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Nonlinear Autonomous Systems: Equilibrium Points
<latexit sha1_base64="KKpqnOh5Q0C5Kt1dHDH5GewUQ1s="></latexit>

d~x(t)

dt
= ~f(~x(t)) 2 Rn
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~x[i+ 1] = ~f(~x[i]) 2 Rn



Nonlinear Control Systems: Operating Points
<latexit sha1_base64="xFNZMR6kN1TgJuBdMbPVckC8E/k="></latexit>

~x[i+ 1] = ~f(~x[i], ~u[i]) 2 Rn

<latexit sha1_base64="jEl8oB49W3/Al1ztIBW9DsR4eTo="></latexit>

d~x(t)

dt
= ~f(~x(t), ~u(t)) 2 Rn



Nonlinear Control Systems: Linearization

Scalar case:
<latexit sha1_base64="qyByajzOX0uEAT0B9xSGnLkSqU4="></latexit>

dx(t)

dt
= f(x(t), u(t)) 2 R



Nonlinear Control Systems: Example
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��v2
<latexit sha1_base64="daNIhNDe7LH45KhgPBIFSgQyvqA="></latexit>

dx(t)

dt
= � �

m
x(t)2 +

1

m
u(t) = f(x(t), u(t))
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m
v(t)

dt
= ��v(t)2 + u(t)



Nonlinear Control Systems: Example
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��v2
<latexit sha1_base64="daNIhNDe7LH45KhgPBIFSgQyvqA="></latexit>

dx(t)

dt
= � �

m
x(t)2 +

1

m
u(t) = f(x(t), u(t))



Nonlinear Control Systems: Linearization

Vector case:
<latexit sha1_base64="hS7q7DCWJWWYSYeLqciKkK/347g=">AAACJHicbZDLSsNAFIYnXmu8VV26GSxCC1ISERVEKLpxWcFeoC1lMpm0QycXZk6KJeRh3Pgqblx4wYUbn8VJW1BbDwx8/P85nDm/EwmuwLI+jYXFpeWV1dyaub6xubWd39mtqzCWlNVoKELZdIhiggesBhwEa0aSEd8RrOEMrjO/MWRS8TC4g1HEOj7pBdzjlICWuvkLs+1JQhO3PWQ0uU+LUEoTF1J8iceKlxZ/nKOJFmdcMs1uvmCVrXHhebCnUEDTqnbzb203pLHPAqCCKNWyrQg6CZHAqWCp2Y4ViwgdkB5raQyIz1QnGR+Z4kOtuNgLpX4B4LH6eyIhvlIj39GdPoG+mvUy8T+vFYN33kl4EMXAAjpZ5MUCQ4izxLDLJaMgRhoIlVz/FdM+0aGBzjULwZ49eR7qx2X7tGzdnhQqV9M4cmgfHaAistEZqqAbVEU1RNEDekIv6NV4NJ6Nd+Nj0rpgTGf20J8yvr4BA8WjvA==</latexit>

d~x(t)

dt
= ~f(~x(t), ~u(t))



Nonlinear Control Systems: Linearization
Example:

<latexit sha1_base64="hS7q7DCWJWWYSYeLqciKkK/347g=">AAACJHicbZDLSsNAFIYnXmu8VV26GSxCC1ISERVEKLpxWcFeoC1lMpm0QycXZk6KJeRh3Pgqblx4wYUbn8VJW1BbDwx8/P85nDm/EwmuwLI+jYXFpeWV1dyaub6xubWd39mtqzCWlNVoKELZdIhiggesBhwEa0aSEd8RrOEMrjO/MWRS8TC4g1HEOj7pBdzjlICWuvkLs+1JQhO3PWQ0uU+LUEoTF1J8iceKlxZ/nKOJFmdcMs1uvmCVrXHhebCnUEDTqnbzb203pLHPAqCCKNWyrQg6CZHAqWCp2Y4ViwgdkB5raQyIz1QnGR+Z4kOtuNgLpX4B4LH6eyIhvlIj39GdPoG+mvUy8T+vFYN33kl4EMXAAjpZ5MUCQ4izxLDLJaMgRhoIlVz/FdM+0aGBzjULwZ49eR7qx2X7tGzdnhQqV9M4cmgfHaAistEZqqAbVEU1RNEDekIv6NV4NJ6Nd+Nj0rpgTGf20J8yvr4BA8WjvA==</latexit>

d~x(t)

dt
= ~f(~x(t), ~u(t))
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linear model
d
dt

d~x(t) = J~x~f (~x?,~u?) · d~x(t) + J~u~f (~x?,~u?) · d~u(t) (66)

for d~x(t) and d~u(t) very small (i.e., ~x(t) ⇡ ~x? and ~u(t) ⇡ ~u?).

Warning 21
The linearization is only valid when the state-input pair (~x(t),~u(t)) is contained in a small neighbor-
hood of the equilibrium point (~x?,~u?).

4 Examples

Most examples "in the wild" are in continuous-time, since they are motivated by physics. We could dis-
cretize our continuous-time nonlinear models and get discrete-time nonlinear models, however.

4.1 Circuits Example

While we could discuss the nonlinear BJT model we alluded to, that model is quite complicated and thus
not suitable for an example. Instead we will discuss the case of a tunnel diode model. A tunnel diode is
characterized by an I-V relationship where, for a certain voltage range, the current decreases with increasing
voltage. (This is due to a quantum mechanical effect called tunneling).

+

�

vD

iD

vD

iD

iD = g(vD)

Now consider the circuit below:

�
+vin(t)

+

�

vR(t)

+ �
vL(t)

iL(t)

+

�

vC(t)

iC(t)

+

�

vD(t)

iD(t)
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a tunnel diode
<latexit sha1_base64="BhocnWJBbJRNhlM805cJKE44ul8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LBahXkoiRT0W9eCxgv2ANpTNdtMu3Wzi7qZQQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZ58ecKe0431ZhbX1jc6u4be/s7u0flA6PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x7eZ355QqVgkHvU0pl6Ih4IFjGBtpM6wMunfndt2v1R2qs4caJW4OSlDjka/9NUbRCQJqdCEY6W6rhNrL8VSM8LpzO4lisaYjPGQdg0VOKTKS+f3ztCZUQYoiKQpodFc/T2R4lCpaeibzhDrkVr2MvE/r5vo4NpLmYgTTQVZLAoSjnSEsufRgElKNJ8agolk5lZERlhiok1EWQju8surpHVRdS+rzkOtXL/J4yjCCZxCBVy4gjrcQwOaQIDDM7zCm/VkvVjv1seitWDlM8fwB9bnDxxojrQ=</latexit>

g(vD)



Nonlinear Control Systems: Linearization
Example: operating points.
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Nonlinear Control Systems: Linearization

Example: interpretation of operating points.

EECS 16B Note 18: Linearization 2022-09-19 19:43:06-07:00

Using KVL and KCL, and the fact that iD(t) = g(vD(t)), we get the state model

d
dt

vC(t) = � 1
C

g(vC(t)) +
1
C

iL(t) (67)

d
dt

iL(t) = � 1
L

vC(t) +
R
L

iL(t)�
1
L

vin(t). (68)

Thus ~f is given by

~f (vC, iL| {z }
=~x

, vin|{z}
=u

) =

"
� 1

C g(vC) +
1
C iL

� 1
L vC + R

L iL � 1
L vin

#
. (69)

To find an equilibrium point, we set ~f (v?C, i?L, v?in) to 0 (since this is an instance of Continuous-Time
Time-Invariant Differential Equation Model) and solve for v?C, i?L, and v?in. Indeed, we have the system of
equations

0 = � 1
C

g(vC(t)) +
1
C

iL(t) (70)

0 = � 1
L

vC(t) +
R
L

iL(t)�
1
L

vin(t). (71)

Solving, we get that the equilibrium point (v?C, i?L, v?in) is any triple which satisfies the equations

i?L = g(v?C) (72)

i?L =
v?C + v?in

R
. (73)

To get further insight into equilibrium states of circuits, note that to solve for the equilibrium we set d
dt vC(t)

and d
dt iL(t) to 0. Since iC(t) = C dvC(t)

dt and vL(t) = L diL(t)
dt , we thus have that at equilibrium, iC(t) = 0 and

vL(t) = 0. Thus at equilibrium, the capacitor acts like an open circuit and the inductor like a short circuit.
Redrawing the circuit, this is the picture at equilibrium:

�
+v?in

+

�

vR(t)

iL(t)

+

�

vC(t)

+

�

vD(t)

iD(t)

We can linearize this new, simplified system to analyze small perturbations to vC, iL, vin from the equi-
librium states v?C, i?L, v?in.

4.2 Mechanics Example

Consider the following pendulum with mass m:
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Nonlinear Control Systems: Linearization

Example: linearized system.



Nonlinear Control Systems: Linearization

Example: stability and controllability of the linearized system.


