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« Singular Value Decomposition (Geometry)

Minimum Norm Solution and Optimal Control

* Low-rank Matrix Approximation (Algebra) =

* Principal Component Analysis (Statistics) -



Interpretation of SVD (Geometry)
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Applications of SVD: Minimum Norm Solution
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Applications of SVD: Minimum Norm Solution

Optimal Control: Z|i + 1| = AZ[i| + Bu|i] < C 0] ] /
70 = ALZ[0] + Coilll] Co=[A'B|---|AB| 5] c Rl = uwf_m c R
B - = ull — 1

N m/nkCCL)—” el
019)6/06 ve , X1{] = X e R" T _Jusxe

Lz¢s = {1
Xy = AT (]t Ceull] 2 3 - AlEg) = Ca wiL]

v '\/r""
) ve ||U(\{£][[L = ufo] o f u{? A @

o - T -
2ot e el(cl) Wil = T Y=gl v
« as N o .
W = (Cl CLT)l‘d :> "{*{ﬂ: C[[Cl C,QT> (I,]t-A Ifoj)7§



Low-Rank Approximation (Algebra)

Modeling data as a low-rank matrix:

A= [dy,ds, ...
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Low-Rank Approximation (Algebra)

I\

Approximate a matrix by a lower-rank matrix:
[Beltrami, 1873, Jordan, 1874]




Low-Rank Approximation: Eckart-Young Theorem
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Theorem [Eckart-Young 1936]: The optimal solution to the low-rank approximation problem:
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Ran

Approximate a matrix A € with rank 7 < min{m, n} by a lower-rank matrix.
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Low-Rank Approximation: Rank Minimization

Ran

Approximate a matrix A € with rank r < min{m, n} by a lower-rank matrix.
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Low-Rank Approximation: Model Selection

Approximate a matrix A € R”*" with rank 7 < min{m, n} by a lower-rank matrix.
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Selecting a good tradeoff between rank and residual:

1. min rank(B)=4d subjectto o2, <77
BeRmxn (B) J d+1 =

a4

2. i . rank(B 02,7
min o rank(B) + 5 iy,

Squared Singular Values

min(ax + fy)

1

e



Principal ComponegtJ/An?lysis (Statistics)
v

Problem [Pearson, 1901, Hotelling, 1933]: given A = [dy, da,...,d,] € R™*"  [i= %(d’l +dy+---+d,) =0
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Principal Component Analysis (Statistics)

Problem [Pearson, 1901, Hotelling, 1933]: A = [@1, @2, .. .,dn] € R™*™ find 4 such that max @' A|3.
u
Multiple principal components: U, = [u1, ..., U] € R™ ¢ orthogonal such that
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Principal Component Analysis (Statistics) O
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Applications of

« Eigenfaces [Turk & Pentland 1991]:

PCA example: Eigen Faces

input: dataset of N face images face: K x K bitmap of pixels _ “unfold” each bitmap to

@ 8 88 8 — K2-dimensional vector
arrange in a matrix
each face = column

8 lisn

@28 ' = 3

“fold” into a K x K bitmap

TrainingFace

set of m eigenvectors
each is K?-dimensional

« PCANet [Chan & Ma et. al. 2015]:

Second stage

First stage Output layer

Input layer

Patch-mean PCA filters Patch-mean filters Quantization & Concatenated
removal \convolution removal cgnv§ution mapping image and
block-wise

histogram

Cell
The Code for Facial Identity in the Primate Brain

Graphical Abstract Authors
Le Chang, Doris Y. Tsao

1. We recorded responses to parameterized faces from macaque face
patches.
Correspondence

32 lechang@caltech.edu (L.C),
el dortsao@caltech.edu (D.Y.T.)
In Brief

4
2. We found that single cells are tuned to single face axes, and are blind | F2Cial identity is encoded via a

to changes orthogonal to this axis remarkably simple neural code that relies
on the ability of neurons to distinguish
facial features along specific axes in face
space, disavowing the long-standing
assumption that single face cells encode
individual faces.

0.856 * 1052+

3. We found that an axis model allows precise encoding and decoding of
neural responses
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Highlights
P

of ~200 face cells

=

o Face cells display flat tuning al
the axis being coded

o The axis modelis more efficient, robust, and flexible than the
exemplar model

« Face patches MUMF and AM carry complementary
information about faces

Recognition rates (%) on FERET dataset.

Probe sets | Fb | Fc | Dup-I | Dup-II || Avg.
LBP [18] 93.00 | 51.00 | 61.00 | 50.00 [[ 63.75
DMMA [25] 98.10 | 98.50 | 81.60 | 83.20 || 89.60
P-LBP [21] 98.00 | 98.00 | 90.00 | 85.00 || 92.75
POEM [26] 9960 | 99.50 | 88.80 | 85.00 || 93.20
G-LQP [27] 99.90 | 100 | 9320 | 91.00 || 96.03
LGBP-LGXP [28] 99.00 | 99.00 | 94.00 | 93.00 || 96.25
sPOEM+POD [29] 9970 | 100 | 9490 | 94.00 || 97.15
GOM [30] 9990 | 100 | 9570 | 93.10 || 97.18
PCANet-1 (Irn. CD) | 99.33 | 99.48 | 88.02 | 84.19 || 92.98
PCANet-2 (Trn. CD) | 99.67 | 99.48 | 95.84 | 94.02 || 97.25
PCANet-1 9950 | 98.97 | 89.89 | 8675 || 93.78
PCANet-2 9958 | 100 | 9543 | 94.02 || 97.26




Least Squares (Regression) versus PCA

Prediction versus Correlation

ALY

Supervised versus Unsupervised



Least Squares (Regression) versus PCA

—1 0 1 Prediction versus Correlation
Example: A =

-2 1 1




