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Outline
• Principal Component Analysis (Statistics)

• Least Squares versus Principal Components

• Linearization of Nonlinear Systems



Principal Component Analysis (Statistics)
<latexit sha1_base64="al2S/QZM2hHeShrGE0tXC+T5wgw="></latexit>

U = [U`, Um�`] 2 Rm⇥m orthogonal
<latexit sha1_base64="kZoaWHwE8aKZa7Y8ga8nLquIV2A="></latexit>

kAk2F = kUU>Ak2F = kU`U
>
` Ak2F + kUm�`U

>
m�`Ak2F

2.1. Classical Principal Component Analysis (PCA) 33

x

y

u1
u2

�

�
�

�
�

�

�
�

�
�

�

�
�

�
�

�

�
�

�
�

�

�
�

�
�

�

�
�

�
�

�
�
�

�

�

�
�

�

�

�
�

�

�

�

�

�
�

�

�

�

�

��
�

�
�

�
�

�

�

�
�

�

�
�
�

�

�
�

�

�

�

�

�

�

�
�
�

�

�

�

�

�

�

�
�

�

�
�

�

��

�
�

��
�
�

�
�

Figure 2.1. Example showing a two-dimensional data set and its two principal components.

are exactly the columns of the matrix U 2 RD⇥d that minimizes the least-squares
error (2.29).

Proof. The proof is simple. Notice that if X has the singular value decomposition
X = UX⌃XV >

X , then XX> = UX⌃2

XU>

X is the eigenvalue decomposition of
XX>. If ⌃X is ordered, then the first d columns of UX are exactly the leading d
eigenvectors of XX>, which give the d sample principal components.

The above theorem shows that both the geometric and statistical formulations
of PCA lead to exactly the same solution/estimate of the sample principal com-
ponents. This equivalence is part of the reason why PCA has become the tool
of choice for dimensionality reduction as the optimality of the solution can be
interpreted either statistically or geometrically in different application contexts.

Figure 2.1 gives and example of a two-dimensional data set and its two
principal components.

2.1.3 A Rank Minimization View of PCA
Notice that the geometric PCA problem in (2.23) can be rewritten as

min
µ,U,Y

��X � µ1>
� UY

��2
F
, s.t. U>U = Id and Y 1 = 0, (2.33)

where X =
⇥
x1, . . . ,xN

⇤
, Y =

⇥
y
1
, . . . ,yN

⇤
, 1 2 RN is the vector of all

ones, and kXk
2

F =
P

ij X
2

ij is the Frobenius norm of X . Therefore, another
interpretation of PCA is to see it as the problem of finding a vector µ and rank-d
matrix that best approximate the data matrix X . This problem can be formulated
as

min
µ,A

kX � µ1>
�Ak

2

F s.t. rank(A) = d and A1 = 0. (2.34)

Notice that this formulation is identical to that in (2.23), except that we have now
replaced the subspace basis U and the matrix of principal components Y by their
product A = UY . The constraint A1 = 0 comes from the requirement that the
principal components be centered, i.e.,

P
yj = 0, hence Y 1 = 0.

<latexit sha1_base64="kWIv2h6TmmC4vSy6p5Du9KfF/m0=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa9eKxg2kIbymY7addudsPuRiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMyLUs608bxvZ2V1bX1js7RV3t7Z3duvHBw2tcwUxYBKLlU7Iho5ExgYZji2U4UkiTi2otHt1G89odJMigczTjFMyECwmFFirNQMel3kvFepejVvBneZ+AWpQoFGr/LV7UuaJSgM5UTrju+lJsyJMoxynJS7mcaU0BEZYMdSQRLUYT67duKeWqXvxlLZEsadqb8ncpJoPU4i25kQM9SL3lT8z+tkJr4OcybSzKCg80Vxxl0j3enrbp8ppIaPLSFUMXurS4dEEWpsQGUbgr/48jJpntf8y5p3f1Gt3xRxlOAYTuAMfLiCOtxBAwKg8AjP8ApvjnRenHfnY9664hQzR/AHzucPbOaPCA==</latexit>

U`

<latexit sha1_base64="/R2rnbfbwD1vpvTVaSIs8LeHHHY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY9FLx4rmLbYhrLZTtulm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RRWVtfWN4qbpa3tnd298v5BQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1Fjp0e9m0VkHhZh0yxW36s5AlomXkwrkqHfLX51ezNIIpWGCat323MQEGVWGM4GTUifVmFA2ogNsWypphDrIZhdPyIlVeqQfK1vSkJn6eyKjkdbjKLSdETVDvehNxf+8dmr610HGZZIalGy+qJ8KYmIyfZ/0uEJmxNgSyhS3txI2pIoyY0Mq2RC8xZeXSeO86l1W3fuLSu0mj6MIR3AMp+DBFdTgDurgAwMJz/AKb452Xpx352PeWnDymUP4A+fzB21UkMI=</latexit>

Um�`

<latexit sha1_base64="eqL9BmgEVFYSbwkIQViVDfmu5o8="></latexit>

~µ =
1

n
(~a1 + ~a2 + · · ·+ ~an) = 0

<latexit sha1_base64="sm9sUAqcdM4OKXXZIPNMInRDNps="></latexit>

max
U`

kU`U
>
` Ak2F , min

U`

kA� U`U
>
` Ak2F , min

Um�`

kUm�`U
>
m�`Ak2F



Applications of PCA
• Eigenfaces [Turk & Pentland 1991]:

• PCANet [Chan & Ma et. al. 2015]:



Least Squares (Regression) versus PCA
1.2 A Brief History 19
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Figure 1.9 Illustration of linear regression on the left versus principal component
analysis on the right. Linear regression minimizes the least squares of ", error in
predicting the (one) variable y; Principal component analysis (PCA) minimizes the
least squares of ", distance to the estimated low-dimensional principal component w.

Figure 1.9 illustrates the relationship and di↵erence between regression analysis
and principal component analysis.

A classical result in statistics states a solution to PCA:

Fact 1.6 (Principal Component Analysis). For a zero-mean random vector
y 2 Rm, its first d principal directions {ui 2 Rm

}
d

i=1
are the d orthonormal

eigenvectors of the covariance matrix ⌃y = E[yy⇤] 2 Rm⇥m associated with the
largest d eigenvalues {�i}

d

i=1
. Moreover, �i = Var(u⇤

i
y), i = 1, 2, . . . , d.

To estimate the principal directions U from samples of y, we may stack the
samples as columns of a matrix Y

.
= [y1, y2, . . . , yn

] 2 Rm⇥n. The covariance of
y can be estimated by the sample covariance ⌃̂y

.
= 1

n
Y Y ⇤

2 Rm⇥m. As a result,
if

Y = U⌃V ⇤ (1.2.23)

is the singular value decomposition (SVD) of Y , the estimated principal direc-
tions of y will be precisely the leading d singular vectors – the first d columns of
U . For a more detailed characterization of SVD, one may refer to Appendix A.

Low-rank Approximation Perspective.
Singular value decomposition of a matrix was initially developed in the numer-
ical linear algebra literature by Eckart and Young in 1936 [EY36], independent
of PCA.23 The basic idea of singular value decomposition is to approximate a
matrix with a superposition of a few rank-1 matrices (usually expressed in a
bilinear outer product form):

Y = �1u1v
⇤
1

+ �2u2v
⇤
2

+ · · · + �dudv
⇤
d

+ E, (1.2.24)

23 So SVD is also known as the Eckart and Young decomposition [HMH00].

Prediction         versus       Correlation

<latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x

<latexit sha1_base64="nhAEgN5YuzDcngX2vZ4+rl1lHVg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0Nwm7m0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSNsGG4EthOFVAYCW8Hobua3xqg0j6NHM0nQl3QQ8ZAzaqz01B0jy9Jpz+uVK27VnYOsEi8nFchR75W/uv2YpRIjwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixNKIStZ/ND56SM6v0SRgrW5Ehc/X3REal1hMZ2E5JzVAvezPxP6+TmvDGz3iUpAYjtlgUpoKYmMy+J32ukBkxsYQyxe2thA2poszYjEo2BG/55VXSvKh6V1X34bJSu83jKMIJnMI5eHANNbiHOjSAgYRneIU3RzkvzrvzsWgtOPnMMfyB8/kD2ZiQcA==</latexit>

~u1

Supervised         versus       Unsupervised



Least Squares (Regression) versus PCA
Prediction versus Correlation

<latexit sha1_base64="i1rn0uQSyTt2vmKL+VRzoLP+pGo="></latexit>

A =


�1 0 1
�2 1 1

�
Example:



System Modeling & Control
All autonomous intelligent (AI) systems rely on closed-loop learning and control:  

Physical Systems
(Continuous Nonlinear Dynamics)

<latexit sha1_base64="Maly7og4wgZV6GavHB3020nOpRg=">AAAB83icbVDLSsNAFJ34rPVVdelmsAh1UxIRdVl047KCfUATymR60w6dTMI8CiX0N9y4UMStP+POv3HSZqGtBy4czrmXe+8JU86Udt1vZ219Y3Nru7RT3t3bPzisHB23VWIkhRZNeCK7IVHAmYCWZppDN5VA4pBDJxzf535nAlKxRDzpaQpBTIaCRYwSbSXfnwDNzKymL8rlfqXq1t058CrxClJFBZr9ypc/SKiJQWjKiVI9z011kBGpGeUwK/tGQUromAyhZ6kgMaggm988w+dWGeAokbaExnP190RGYqWmcWg7Y6JHatnLxf+8ntHRbZAxkRoNgi4WRYZjneA8ADxgEqjmU0sIlczeiumISEK1jSkPwVt+eZW0L+vedd19vKo27oo4SugUnaEa8tANaqAH1EQtRFGKntErenOM8+K8Ox+L1jWnmDlBf+B8/gDCO5DX</latexit>

~u(t)
<latexit sha1_base64="5tVfDOEpDBoxcgabX6L1p1k+noU=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahXkoioh6LXjxWsB/QhLLZbtqlm03Y3RRL6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+C73OxMqFYvFo54m1I/wULCQEayN5HkTSrKnWU2f23a/UnXqzhxolbgFqUKBZr/y5Q1ikkZUaMKxUj3XSbSfYakZ4XRme6miCSZjPKQ9QwWOqPKz+c0zdGaUAQpjaUpoNFd/T2Q4UmoaBaYzwnqklr1c/M/rpTq88TMmklRTQRaLwpQjHaM8ADRgkhLNp4ZgIpm5FZERlphoE1Megrv88ippX9Tdq7rzcFlt3BZxlOEETqEGLlxDA+6hCS0gkMAzvMKblVov1rv1sWgtWcXMMfyB9fkDxtmQ2g==</latexit>

~x(t)

<latexit sha1_base64="LcbmvD57X9mnM6mDqe1wA+sBRyE=">AAAB83icbVBNS8NAEN34WeNX1aOXxSLUS0lE1GPRi8cK9gOaUDbbSbt0swm7m0II/RtePCji1T/jzX/jps1BWx8MPN6bYWZekHCmtON8W2vrG5tb25Ude3dv/+CwenTcUXEqKbRpzGPZC4gCzgS0NdMceokEEgUcusHkvvC7U5CKxeJJZwn4ERkJFjJKtJE8bwo0z2Z1fWHbg2rNaThz4FXilqSGSrQG1S9vGNM0AqEpJ0r1XSfRfk6kZpTDzPZSBQmhEzKCvqGCRKD8fH7zDJ8bZYjDWJoSGs/V3xM5iZTKosB0RkSP1bJXiP95/VSHt37ORJJqEHSxKEw51jEuAsBDJoFqnhlCqGTmVkzHRBKqTUxFCO7yy6ukc9lwrxvO41WteVfGUUGn6AzVkYtuUBM9oBZqI4oS9Ixe0ZuVWi/Wu/WxaF2zypkT9AfW5w/IY5Db</latexit>

~y(t)D/C
zero-order

hold

<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]

<latexit sha1_base64="0d2by80C423PhlkGKfmGvxYIgHc=">AAACH3icbVDLSgMxFM34rPVVdekmWJSKUmZEqhuh6MZlC/YBM0PJpGkbmskMeYhlmD9x46+4caGIuOvfmE670NYLyT2ccy7JPUHMqFS2PbaWlldW19ZzG/nNre2d3cLeflNGWmDSwBGLRDtAkjDKSUNRxUg7FgSFASOtYHg30VuPREga8Qc1iokfoj6nPYqRMlSnUPEGSCU6demZ48OTG+gh0fdCyjsaZlI9LWX9yVj8c22uU8/LdwpFu2xnBReBMwNFMKtap/DtdSOsQ8IVZkhK17Fj5SdIKIoZSfOeliRGeIj6xDWQo5BIP8n2S+GxYbqwFwlzuIIZ+3siQaGUozAwzhCpgZzXJuR/mqtV79pPKI+1IhxPH+ppBlUEJ2HBLhUEKzYyAGFBzV8hHiCBsDKRTkJw5ldeBM2LslMp2/XLYvV2FkcOHIIjUAIOuAJVcA9qoAEweAav4B18WC/Wm/VpfU2tS9Zs5gD8KWv8A3V6of0=</latexit>

û[i+ 1] = argmin
u

Q̂(x̂[i], u[i])

reinforcement learning
or optimal control

actuators

C/D

sampling

<latexit sha1_base64="Rh0vytQkhFrNp3rSvhKMo3oRcNU=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBZBEEoioh6LXjxWsB+QxrLZTtqlm03Y3VRK6P/w4kERr/4Xb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrK6tb5Q37a3tnd29yv5BS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAej29xvj0EqFosHPUnAj8hAsJBRoo302B0DzSZTj525vm33KlWn5syAl4lbkCoq0OhVvrr9mKYRCE05UcpznUT7GZGaUQ5Tu5sqSAgdkQF4hgoSgfKz2dVTfGKUPg5jaUpoPFN/T2QkUmoSBaYzInqoFr1c/M/zUh1e+xkTSapB0PmiMOVYxziPAPeZBKr5xBBCJTO3YjokklBtgspDcBdfXiat85p7WXPuL6r1myKOMjpCx+gUuegK1dEdaqAmokiiZ/SK3qwn68V6tz7mrSWrmDlEf2B9/gAzR5Gn</latexit>

~y[i+ 1]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]

<latexit sha1_base64="3LFfToZQlIkkcheqzZ+kTyXav90=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIqIui25cVrAXSEOZTKft0MmFmUmxhIIbX8WNC0Xc+hLufBsnaRba+sPAx3/O4cz5vYgzqSzr2ygsLa+srhXXSxubW9s75u5eU4axILRBQh6Ktocl5SygDcUUp+1IUOx7nLa80U1ab42pkCwM7tUkoq6PBwHrM4KVtrrmgah0xpQkD1OHuaco4zjlk1LXLFtVKxNaBDuHMuSqd82vTi8ksU8DRTiW0rGtSLkJFooRTqelTixphMkID6ijMcA+lW6S3TBFx9rpoX4o9AsUytzfEwn2pZz4nu70sRrK+Vpq/ldzYtW/chMWRLGiAZkt6sccqRClgaAeE5QoPtGAiWD6r4gMscBE6djSEOz5kxeheVa1L6rW3Xm5dp3HUYRDOIIK2HAJNbiFOjSAwCM8wyu8GU/Gi/FufMxaC0Y+sw9/ZHz+AAuTlyA=</latexit>

r(~x[i], ~u[i])

reward or cost

sensorsExternal World (Real)

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

Computers & Circuits
(Learning & Decision Making)

Internal Model (Silicon or Carbon)

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

mathematical modeling
from first principles

approximation
& linearization

<latexit sha1_base64="B2Jmrjbn9f/qiw1agUwdjGl06+4="></latexit>

~̇x(t) = A~x(t) +B~u(t) + ~n(t)

~y(t) = C~x(t) +D~u(t)

discretization
& digitization

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]



Linear versus Nonlinear Systems

<latexit sha1_base64="ZGD/DyBIltDISMqj0ZcD4fsTQEU=">AAACInicbVDLSsNAFJ34rPFVdelmsCiKUBIRHwuh1o3LCrYVmlImk4kOnTyYuSmWkG9x46+4caGoK8GPcZIWfB4YOPece7lzjxsLrsCy3o2JyanpmdnSnDm/sLi0XF5ZbakokZQ1aSQieeUSxQQPWRM4CHYVS0YCV7C22z/L/faAScWj8BKGMesG5DrkPqcEtNQrH5uOLwlNPWfAaHqbbcNOlnqQ4a0TfPql4V1cx0WZFKVpmr1yxapaBfBfYo9JBY3R6JVfHS+iScBCoIIo1bGtGLopkcCpYJnpJIrFhPbJNetoGpKAqW5anJjhTa142I+kfiHgQv0+kZJAqWHg6s6AwI367eXif14nAf+om/IwToCFdLTITwSGCOd5YY9LRkEMNSFUcv1XTG+Ijgx0qnkI9u+T/5LWXtU+qFoX+5VafRxHCa2jDbSNbHSIaugcNVATUXSHHtATejbujUfjxXgbtU4Y45k19APGxycYRaFx</latexit>

d~x(t)

dt
= A~x(t) +B~u(t)

<latexit sha1_base64="hS7q7DCWJWWYSYeLqciKkK/347g=">AAACJHicbZDLSsNAFIYnXmu8VV26GSxCC1ISERVEKLpxWcFeoC1lMpm0QycXZk6KJeRh3Pgqblx4wYUbn8VJW1BbDwx8/P85nDm/EwmuwLI+jYXFpeWV1dyaub6xubWd39mtqzCWlNVoKELZdIhiggesBhwEa0aSEd8RrOEMrjO/MWRS8TC4g1HEOj7pBdzjlICWuvkLs+1JQhO3PWQ0uU+LUEoTF1J8iceKlxZ/nKOJFmdcMs1uvmCVrXHhebCnUEDTqnbzb203pLHPAqCCKNWyrQg6CZHAqWCp2Y4ViwgdkB5raQyIz1QnGR+Z4kOtuNgLpX4B4LH6eyIhvlIj39GdPoG+mvUy8T+vFYN33kl4EMXAAjpZ5MUCQ4izxLDLJaMgRhoIlVz/FdM+0aGBzjULwZ49eR7qx2X7tGzdnhQqV9M4cmgfHaAistEZqqAbVEU1RNEDekIv6NV4NJ6Nd+Nj0rpgTGf20J8yvr4BA8WjvA==</latexit>

d~x(t)

dt
= ~f(~x(t), ~u(t))

<latexit sha1_base64="OABiFU2ivButC6AeWtzOlZGBsRQ=">AAACFnicbVDLSsNAFJ34rPEVdelmsAhCsSQi6kaodeOygn1AG8pkOmmHTiZhZlIsoV/hxl9x40IRt+LOv3GSBtHWCwPncS937vEiRqWy7S9jYXFpeWW1sGaub2xubVs7uw0ZxgKTOg5ZKFoekoRRTuqKKkZakSAo8BhpesPr1G+OiJA05HdqHBE3QH1OfYqR0lLXOu6MCE7uJ21aclx4Ca9+uAtLsAozGmfUNM2uVbTLdlZwHjg5KIK8al3rs9MLcRwQrjBDUrYdO1JugoSimJGJ2YkliRAeoj5pa8hRQKSbZGdN4KFWetAPhX5cwUz9PZGgQMpx4OnOAKmBnPVS8T+vHSv/wk0oj2JFOJ4u8mMGVQjTjGCPCoIVG2uAsKD6rxAPkEBY6STTEJzZk+dB46TsnJXt29NipZrHUQD74AAcAQecgwq4ATVQBxg8gCfwAl6NR+PZeDPep60LRj6zB/6U8fENllidFQ==</latexit>

~x[i+ 1] = A~x[i] +B~u[i]

<latexit sha1_base64="tVsyPwmc1W/szdOyYpURymMNqas=">AAACGnicbZBNS8MwGMfT+TbrW9Wjl+AQJspoRdSLMPTicYJ7ga6MNEu3sDQtSTocpZ/Di1/FiwdFvIkXv41tV0Q3/xD45f88D8nzd0NGpTLNL620sLi0vFJe1dfWNza3jO2dlgwigUkTBywQHRdJwignTUUVI51QEOS7jLTd0XVWb4+JkDTgd2oSEsdHA049ipFKrZ5hdccEx/eJTY8sB17C/Ool1R/bOZ56UcaHuq73jIpZM3PBebAKqIBCjZ7x0e0HOPIJV5ghKW3LDJUTI6EoZiTRu5EkIcIjNCB2ihz5RDpxvloCD1KnD71ApIcrmLu/J2LkSznx3bTTR2ooZ2uZ+V/NjpR34cSUh5EiHE8f8iIGVQCznGCfCoIVm6SAsKDpXyEeIoGwStPMQrBmV56H1knNOquZt6eV+lURRxnsgX1QBRY4B3VwAxqgCTB4AE/gBbxqj9qz9qa9T1tLWjGzC/5I+/wGJOafpA==</latexit>

~x[i+ 1] = ~f(~x[i], ~u[i])

Continuous Time Discrete Time

Linear Control Systems

Nonlinear Control Systems

<latexit sha1_base64="DYauFDXcSGyAsjsVBMS4Jx66OD8=">AAACGHicbVDLSgNBEJyNr7i+oh69DAYhucRdEfUiBL14jGAekIQwOzubDJl9MNMbDMt+hhd/xYsHRbzm5t84SRbUxIKGoqqb7i4nElyBZX0ZuZXVtfWN/Ka5tb2zu1fYP2ioMJaU1WkoQtlyiGKCB6wOHARrRZIR3xGs6Qxvp35zxKTiYfAA44h1fdIPuMcpAS31Cqdmx5OEJm5nxGjymJagnCYupPgazxQvLf04ZdPsFYpWxZoBLxM7I0WUodYrTDpuSGOfBUAFUaptWxF0EyKBU8FSsxMrFhE6JH3W1jQgPlPdZPZYik+04mIvlLoCwDP190RCfKXGvqM7fQIDtehNxf+8dgzeVTfhQRQDC+h8kRcLDCGepoRdLhkFMdaEUMn1rZgOiA4KdJbTEOzFl5dJ46xiX1Ss+/Ni9SaLI4+O0DEqIRtdoiq6QzVURxQ9oRf0ht6NZ+PV+DA+5605I5s5RH9gTL4BJxefLA==</latexit>

d~x(t)

dt
= ~f(~x(t))

<latexit sha1_base64="seRXgt/aShzsVP1aVK4WIKua+Tg=">AAACDnicbVDLSsNAFJ3UV42vqEs3g6VQEUoiom6EohuXFewD0lAm00k7dDIJM5NiCfkCN/6KGxeKuHXtzr8xSYNo64ELZ865l7n3uCGjUpnml1ZaWl5ZXSuv6xubW9s7xu5eWwaRwKSFAxaIroskYZSTlqKKkW4oCPJdRjru+DrzOxMiJA34nZqGxPHRkFOPYqRSqW9UexOC4/vEpseWAy9h/vSS2o/sHOm63jcqZt3MAReJVZAKKNDsG5+9QYAjn3CFGZLStsxQOTESimJGEr0XSRIiPEZDYqeUI59IJ87PSWA1VQbQC0RaXMFc/T0RI1/Kqe+mnT5SIznvZeJ/nh0p78KJKQ8jRTiefeRFDKoAZtnAARUEKzZNCcKCprtCPEICYZUmmIVgzZ+8SNondeusbt6eVhpXRRxlcAAOQQ1Y4Bw0wA1oghbA4AE8gRfwqj1qz9qb9j5rLWnFzD74A+3jG+j+mrg=</latexit>

~x[i+ 1] = ~f(~x[i])Autonomous Systems

Objectives: Identification (learning),  Analysis (stability),  Control (closed-loop feedback)



Nonlinear Systems: Examples
<latexit sha1_base64="Q5JN2g2cqO1GVucIWqVVF8XV5UE=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDbbSbt0Nwm7E6GU/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7zpbm3v7O5V9g9aJsk0hyZPZKLbITMgRQxNFCihnWpgKpTwEI5ucv/hCbQRSXyP4xQCxQaxiARnaKXHLg4Bmeu6vUrVq3kz0GXiF6RKCjR6la9uP+GZghi5ZMZ0fC/FYMI0Ci5h6nYzAynjIzaAjqUxU2CCyezgKT2xSp9GibYVI52pvycmTBkzVqHtVAyHZtHLxf+8TobRVTARcZohxHy+KMokxYTm39O+0MBRji1hXAt7K+VDphlHm1Eegr/48jJpndX8i5p3d16tXxdxlMkROSanxCeXpE5uSYM0CSeKPJNX8uZo58V5dz7mrSWnmDkkf+B8/gBJaI9p</latexit>

✓

<latexit sha1_base64="qcDBZZz+EPs5xSQqD6luxdPThnM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpfkqFIZVGtu3Z2DrBKvIDUo0BxUv/rDiCUSlWWCGtPz3Nj6KdWWM4GzSj8xGFM2oSPsZVRRicZP57fOyFmmDEkY6ayUJXP190RKpTFTGWSdktqxWfZy8T+vl9jwxk+5ihOLii0WhYkgNiL542TINTIrphmhTPPsVsLGVFNms3jyELzll1dJ+6LuXdXdh8ta47aIowwncArn4ME1NOAemtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/Ao6Njw==</latexit>mg
<latexit sha1_base64="uAPJffwE9t0c6BXuIrFniGevI50=">AAAB+XicbVBNS8NAEN3Urxq/oh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0dxN2J4US+k+8eFDEq//Em//GbZuDVh8MPN6bYWZenAluwPe/nMra+sbmVnXb3dnd2z/wDo/aJs01ZS2ailR3Y2KY4Iq1gINg3UwzImPBOvH4bu53JkwbnqpHmGYskmSoeMIpASv1PU8OcWi4wiGMGBDX7Xs1v+4vgP+SoCQ1VKLZ9z7DQUpzyRRQQYzpBX4GUUE0cCrYzA1zwzJCx2TIepYqIpmJisXlM3xmlQFOUm1LAV6oPycKIo2Zyth2SgIjs+rNxf+8Xg7JTVRwleXAFF0uSnKBIcXzGPCAa0ZBTC0hVHN7K6YjogkFG9Y8hGD15b+kfVEPrur+w2WtcVvGUUUn6BSdowBdowa6R03UQhRN0BN6Qa9O4Tw7b877srXilDPH6Becj2/0dZKQ</latexit>

mg sin ✓

<latexit sha1_base64="TG7f05JKaEy6S6R1BUKYggBfYNo="></latexit>

m`
d2✓(t)

dt2
= �k`

d✓(t)

dt
�mg sin ✓(t)

<latexit sha1_base64="B/0yEN6mQXniHHWhfVa1qx1MH58=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARKmpJiqgboejGZQV7gbaWyWRSh04uzJwUSshLuPFV3LhQxK3gzrdx0nahrT8MfPznHM6c34kEV2BZ30ZuYXFpeSW/Wlhb39jcMrd3GiqMJWV1GopQthyimOABqwMHwVqRZMR3BGs6g+us3hwyqXgY3MEoYl2f9APucUpAWz3z2McdTxKaDEtwmCYupPgSn+COw4DgzLuv4CMca8CFQs8sWmVrLDwP9hSKaKpaz/zquCGNfRYAFUSptm1F0E2IBE4FSwudWLGI0AHps7bGgPhMdZPxVSk+0I6LvVDqFwAeu78nEuIrNfId3ekTeFCztcz8r9aOwbvoJjyIYmABnSzyYoEhxFlE2OWSURAjDYRKrv+K6QPRIYEOMgvBnj15HhqVsn1Wtm5Pi9WraRx5tIf2UQnZ6BxV0Q2qoTqi6BE9o1f0ZjwZL8a78TFpzRnTmV30R8bnD+3lm3Y=</latexit>

m
v(t)

dt
= ��v(t)2 + u(t)

<latexit sha1_base64="zyIXcRzrp1KhyWXUHGtBeJbiBD4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GU/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnnb3dnd2z+oHB61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+y/32EyrNE/loJikGMR1KHnFGjZXaPRTCdd1+perVvDnIKvELUoUCjX7lqzdIWBajNExQrbu+l5pgSpXhTODM7WUaU8rGdIhdSyWNUQfT+bkzcmaVAYkSZUsaMld/T0xprPUkDm1nTM1IL3u5+J/XzUx0E0y5TDODki0WRZkgJiH572TAFTIjJpZQpri9lbARVZQZm1Aegr/88ippXdT8q5r3cFmt3xZxlOEETuEcfLiGOtxDA5rAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPsDGOfA==</latexit>

`

<latexit sha1_base64="zQ/Ju6CBhitdrzraF1E0b4eeVWU=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEIXixJEfVY9OKxgv2ANpbNdtMu3WzC7qZQS3+JFw+KePWnePPfuGlz0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4be/s7u2XnIPDpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0W3mt8ZUKhaLBz1JqB/hgWAhI1gbqeeU0DnqBlRjNH6sItvuOWW34s6BVomXkzLkqPecr24/JmlEhSYcK9Xx3ET7Uyw1I5zO7G6qaILJCA9ox1CBI6r86fzwGTo1Sh+FsTQlNJqrvyemOFJqEgWmM8J6qJa9TPzP66Q6vPanTCSppoIsFoUpRzpGWQqozyQlmk8MwUQycysiQywx0SarLARv+eVV0qxWvMuKe39Rrt3kcRThGE7gDDy4ghrcQR0aQCCFZ3iFN+vJerHerY9Fa8HKZ47gD6zPH3lhkQU=</latexit>

��v2

<latexit sha1_base64="Q5JN2g2cqO1GVucIWqVVF8XV5UE=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDbbSbt0Nwm7E6GU/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7zpbm3v7O5V9g9aJsk0hyZPZKLbITMgRQxNFCihnWpgKpTwEI5ucv/hCbQRSXyP4xQCxQaxiARnaKXHLg4Bmeu6vUrVq3kz0GXiF6RKCjR6la9uP+GZghi5ZMZ0fC/FYMI0Ci5h6nYzAynjIzaAjqUxU2CCyezgKT2xSp9GibYVI52pvycmTBkzVqHtVAyHZtHLxf+8TobRVTARcZohxHy+KMokxYTm39O+0MBRji1hXAt7K+VDphlHm1Eegr/48jJpndX8i5p3d16tXxdxlMkROSanxCeXpE5uSYM0CSeKPJNX8uZo58V5dz7mrSWnmDkkf+B8/gBJaI9p</latexit>

✓



Nonlinear Autonomous Systems: Equilibrium Points
<latexit sha1_base64="KKpqnOh5Q0C5Kt1dHDH5GewUQ1s="></latexit>

d~x(t)

dt
= ~f(~x(t)) 2 Rn

<latexit sha1_base64="M8eyEWlOP1pBK3ajGVXd+DG5fkE=">AAACIXicbVDLSsNAFJ34rPFVdelmsAgVoSQiWhCh6MZlFfuAJJbJdNIOnUzCzKRYQn7Fjb/ixoUi3Yk/Y9IG0dYDA2fOuZd773FDRqUyjE9tYXFpeWW1sKavb2xubRd3dpsyiAQmDRywQLRdJAmjnDQUVYy0Q0GQ7zLScgfXmd8aEiFpwO/VKCSOj3qcehQjlUqdYtUeEhw/JhY9Nh14CSdfLyn/yM6RfQFtyqHtI9V33fgueeC6rneKJaNiTADniZmTEshR7xTHdjfAkU+4wgxJaZlGqJwYCUUxI4luR5KECA9Qj1gp5cgn0oknFybwMFW60AtE+riCE/V3R4x8KUe+m1Zma8pZLxP/86xIeVUnpjyMFOF4OsiLGFQBzOKCXSoIVmyUEoQFTXeFuI8EwioNNQvBnD15njRPKuZZxbg9LdWu8jgKYB8cgDIwwTmogRtQBw2AwRN4AW/gXXvWXrUPbTwtXdDynj3wB9rXN2U2omA=</latexit>

~x[i+ 1] = ~f(~x[i]) 2 Rn



Nonlinear Autonomous Systems: Linearization
<latexit sha1_base64="jbXOGjB9Eqxyrd/fvwJnfB2uYKM=">AAACDXicbVDLSsNAFJ3UV42vqks3g1VoNyURUTdC0Y3LCvYBbSiTyaQdOnkwcyOWkB9w46+4caGIW/fu/BsnbRfaeuDC4Zx7ufceNxZcgWV9G4Wl5ZXVteK6ubG5tb1T2t1rqSiRlDVpJCLZcYligoesCRwE68SSkcAVrO2OrnO/fc+k4lF4B+OYOQEZhNznlICW+qUjs+dLQlMPpw9ZBapZ6kGGL3HqZ5WpUjXNfqls1awJ8CKxZ6SMZmj0S189L6JJwEKggijVta0YnJRI4FSwzOwlisWEjsiAdTUNScCUk06+yfCxVjzsR1JXCHii/p5ISaDUOHB1Z0BgqOa9XPzP6ybgXzgpD+MEWEini/xEYIhwHg32uGQUxFgTQiXXt2I6JDod0AHmIdjzLy+S1knNPqtZt6fl+tUsjiI6QIeogmx0juroBjVQE1H0iJ7RK3oznowX4934mLYWjNnMPvoD4/MHwPyaEA==</latexit>

dx(t)

dt
= f(x(t))Scalar case: Vector case:

<latexit sha1_base64="KKpqnOh5Q0C5Kt1dHDH5GewUQ1s="></latexit>

d~x(t)

dt
= ~f(~x(t)) 2 Rn





Nonlinear Autonomous Systems: Example
<latexit sha1_base64="eokg60nBt1qF8ijbj00ySJPXits="></latexit>

dx1(t)

dt
= x2(t)

dx2(t)

dt
= �g

`
sin(x1(t))�

k

m
x2(t)

<latexit sha1_base64="3T7Qppwj7Voo7XrE0S9+8iHUSKE=">AAACHXicbVDLSsNAFJ3UV42vqEs3g0VpQUpSiroRim5cVrAPaEKYTCft0MmDmYm0hP6IG3/FjQtFXLgR/8ZJm4W2HrjM4Zx7uXOPFzMqpGl+a4WV1bX1jeKmvrW9s7tn7B+0RZRwTFo4YhHvekgQRkPSklQy0o05QYHHSMcb3WR+54FwQaPwXk5i4gRoEFKfYiSV5Br1U3gFfdcqj1XJyhkcuzX1Vmwb6nOrtmjpumuUzKo5A1wmVk5KIEfTNT7tfoSTgIQSMyREzzJj6aSIS4oZmep2IkiM8AgNSE/REAVEOOnsuik8UUof+hFXFUo4U39PpCgQYhJ4qjNAcigWvUz8z+sl0r90UhrGiSQhni/yEwZlBLOoYJ9ygiWbKIIwp+qvEA8RR1iqQLMQrMWTl0m7VrXOq+ZdvdS4zuMogiNwDMrAAhegAW5BE7QABo/gGbyCN+1Je9HetY95a0HLZw7BH2hfP3SQm1E=</latexit>

= f1(x1(t), x2(t))

= f2(x1(t), x2(t))

<latexit sha1_base64="HntcMXo3H2IeN6R35YhZqPnMJH4="></latexit>

~x(t) =


x1(t)
x2(t)

�
=


✓(t)
d✓(t)
dt

�
<latexit sha1_base64="Q5JN2g2cqO1GVucIWqVVF8XV5UE=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDbbSbt0Nwm7E6GU/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7zpbm3v7O5V9g9aJsk0hyZPZKLbITMgRQxNFCihnWpgKpTwEI5ucv/hCbQRSXyP4xQCxQaxiARnaKXHLg4Bmeu6vUrVq3kz0GXiF6RKCjR6la9uP+GZghi5ZMZ0fC/FYMI0Ci5h6nYzAynjIzaAjqUxU2CCyezgKT2xSp9GibYVI52pvycmTBkzVqHtVAyHZtHLxf+8TobRVTARcZohxHy+KMokxYTm39O+0MBRji1hXAt7K+VDphlHm1Eegr/48jJpndX8i5p3d16tXxdxlMkROSanxCeXpE5uSYM0CSeKPJNX8uZo58V5dz7mrSWnmDkkf+B8/gBJaI9p</latexit>

✓

<latexit sha1_base64="qcDBZZz+EPs5xSQqD6luxdPThnM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpfkqFIZVGtu3Z2DrBKvIDUo0BxUv/rDiCUSlWWCGtPz3Nj6KdWWM4GzSj8xGFM2oSPsZVRRicZP57fOyFmmDEkY6ayUJXP190RKpTFTGWSdktqxWfZy8T+vl9jwxk+5ihOLii0WhYkgNiL542TINTIrphmhTPPsVsLGVFNms3jyELzll1dJ+6LuXdXdh8ta47aIowwncArn4ME1NOAemtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/Ao6Njw==</latexit>mg
<latexit sha1_base64="uAPJffwE9t0c6BXuIrFniGevI50=">AAAB+XicbVBNS8NAEN3Urxq/oh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0dxN2J4US+k+8eFDEq//Em//GbZuDVh8MPN6bYWZenAluwPe/nMra+sbmVnXb3dnd2z/wDo/aJs01ZS2ailR3Y2KY4Iq1gINg3UwzImPBOvH4bu53JkwbnqpHmGYskmSoeMIpASv1PU8OcWi4wiGMGBDX7Xs1v+4vgP+SoCQ1VKLZ9z7DQUpzyRRQQYzpBX4GUUE0cCrYzA1zwzJCx2TIepYqIpmJisXlM3xmlQFOUm1LAV6oPycKIo2Zyth2SgIjs+rNxf+8Xg7JTVRwleXAFF0uSnKBIcXzGPCAa0ZBTC0hVHN7K6YjogkFG9Y8hGD15b+kfVEPrur+w2WtcVvGUUUn6BSdowBdowa6R03UQhRN0BN6Qa9O4Tw7b877srXilDPH6Becj2/0dZKQ</latexit>

mg sin ✓

<latexit sha1_base64="zyIXcRzrp1KhyWXUHGtBeJbiBD4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GU/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnnb3dnd2z+oHB61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+y/32EyrNE/loJikGMR1KHnFGjZXaPRTCdd1+perVvDnIKvELUoUCjX7lqzdIWBajNExQrbu+l5pgSpXhTODM7WUaU8rGdIhdSyWNUQfT+bkzcmaVAYkSZUsaMld/T0xprPUkDm1nTM1IL3u5+J/XzUx0E0y5TDODki0WRZkgJiH572TAFTIjJpZQpri9lbARVZQZm1Aegr/88ippXdT8q5r3cFmt3xZxlOEETuEcfLiGOtxDA5rAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPsDGOfA==</latexit>

`

<latexit sha1_base64="Q5JN2g2cqO1GVucIWqVVF8XV5UE=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDbbSbt0Nwm7E6GU/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7zpbm3v7O5V9g9aJsk0hyZPZKLbITMgRQxNFCihnWpgKpTwEI5ucv/hCbQRSXyP4xQCxQaxiARnaKXHLg4Bmeu6vUrVq3kz0GXiF6RKCjR6la9uP+GZghi5ZMZ0fC/FYMI0Ci5h6nYzAynjIzaAjqUxU2CCyezgKT2xSp9GibYVI52pvycmTBkzVqHtVAyHZtHLxf+8TobRVTARcZohxHy+KMokxYTm39O+0MBRji1hXAt7K+VDphlHm1Eegr/48jJpndX8i5p3d16tXxdxlMkROSanxCeXpE5uSYM0CSeKPJNX8uZo58V5dz7mrSWnmDkkf+B8/gBJaI9p</latexit>

✓



Nonlinear Autonomous Systems: Example

<latexit sha1_base64="w5ZgJNMnbJhWJSLobpS/k1/itf4="></latexit>

J~x ~f(~x) |(x⇤
1 ,x

⇤
2)
=

"
@f1
@x1

(x⇤
1, x

⇤
2)

@f1
@x2

(x⇤
1, x

⇤
2)

@f2
@x1

(x⇤
1, x

⇤
2)

@f2
@x2

(x⇤
1, x

⇤
2)

#<latexit sha1_base64="KRnYvMMAs+ofoupcoBTnR4yiAoA=">AAACE3icbVDLSgNBEJyNrxhfqx69DAYhBgy7IupFCHrxGME8IIlhdtJJhsw+mOkNhiX/4MVf8eJBEa9evPk3bjYRNLFgoLqqm54uJ5BCo2V9GamFxaXllfRqZm19Y3PL3N6paD9UHMrcl76qOUyDFB6UUaCEWqCAuY6EqtO/GvvVASgtfO8WhwE0Xdb1REdwhrHUMvONAfCo0QaJbJTDQ3pBE+U+KY5+irt8JtMys1bBSkDniT0lWTJFqWV+Nto+D13wkEumdd22AmxGTKHgEkaZRqghYLzPulCPqcdc0M0ouWlED2KlTTu+ip+HNFF/T0TM1XroOnGny7CnZ72x+J9XD7Fz3oyEF4QIHp8s6oSSok/HAdG2UMBRDmPCuBLxXynvMcU4xjGOQ7BnT54nleOCfVqwbk6yxctpHGmyR/ZJjtjkjBTJNSmRMuHkgTyRF/JqPBrPxpvxPmlNGdOZXfIHxsc3NNmccA==</latexit>

~�(t) = ~x(t)� ~x⇤

<latexit sha1_base64="cj9+6nZOftG6FdoVH0w/do4+gXs=">AAACN3icbZDJSgNBEIZ73B23qEcvjUFILmFGRL0IohdPomCikAmhp6cmadKz0F0jhmHeyouv4U0vHhTx6hvYWcC4FDT8/F8V1fX7qRQaHefJmpqemZ2bX1i0l5ZXVtdK6xsNnWSKQ50nMlE3PtMgRQx1FCjhJlXAIl/Ctd87HfDrW1BaJPEV9lNoRawTi1BwhsZql85tL1SM54F3Czz3ApDIigpWizzAgh7RSXo3CejQCovKN6radrtUdmrOsOhf4Y5FmYzrol169IKEZxHEyCXTuuk6KbZyplBwCYXtZRpSxnusA00jYxaBbuXDuwu6Y5yAhokyL0Y6dCcnchZp3Y980xkx7OrfbGD+x5oZhoetXMRphhDz0aIwkxQTOgiRBkIBR9k3gnElzF8p7zKTFJqoByG4v0/+Kxq7NXe/5lzulY9PxnEskC2yTSrEJQfkmJyRC1InnNyTZ/JK3qwH68V6tz5GrVPWeGaT/Cjr8wvvLavg</latexit>

d~�(t)

dt
=

d~x(t)

dt
= ~f(~x(t))

<latexit sha1_base64="HntcMXo3H2IeN6R35YhZqPnMJH4="></latexit>

~x(t) =


x1(t)
x2(t)

�
=


✓(t)
d✓(t)
dt

�
<latexit sha1_base64="Q5JN2g2cqO1GVucIWqVVF8XV5UE=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDbbSbt0Nwm7E6GU/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7zpbm3v7O5V9g9aJsk0hyZPZKLbITMgRQxNFCihnWpgKpTwEI5ucv/hCbQRSXyP4xQCxQaxiARnaKXHLg4Bmeu6vUrVq3kz0GXiF6RKCjR6la9uP+GZghi5ZMZ0fC/FYMI0Ci5h6nYzAynjIzaAjqUxU2CCyezgKT2xSp9GibYVI52pvycmTBkzVqHtVAyHZtHLxf+8TobRVTARcZohxHy+KMokxYTm39O+0MBRji1hXAt7K+VDphlHm1Eegr/48jJpndX8i5p3d16tXxdxlMkROSanxCeXpE5uSYM0CSeKPJNX8uZo58V5dz7mrSWnmDkkf+B8/gBJaI9p</latexit>

✓

<latexit sha1_base64="qcDBZZz+EPs5xSQqD6luxdPThnM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpfkqFIZVGtu3Z2DrBKvIDUo0BxUv/rDiCUSlWWCGtPz3Nj6KdWWM4GzSj8xGFM2oSPsZVRRicZP57fOyFmmDEkY6ayUJXP190RKpTFTGWSdktqxWfZy8T+vl9jwxk+5ihOLii0WhYkgNiL542TINTIrphmhTPPsVsLGVFNms3jyELzll1dJ+6LuXdXdh8ta47aIowwncArn4ME1NOAemtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/Ao6Njw==</latexit>mg
<latexit sha1_base64="uAPJffwE9t0c6BXuIrFniGevI50=">AAAB+XicbVBNS8NAEN3Urxq/oh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0dxN2J4US+k+8eFDEq//Em//GbZuDVh8MPN6bYWZenAluwPe/nMra+sbmVnXb3dnd2z/wDo/aJs01ZS2ailR3Y2KY4Iq1gINg3UwzImPBOvH4bu53JkwbnqpHmGYskmSoeMIpASv1PU8OcWi4wiGMGBDX7Xs1v+4vgP+SoCQ1VKLZ9z7DQUpzyRRQQYzpBX4GUUE0cCrYzA1zwzJCx2TIepYqIpmJisXlM3xmlQFOUm1LAV6oPycKIo2Zyth2SgIjs+rNxf+8Xg7JTVRwleXAFF0uSnKBIcXzGPCAa0ZBTC0hVHN7K6YjogkFG9Y8hGD15b+kfVEPrur+w2WtcVvGUUUn6BSdowBdowa6R03UQhRN0BN6Qa9O4Tw7b877srXilDPH6Becj2/0dZKQ</latexit>

mg sin ✓

<latexit sha1_base64="zyIXcRzrp1KhyWXUHGtBeJbiBD4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GU/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnnb3dnd2z+oHB61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+y/32EyrNE/loJikGMR1KHnFGjZXaPRTCdd1+perVvDnIKvELUoUCjX7lqzdIWBajNExQrbu+l5pgSpXhTODM7WUaU8rGdIhdSyWNUQfT+bkzcmaVAYkSZUsaMld/T0xprPUkDm1nTM1IL3u5+J/XzUx0E0y5TDODki0WRZkgJiH572TAFTIjJpZQpri9lbARVZQZm1Aegr/88ippXdT8q5r3cFmt3xZxlOEETuEcfLiGOtxDA5rAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPsDGOfA==</latexit>

`

<latexit sha1_base64="Q5JN2g2cqO1GVucIWqVVF8XV5UE=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDbbSbt0Nwm7E6GU/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7zpbm3v7O5V9g9aJsk0hyZPZKLbITMgRQxNFCihnWpgKpTwEI5ucv/hCbQRSXyP4xQCxQaxiARnaKXHLg4Bmeu6vUrVq3kz0GXiF6RKCjR6la9uP+GZghi5ZMZ0fC/FYMI0Ci5h6nYzAynjIzaAjqUxU2CCyezgKT2xSp9GibYVI52pvycmTBkzVqHtVAyHZtHLxf+8TobRVTARcZohxHy+KMokxYTm39O+0MBRji1hXAt7K+VDphlHm1Eegr/48jJpndX8i5p3d16tXxdxlMkROSanxCeXpE5uSYM0CSeKPJNX8uZo58V5dz7mrSWnmDkkf+B8/gBJaI9p</latexit>

✓





Nonlinear Control Systems: Operating Points
<latexit sha1_base64="xFNZMR6kN1TgJuBdMbPVckC8E/k="></latexit>

~x[i+ 1] = ~f(~x[i], ~u[i]) 2 Rn

<latexit sha1_base64="jEl8oB49W3/Al1ztIBW9DsR4eTo="></latexit>

d~x(t)

dt
= ~f(~x(t), ~u(t)) 2 Rn



Nonlinear Control Systems: Linearization
<latexit sha1_base64="p6YcF/gdgJ34y7UasJ+atq/MsUE=">AAACFXicbVDLSgMxFM34dnxVXboJFqGFUmZE1I1QdONSwbZCO5RMJlODmQfJHbGE+Qk3/oobF4q4Fdz5N2baWaj1wOUezrmX5B4/FVyB43xZM7Nz8wuLS8v2yura+kZlc6ujkkxS1qaJSOS1TxQTPGZt4CDYdSoZiXzBuv7tWeF375hUPImvYJQyLyLDmIecEjDSoNKw+6EkVAdY3+c1qOc6gByfYB3mtYnSwDoret22B5Wq03TGwNPELUkVlbgYVD77QUKziMVABVGq5zopeJpI4FSw3O5niqWE3pIh6xkak4gpT4+vyvGeUQIcJtJUDHis/tzQJFJqFPlmMiJwo/56hfif18sgPPY0j9MMWEwnD4WZwJDgIiIccMkoiJEhhEpu/orpDTEpgQmyCMH9e/I06ew33cOmc3lQbZ2WcSyhHbSLashFR6iFztEFaiOKHtATekGv1qP1bL1Z75PRGavc2Ua/YH18AyCKnN4=</latexit>

dx(t)

dt
= f(x(t), u(t))Scalar case:



Nonlinear Control Systems: Example

<latexit sha1_base64="B/0yEN6mQXniHHWhfVa1qx1MH58=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARKmpJiqgboejGZQV7gbaWyWRSh04uzJwUSshLuPFV3LhQxK3gzrdx0nahrT8MfPznHM6c34kEV2BZ30ZuYXFpeSW/Wlhb39jcMrd3GiqMJWV1GopQthyimOABqwMHwVqRZMR3BGs6g+us3hwyqXgY3MEoYl2f9APucUpAWz3z2McdTxKaDEtwmCYupPgSn+COw4DgzLuv4CMca8CFQs8sWmVrLDwP9hSKaKpaz/zquCGNfRYAFUSptm1F0E2IBE4FSwudWLGI0AHps7bGgPhMdZPxVSk+0I6LvVDqFwAeu78nEuIrNfId3ekTeFCztcz8r9aOwbvoJjyIYmABnSzyYoEhxFlE2OWSURAjDYRKrv+K6QPRIYEOMgvBnj15HhqVsn1Wtm5Pi9WraRx5tIf2UQnZ6BxV0Q2qoTqi6BE9o1f0ZjwZL8a78TFpzRnTmV30R8bnD+3lm3Y=</latexit>

m
v(t)

dt
= ��v(t)2 + u(t)

<latexit sha1_base64="zQ/Ju6CBhitdrzraF1E0b4eeVWU=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEIXixJEfVY9OKxgv2ANpbNdtMu3WzC7qZQS3+JFw+KePWnePPfuGlz0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4be/s7u2XnIPDpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0W3mt8ZUKhaLBz1JqB/hgWAhI1gbqeeU0DnqBlRjNH6sItvuOWW34s6BVomXkzLkqPecr24/JmlEhSYcK9Xx3ET7Uyw1I5zO7G6qaILJCA9ox1CBI6r86fzwGTo1Sh+FsTQlNJqrvyemOFJqEgWmM8J6qJa9TPzP66Q6vPanTCSppoIsFoUpRzpGWQqozyQlmk8MwUQycysiQywx0SarLARv+eVV0qxWvMuKe39Rrt3kcRThGE7gDDy4ghrcQR0aQCCFZ3iFN+vJerHerY9Fa8HKZ47gD6zPH3lhkQU=</latexit>

��v2
<latexit sha1_base64="daNIhNDe7LH45KhgPBIFSgQyvqA="></latexit>

dx(t)

dt
= � �

m
x(t)2 +

1

m
u(t) = f(x(t), u(t))


