EECS 16B

Designing Information Devices and Systems li
Lecture 27
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« Complex Linear Algebra

Complex linear vector space

Norm and inner product

Unitary matrix, Hermitian matrix
Gram-Schmidt, Schur Decomposition, SVD

Least Squares and Minimum Norm Solutions



Vector Space

A vector space:(V,F) is closed under vector addition and scalar multiplication:

Vi, €V, andVa,3€F  «a-v1+5-13 €V
The addition is associative and commutative; there is an identity/zero vector 0 , and every vector has an inverse.

The multiplication is associative, commutative, and distributive; there is an identity scalar 1.

A norm || - || on the vector space satisfies:
| >0 VZeV and ||Z|=0<2=0

aZ| =la|- |Z| VEEV, acTF

Tyl <zl +7l, vZ,geV



Real versus Complex Vector Space

(V7 ]F) — (anR)
11| real vector transpose
9o -
T = : ceR" ¥ =|r1,T2,...,Ty]
Ln
B B n
Inner product: (T, ¥) = Zmzyz =g g=2"y
i=1
mn
2-norm: HfH2 = (7, %) = 7' i = xzz
1=1

(V,F) = (C",C) (note2j)

T complex conjugate transpose
5 L2 n o . =\ | _ _
T=|. eC", =« :(x) = |Z1,T2, .-+, Tn]
Ln
B - n
<fag> — ZilYi :g*f (:f*g: <g7 _)>)
=1 n n
1Z||? = (2,2) = 2% = T, T; = |2, |2
1=1 1=1
n
1] = 4]
\ &




Complex Vector Norm and Inner Product



(V,F) = (R",R)

Real versus Complex Matrix

real matrix transpose

ai2
a2

a1
a2

Am,n—1

Am—1,n

E Ran

6 RnXm

A*

(V,F) = (C",C)

complex conjugate transpose

ail
aai

a2
a2

a1
a2

Am,n—1

C_Lm—l,n

6 (men

E CnXm



Complex Matrices

Algebraic manipulations, row, column, null space, rank, inverse, eigenvectors and eigenvalues are all
similar to those of real matrices.



Real versus Complex Matrices

(V,F) = (R",R) (V,F) = (C",C)
Orthogonal Matrix: Q = [q1, @3, - .., @n] € R™ ™ | Unitary Matrix: @ = G, G5, ..., Gn] € CHET
ST o 0 ifi#j (orthogonal) - ) 0 ifi#j (orthogonal)
GhG=Y 1 ifi=j (normalized) G =1 ifi= (normalized)

Q'Q=1=QQ"' Q*Q=1=QQ"



Gram-Schimdt Orthonormalization (QR)

—

D:[afl,cfg,...,dk] c R™*F (Lecture 17)

11T Ti12 - Tik
S L S L . 0 roo -+ Top
QR [d17d27 7dk] — [QI7QZ7 7Qk] .
i O O Tkk_
Gram-Schimdt: 71 = d; q1 = 51/ 21
Zo = ; — (Cizrﬁfl)@ 672 — 22/ 22
> — _’T—’ = —*'|—_, - - o —
73 =d3 — (d3 1)1 — (d3 @)@ 3 = Z3/|| 73

7o =di— > (d]@)d; Tx = 21/ 2k



Gram-Schimdt Orthonormalization (QR)
D = [cﬂ,c@,,cfk] S crxk

1 Tri2 o Tk
S S o . 0 rog -+ Top
QR: [d17d27"'7dk]:[Q17QQ7"'7QI€] .
i O O Tlck_
Gram-Schimdt: 21 = d1 671 — 51/ 271
Zo =dg — < 276.71>(71 672 — 52/ 52
7y =ds — (ds, (1)1 — (d3, ) o G = 23/ Z3
k—1 — — —
Ze=dp— Y {dy, T Gk = Zk /| Zk ||



Schur Decomposition (Upper Triangularization)

Algorithm 10 Real Schur Decomposition

A e R™™ (Lecture 18)

Input: A square matrix A € R"*" with real eigenvalues.

(t11 tio - tin ] Output: An orthonormal matrix U € R"*" and an upper-triangular matrix T € R"*" such that A =
: N 0  tos -+ top urtur.
T=U"AU=U AU=| . , : 1: function REALSCHURDECOMPOSITION(A)
0 ' O. 22 if Ais1 x 1then
L brn 3: return [1] LA
4: end if
5: (1,A1) := FINDEIGENVECTOREIGENVALUE(A)
6: Q := EXTENDBASIS({71 }, R") > Extend {47} to a basis of R"” using Gram-Schmidt; see Note 13
7: Unpack Q := [(71 QV}
PV
8: Compute and unpack QT AQ = | | ! 612
Op—1 Az
9: (P,T) := REALSCHURDECOMPOSITION(A2,)
w0 U=q OP)
=T
11: T:= _,Al LllEP
0,1 T

122 return (U, T)

13: end function




Schur Decomposition (Upper Triangularization)

Algorithm 64 Schur Decomposition

A E C’I’LXTL

Input: A square matrix A € C"*".
t11 tio -+ t1,| Output: Aunitary matrix U € C"*" and an upper-triangular matrix T € C"*" such that A = UTU".
0 too -+ ton 1: function SCHURDECOMPOSITION(A)
if Ais1 x 1 then
return [1] LA

T=U"AU =U*AU = )
3
4: end if
5
6
7

(q1,A1) := FINDEIGENVECTOREIGENVALUE(A)

Q := EXTENDBASIS({71},C") > Extend {7 } to a basis of C" using Gram-Schmidt
Unpack Q := [171 @]
Moo
a
8: Compute and unpack Q*AQ = [4 ! 12
Op—1 Ax
9: (P, T):= SCHURDECOMPOSITION(A»))
0. U:= [q’l QP]
—%
A a1, P
11: T:= |, ! al%
6,1 T

122 return (U, T)

13: end function




Spectral Theorem (Diagonalization)

Real symmetric: A = A' € R™X" (Lecture 19)

VIAV = VAV =

A1
0

0

0

0

0
0

An

Hermitian matrix: A = A* € C"**"

VAV = V*AV =

A1
0

0

0

0

0
0

An

All eigenvalues are real, can be diagonalized by a unitary matrix, and all eigenvectors are orthogonal.

(Proof?)




Singular Value Decomposition

Given A € R™*"™ withrank(A) = r, we like to decompose it into a special matrix form: (Lecture 22)

V = [#,...,¥,] orthonormal e.v.’s for A" A  eigenvalues of ATA (or AAT): A\ >---> X >0---0

U = |u1,...,Un,| orthonormal e.v.’s for AAT ¥, =diag{o1 = V1, ...,00 = VAP >0

op 0 -+ 0 o2l
77T
Compact SVD: A = Uf,nErVTT = |1, U, - - ., U] O o 2
; 01| &

0 -~ 0 o LU

-
Full SVD: A — Uzv—r — [Ur, Um_,r.] ZT‘ O’PX(TL—’P) V_,,|:
O(m—'r')><'r O(m—fr)x(n—r) r



Singular Value Decomposition

Given A € C™* "™ with rank(A) = r, we like to decompose it into a special matrix form:

V = [th,...,U,] orthonormal e.v.’s for A*A eigenvalues of A*A (or AA*): A\ >---> X >0--

U = [u1,...,Uny,] orthonormal e.v.’s for AA* ¥, =diag{o; =V A1,...,0. =V A} >0

opr 0 -+ 0 o

; Ua

Compact SVD: A = U, X, V." = [y, Ua, . .., U] e .2

; e 0 |
0 0 o Lo

Full SVD: A _ UEV* _ [UT.7 Um_,r] E’r’ OTX(’I’L—T) ‘{k:'“
O(m—r)Xr O(m—’r)x(n—r) Vn—rr

-0



Moore-Penrose Inverse

AeR™*™  (Lecture 23) A e Omxn
A=USVT =U [ b Orx(n—r) ] VT A=USV*=U [ X Orx(n—r) ] v
O(m—'r)xr O(m—r)x(n—r) O(m—r)xr O(m—r)x(n—r)

2;1 Orx(n—r)
O(m—r)Xr O(m—r)x(n—r)

2;1 Orx(n—r)
O(m—r)xr O(m—r)x(n—r)

Al :V[ ]UT =Vv.xtul | Al :V[ ]U* =V, U



Solutions to Systems of Linear Equations
j=AT: ¥, = Aly

Cases:

1. square and full rank;

2. full column rank (least squares);
3. full row rank (least norm);

4. general.



Solutions to Systems of Linear Equations
j=AT: ¥, = Aly

Cases:
square and full rank;
full column rank (least squares);

full row rank (least norm);
general.

hobh=




Solutions to Systems of Linear Equations
j=AT: ¥, = Aly

Cases:

1. square and full rank;

2. full column rank (least squares);
3. full row rank (least norm);

4. general.

“rotation” scaling “rotation”



