⇤

2 Rm⇥m. As a result,
if

Y = U⌃V ⇤ (1.2.23)

is the singular value decomposition (SVD) of Y , the estimated principal direc-
tions of y will be precisely the leading d singular vectors – the first d columns of
U . For a more detailed characterization of SVD, one may refer to Appendix A.

Low-rank Approximation Perspective.
Singular value decomposition of a matrix was initially developed in the numer-
ical linear algebra literature by Eckart and Young in 1936 [EY36], independent
of PCA.23 The basic idea of singular value decomposition is to approximate a
matrix with a superposition of a few rank-1 matrices (usually expressed in a
bilinear outer product form):

Y = �1u1v
⇤
1

+ �2u2v
⇤
2

+ · · · + �dudv
⇤
d

+ E, (1.2.24)

23 So SVD is also known as the Eckart and Young decomposition [HMH00].
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