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Outline
• Complex Linear Algebra

• Complex linear vector space

• Norm and inner product

• Unitary matrix, Hermitian matrix

• Gram-Schmidt, Schur Decomposition, SVD

• Least Squares and Minimum Norm Solutions



Vector Space
A vector space: 

<latexit sha1_base64="aere/mTe4OmGe7DJU0x0XOmjFrc=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFqCAlEVGXRUFcVrAXaEOZTCft0MmFmYlQQhZufBU3LhRx60O4822ctBG09YeBj/+cw5zzuxFnUlnWl1FYWl5ZXSuulzY2t7Z3zN29lgxjQWiThDwUHRdLyllAm4opTjuRoNh3OW2746us3r6nQrIwuFOTiDo+HgbMYwQrbfXNcrXnYzVy3aSVHqMfvk6PUKnUNytWzZoKLYKdQwVyNfrmZ28QktingSIcS9m1rUg5CRaKEU7TUi+WNMJkjIe0qzHAPpVOMj0iRYfaGSAvFPoFCk3d3xMJ9qWc+K7uzLaU87XM/K/WjZV34SQsiGJFAzL7yIs5UiHKEkEDJihRfKIBE8H0roiMsMBE6dyyEOz5kxehdVKzz2rW7WmlfpnHUYQyHEAVbDiHOtxAA5pA4AGe4AVejUfj2Xgz3metBSOf2Yc/Mj6+AXnvlq8=</latexit>

(V,F)

<latexit sha1_base64="Bc2R44McSErW0pd4FHBRw2LNsCM="></latexit>

8~v1,~v2 2 V, and 8↵,� 2 F

The addition is associative and commutative; there is an identity/zero vector    , and every vector has an inverse.

The multiplication is associative, commutative, and distributive; there is an identity scalar 1.

A norm on the vector space satisfies:

is closed under vector addition and scalar multiplication:

<latexit sha1_base64="emoMRp4HFIXGPuB+bjYMqKSF904=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZe6sX664VXcBsk68nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclXqpxoSyMR1i11JJI9R+tjh3Ri6sMiBhrGxJQxbq74mMRlpPo8B2RtSM9Ko3F//zuqkJb/2MyyQ1KNlyUZgKYmIy/50MuEJmxNQSyhS3txI2oooyYxMq2RC81ZfXSeuq6tWq7uN1pX6Xx1GEMziHS/DgBurwAA1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP0Yhj4c=</latexit>

~0

<latexit sha1_base64="Mt1C0MKcM4/95o5IrzLcS7iGb7A=">AAAB8HicbVDLSsNAFJ34rPVVdekmWARXJRFRl0U3LivYhzShTCaTdug8wsyNUNJ+hRsXirj1c9z5N07bLLT1wIXDOfdy7z1RypkBz/t2VlbX1jc2S1vl7Z3dvf3KwWHLqEwT2iSKK92JsKGcSdoEBpx2Uk2xiDhtR8Pbqd9+otowJR9glNJQ4L5kCSMYrPQYjAMSKwjGvUrVq3kzuMvEL0gVFWj0Kl9BrEgmqATCsTFd30shzLEGRjidlIPM0BSTIe7TrqUSC2rCfHbwxD21SuwmStuS4M7U3xM5FsaMRGQ7BYaBWfSm4n9eN4PkOsyZTDOgkswXJRl3QbnT792YaUqAjyzBRDN7q0sGWGMCNqOyDcFffHmZtM5r/mXNu7+o1m+KOEroGJ2gM+SjK1RHd6iBmogggZ7RK3pztPPivDsf89YVp5g5Qn/gfP4ACBSQjw==</latexit>

k · k

<latexit sha1_base64="7b9a+WFlsHg7LmSiw/97uJu2qjU="></latexit>

k~x+ ~yk  k~xk+ k~yk, 8~x, ~y 2 V

<latexit sha1_base64="pyVA7D3K6M+eV9jyDsdSdVZ1FtM=">AAACJHicbVDJSgNBEO2JW4xb1KOXxiAIQpgJooKXoBePEcwCmRB6OpWkSU/P0F0TCEM+xou/4sWDCx68+C12loMmPih4vFdFVb0glsKg6345mZXVtfWN7GZua3tndy+/f1AzUaI5VHkkI90ImAEpFFRRoIRGrIGFgYR6MLid+PUhaCMi9YCjGFoh6ynRFZyhldr5a5/JuM983omQ+kPg6XDc9ugZ9QPABblEfaGoHzLsB0FaG7fzBbfoTkGXiTcnBTJHpZ1/9zsRT0JQyCUzpum5MbZSplFwCeOcnxiIGR+wHjQtVSwE00qnT47piVU6tBtpWwrpVP09kbLQmFEY2M7JhWbRm4j/ec0Eu1etVKg4QVB8tqibSIoRnSRGO0IDRzmyhHEt7K2U95lmHG2uORuCt/jyMqmVit5F0b0/L5Rv5nFkyRE5JqfEI5ekTO5IhVQJJ4/kmbySN+fJeXE+nM9Za8aZzxySP3C+fwCbKKTL</latexit>

↵ · ~v1 + � · ~v2 2 V

<latexit sha1_base64="gd5P+Qr9g6WrDFql+qs8lnyG8UM="></latexit>

k↵~xk = |↵| · k~xk 8~x 2 V, ↵ 2 F

<latexit sha1_base64="3VwxyTpdRv2CO93AEQiAnJbqeWg="></latexit>

k~xk � 0 8~x 2 V and k~xk = 0 , ~x = ~0



Real versus Complex Vector Space
<latexit sha1_base64="/TYuNcqCXoP65jzKSQQcqRa8dAg=">AAACIHicbZDLSsNAFIYnXmu8RV26GSxCC1ISEetGKArishZ7gTaWyXTSDp1MwsxEKCGP4sZXceNCEd3p05i08dZ6YODj/89hzvmdgFGpTPNdm5tfWFxazq3oq2vrG5vG1nZD+qHApI595ouWgyRhlJO6ooqRViAI8hxGms7wPPWbt0RI6vNrNQqI7aE+py7FSCVS1ygXOh5SA8eJGvEB/OKLuAhP4bdVi2/4j1mLi7reNfJmyRwXnAUrgzzIqto13jo9H4ce4QozJGXbMgNlR0goihmJ9U4oSYDwEPVJO0GOPCLtaHxgDPcTpQddXySPKzhWf09EyJNy5DlJZ7qknPZS8T+vHSr3xI4oD0JFOJ585IYMKh+macEeFQQrNkoAYUGTXSEeIIGwSjJNQ7CmT56FxmHJOi6ZV0f5ylkWRw7sgj1QABYogwq4BFVQBxjcgQfwBJ61e+1Re9FeJ61zWjazA/6U9vEJKeWhtQ==</latexit>

(V,F) = (Rn,R)
<latexit sha1_base64="SVJcpswQlgEKlMeBSfxy9A+Wk4g=">AAACIHicbZDLSsNAFIYn9VbjLerSzWARWpCSiFg3QrEgLivYC7SxTKaTduhkEmYmQgl5FDe+ihsXiuhOn8akjbfWAwMf/38Oc87vBIxKZZrvWm5hcWl5Jb+qr61vbG4Z2ztN6YcCkwb2mS/aDpKEUU4aiipG2oEgyHMYaTmjWuq3bomQ1OfXahwQ20MDTl2KkUqknlEpdj2kho4TNeND+MUXcQmewW+rFt/wH7MWl3S9ZxTMsjkpOA9WBgWQVb1nvHX7Pg49whVmSMqOZQbKjpBQFDMS691QkgDhERqQToIceUTa0eTAGB4kSh+6vkgeV3Ci/p6IkCfl2HOSznRJOeul4n9eJ1TuqR1RHoSKcDz9yA0ZVD5M04J9KghWbJwAwoImu0I8RAJhlWSahmDNnjwPzaOydVI2r44L1fMsjjzYA/ugCCxQAVVwCeqgATC4Aw/gCTxr99qj9qK9TltzWjazC/6U9vEJ+xShlw==</latexit>

(V,F) = (Cn,C)

<latexit sha1_base64="FZA1mpC1TF8n0TqK3Tf/j+0EY7k=">AAACEXicbVDLSsNAFJ3UV62vqks3g0XoqiRF1E2h6MZlBfuAJg2T6aQdOpnEmUlpSfMLbvwVNy4UcevOnX/j9LHQ1gMXDufcy733eBGjUpnmt5FZW9/Y3Mpu53Z29/YP8odHDRnGApM6DlkoWh6ShFFO6ooqRlqRICjwGGl6g5up3xwSIWnI79U4Ik6Aepz6FCOlJTdftCf2kOBklEJ7AivQlg9CJbaMAzehFSvtcDhyaaecuvmCWTJngKvEWpACWKDm5r/sbojjgHCFGZKybZmRchIkFMWMpDk7liRCeIB6pK0pRwGRTjL7KIVnWulCPxS6uIIz9fdEggIpx4GnOwOk+nLZm4r/ee1Y+VdOQnkUK8LxfJEfM6hCOI0HdqkgWLGxJggLqm+FuI8EwkqHmNMhWMsvr5JGuWRdlMy780L1ehFHFpyAU1AEFrgEVXALaqAOMHgEz+AVvBlPxovxbnzMWzPGYuYY/IHx+QNQ8p1Q</latexit>

k~xk =

vuut
nX

i=1

x2
i

<latexit sha1_base64="HTFHGNP3eoipK3j8BzZ1A1405hg="></latexit>

k~xk2 = h~x, ~xi = ~x>~x =
nX

i=1

x2
i

Inner product:

2-norm:

<latexit sha1_base64="IQU3L87kfAZaAHQZpeKocOkSxLs="></latexit>

~x =

2

6664

x1

x2
...
xn

3

7775
2 Rn, ~x> .

= [x1, x2, . . . , xn]

<latexit sha1_base64="yxvSfvjTyxqCbcHgn9JfjBwkRGY="></latexit>

k~xk2 = h~x, ~xi = ~x⇤~x =
nX

i=1

xix̄i =
nX

i=1

|xi|2

<latexit sha1_base64="7vvbEo/6cBd1Bhj746L1C4f1KLY=">AAACE3icbVDLSsNAFJ3UV62vqks3g0UQFyUpom4KRTcuK9gHNG2YTCft0MkkzkxKS5p/cOOvuHGhiFs37vwbp20W2nrgwuGce7n3HjdkVCrT/DYyK6tr6xvZzdzW9s7uXn7/oC6DSGBSwwELRNNFkjDKSU1RxUgzFAT5LiMNd3Az9RtDIiQN+L0ah6Ttox6nHsVIacnJn9kTe0hwPEqgPYFlaMsHoWJbRr4T07KVdDicjBw66ZQSJ18wi+YMcJlYKSmAFFUn/2V3Axz5hCvMkJQtywxVO0ZCUcxIkrMjSUKEB6hHWppy5BPZjmc/JfBEK13oBUIXV3Cm/p6IkS/l2Hd1p49UXy56U/E/rxUp76odUx5GinA8X+RFDKoATgOCXSoIVmysCcKC6lsh7iOBsNIx5nQI1uLLy6ReKloXRfPuvFC5TuPIgiNwDE6BBS5BBdyCKqgBDB7BM3gFb8aT8WK8Gx/z1oyRzhyCPzA+fwAzMp5c</latexit>

k~xk =

vuut
nX

i=1

|xi|2

<latexit sha1_base64="VWoms0wiZHZ8ohovdvmRUVaZlnE="></latexit>

h~x, ~yi =
nX

i=1

xiȳi = ~y⇤~x

<latexit sha1_base64="fwSVQbiZyp2ob85C0V4LaXiEhhA="></latexit>

~x =

2

6664

x1

x2
...
xn

3

7775
2 Cn, ~x⇤ .

=
�
~̄x
�>

= [x̄1, x̄2, . . . , x̄n]

<latexit sha1_base64="TsO/jVKpLImbDSJwOMz0oS8kN6c="></latexit>

h~x, ~yi =
nX

i=1

xiyi = ~y>~x = ~x>~y

(note2j)

real vector transpose complex conjugate transpose

<latexit sha1_base64="HRAfyfmlxmyyahS8/Yj+LWRTAIs="></latexit>�
= ~x⇤~y = h~y, ~xi

�



Complex Vector Norm and Inner Product



Real versus Complex Matrix
<latexit sha1_base64="/TYuNcqCXoP65jzKSQQcqRa8dAg=">AAACIHicbZDLSsNAFIYnXmu8RV26GSxCC1ISEetGKArishZ7gTaWyXTSDp1MwsxEKCGP4sZXceNCEd3p05i08dZ6YODj/89hzvmdgFGpTPNdm5tfWFxazq3oq2vrG5vG1nZD+qHApI595ouWgyRhlJO6ooqRViAI8hxGms7wPPWbt0RI6vNrNQqI7aE+py7FSCVS1ygXOh5SA8eJGvEB/OKLuAhP4bdVi2/4j1mLi7reNfJmyRwXnAUrgzzIqto13jo9H4ce4QozJGXbMgNlR0goihmJ9U4oSYDwEPVJO0GOPCLtaHxgDPcTpQddXySPKzhWf09EyJNy5DlJZ7qknPZS8T+vHSr3xI4oD0JFOJ585IYMKh+macEeFQQrNkoAYUGTXSEeIIGwSjJNQ7CmT56FxmHJOi6ZV0f5ylkWRw7sgj1QABYogwq4BFVQBxjcgQfwBJ61e+1Re9FeJ61zWjazA/6U9vEJKeWhtQ==</latexit>

(V,F) = (Rn,R)
<latexit sha1_base64="SVJcpswQlgEKlMeBSfxy9A+Wk4g=">AAACIHicbZDLSsNAFIYn9VbjLerSzWARWpCSiFg3QrEgLivYC7SxTKaTduhkEmYmQgl5FDe+ihsXiuhOn8akjbfWAwMf/38Oc87vBIxKZZrvWm5hcWl5Jb+qr61vbG4Z2ztN6YcCkwb2mS/aDpKEUU4aiipG2oEgyHMYaTmjWuq3bomQ1OfXahwQ20MDTl2KkUqknlEpdj2kho4TNeND+MUXcQmewW+rFt/wH7MWl3S9ZxTMsjkpOA9WBgWQVb1nvHX7Pg49whVmSMqOZQbKjpBQFDMS691QkgDhERqQToIceUTa0eTAGB4kSh+6vkgeV3Ci/p6IkCfl2HOSznRJOeul4n9eJ1TuqR1RHoSKcDz9yA0ZVD5M04J9KghWbJwAwoImu0I8RAJhlWSahmDNnjwPzaOydVI2r44L1fMsjjzYA/ugCCxQAVVwCeqgATC4Aw/gCTxr99qj9qK9TltzWjazC/6U9vEJ+xShlw==</latexit>

(V,F) = (Cn,C)
complex conjugate transposereal matrix transpose

<latexit sha1_base64="oGyIoUZgt8DaejFQ5Lk+bfqzcvs="></latexit>

A =

2

6664

a11 a12 · · · a1n
a21 a22 · · · a2n
...

. . .
. . .

...
am1 · · · am,n�1 amn

3

7775
2 Rm⇥n

A> =

2

6664

a11 a21 · · · am1

a12 a22 · · · a2n
...

. . .
. . .

...
a1n · · · am�1,n amn

3

7775
2 Rn⇥m

<latexit sha1_base64="SMyrgrNqC5DoeoXAi8o10Zijp9g="></latexit>

A =

2

6664

a11 a12 · · · a1n
a21 a22 · · · a2n
...

. . .
. . .

...
am1 · · · am,n�1 amn

3

7775
2 Cm⇥n

A⇤ =

2

6664

ā11 ā21 · · · ām1

ā12 ā22 · · · ā2n
...

. . .
. . .

...
ā1n · · · ām�1,n āmn

3

7775
2 Cn⇥m



Complex Matrices

Algebraic manipulations, row, column, null space, rank, inverse, eigenvectors and eigenvalues are all 
similar to those of real matrices.



Real versus Complex Matrices
<latexit sha1_base64="/TYuNcqCXoP65jzKSQQcqRa8dAg=">AAACIHicbZDLSsNAFIYnXmu8RV26GSxCC1ISEetGKArishZ7gTaWyXTSDp1MwsxEKCGP4sZXceNCEd3p05i08dZ6YODj/89hzvmdgFGpTPNdm5tfWFxazq3oq2vrG5vG1nZD+qHApI595ouWgyRhlJO6ooqRViAI8hxGms7wPPWbt0RI6vNrNQqI7aE+py7FSCVS1ygXOh5SA8eJGvEB/OKLuAhP4bdVi2/4j1mLi7reNfJmyRwXnAUrgzzIqto13jo9H4ce4QozJGXbMgNlR0goihmJ9U4oSYDwEPVJO0GOPCLtaHxgDPcTpQddXySPKzhWf09EyJNy5DlJZ7qknPZS8T+vHSr3xI4oD0JFOJ585IYMKh+macEeFQQrNkoAYUGTXSEeIIGwSjJNQ7CmT56FxmHJOi6ZV0f5ylkWRw7sgj1QABYogwq4BFVQBxjcgQfwBJ61e+1Re9FeJ61zWjazA/6U9vEJKeWhtQ==</latexit>

(V,F) = (Rn,R)
<latexit sha1_base64="SVJcpswQlgEKlMeBSfxy9A+Wk4g=">AAACIHicbZDLSsNAFIYn9VbjLerSzWARWpCSiFg3QrEgLivYC7SxTKaTduhkEmYmQgl5FDe+ihsXiuhOn8akjbfWAwMf/38Oc87vBIxKZZrvWm5hcWl5Jb+qr61vbG4Z2ztN6YcCkwb2mS/aDpKEUU4aiipG2oEgyHMYaTmjWuq3bomQ1OfXahwQ20MDTl2KkUqknlEpdj2kho4TNeND+MUXcQmewW+rFt/wH7MWl3S9ZxTMsjkpOA9WBgWQVb1nvHX7Pg49whVmSMqOZQbKjpBQFDMS691QkgDhERqQToIceUTa0eTAGB4kSh+6vkgeV3Ci/p6IkCfl2HOSznRJOeul4n9eJ1TuqR1RHoSKcDz9yA0ZVD5M04J9KghWbJwAwoImu0I8RAJhlWSahmDNnjwPzaOydVI2r44L1fMsjjzYA/ugCCxQAVVwCeqgATC4Aw/gCTxr99qj9qK9TltzWjazC/6U9vEJ+xShlw==</latexit>

(V,F) = (Cn,C)

Unitary Matrix: Orthogonal Matrix: 
<latexit sha1_base64="/WZB0TJ7jh6DVvCP3YTSr8kK0ug="></latexit>

Q = [~q1, ~q2, . . . , ~qn] 2 Rn⇥n
<latexit sha1_base64="FXygySQYoAs3dojwIlbihb8JP+Y="></latexit>

Q = [~q1, ~q2, . . . , ~qn] 2 Cn⇥n

<latexit sha1_base64="slDRV2DnGB+CTiE8Q7U4hzc4mMQ="></latexit>

~q>i ~qj =

⇢
0 if i 6= j (orthogonal)
1 if i = j (normalized)

<latexit sha1_base64="WPy/Z0pkRRyR8gDQ8Zk++0DBMXU="></latexit>

~q⇤i ~qj =

⇢
0 if i 6= j (orthogonal)
1 if i = j (normalized)

<latexit sha1_base64="HnRL0k36CQjc/dhE9Hvufi09Vew=">AAACAXicbVBNS8NAEN34WetX1IvgZbEInkoiol6Eohe9NWA/oI1ls920SzfZsDsRSqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXJIJrcJxva2FxaXlltbBWXN/Y3Nq2d3brWqaKshqVQqpmQDQTPGY14CBYM1GMRIFgjWBwPfYbD0xpLuM7GCbMj0gv5iGnBIzUsfe9+zbIBHv4Et+a8nAudOySU3YmwPPEzUkJ5ah27K92V9I0YjFQQbRuuU4CfkYUcCrYqNhONUsIHZAeaxkak4hpP5t8MMJHRuniUCpTMeCJ+nsiI5HWwygwnRGBvp71xuJ/XiuF8MLPeJykwGI6XRSmAoPE4zhwlytGQQwNIVRxcyumfaIIBRNa0YTgzr48T+onZfes7HinpcpVHkcBHaBDdIxcdI4q6AZVUQ1R9Iie0St6s56sF+vd+pi2Llj5zB76A+vzB+09lKE=</latexit>

Q>Q = I = QQ> <latexit sha1_base64="pymZ/BBQf2P9bkURBwI3GD7h/7g=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCuCgzIupGKLrRXQfsA9qxZNJMG5rJDElGKWM/xY0LRdz6Je78G9PHQlsPXDg5517uzQkSzpR2nG8rt7S8srqWXy9sbG5t79jF3bqKU0lojcQ8ls0AK8qZoDXNNKfNRFIcBZw2gsH12G88UKlYLO70MKF+hHuChYxgbaSOXfTuj5GHLtGtKQ+ZV8cuOWVnArRI3BkpwQzVjv3V7sYkjajQhGOlWq6TaD/DUjPC6ajQThVNMBngHm0ZKnBElZ9NTh+hQ6N0URhLU0Kjifp7IsORUsMoMJ0R1n01743F/7xWqsMLP2MiSTUVZLooTDnSMRrngLpMUqL50BBMJDO3ItLHEhNt0iqYENz5Ly+S+knZPSs73mmpcjWLIw/7cABH4MI5VOAGqlADAo/wDK/wZj1ZL9a79TFtzVmzmT34A+vzB+p8kTE=</latexit>

Q⇤Q = I = QQ⇤



Gram-Schimdt Orthonormalization (QR)
<latexit sha1_base64="5ENdJb9oMiNaseAQQXqUmVzOoyQ="></latexit>

[~d1, ~d2, . . . , ~dk] = [~q1, ~q2, . . . , ~qk]

2

6664

r11 r12 · · · r1k
0 r22 · · · r2k
...

. . .
. . .

...
0 · · · 0 rkk

3

7775

<latexit sha1_base64="L8FWv1LysRoTKAcu8Nw2XzcbiKM="></latexit>

~z1 = ~d1

~z2 = ~d2 � (~d>2 ~q1)~q1

~z3 = ~d3 � (~d>3 ~q1)~q1 � (~d>3 ~q2)~q2
...

~zk = ~dk �
k�1X

j=1

(~d>k ~qj)~qj

<latexit sha1_base64="XFmNhm5zcYuFnGRprghgbcJriFA="></latexit>

~q1 = ~z1/k~z1k
~q2 = ~z2/k~z2k
~q3 = ~z3/k~z3k
...

~qk = ~zk/k~zkk

<latexit sha1_base64="+0amKDSjrCYStC49gOzL1MJDDA4="></latexit>

D = [~d1, ~d2, . . . , ~dk] 2 Rn⇥k

QR:

Gram-Schimdt:

(Lecture 17)



Gram-Schimdt Orthonormalization (QR)
<latexit sha1_base64="5ENdJb9oMiNaseAQQXqUmVzOoyQ="></latexit>

[~d1, ~d2, . . . , ~dk] = [~q1, ~q2, . . . , ~qk]

2

6664

r11 r12 · · · r1k
0 r22 · · · r2k
...

. . .
. . .

...
0 · · · 0 rkk

3

7775

<latexit sha1_base64="RlToVeC5j7r7qWj1VgROuZnHwE8="></latexit>

D = [~d1, ~d2, . . . , ~dk] 2 Cn⇥k

<latexit sha1_base64="XFmNhm5zcYuFnGRprghgbcJriFA="></latexit>

~q1 = ~z1/k~z1k
~q2 = ~z2/k~z2k
~q3 = ~z3/k~z3k
...

~qk = ~zk/k~zkk

<latexit sha1_base64="6q4LRt5+R1WDlh2C3Hx7nYTs+hU="></latexit>

~z1 = ~d1

~z2 = ~d2 � h~d2, ~q1i~q1
~z3 = ~d3 � h~d3, ~q1i~q1 � h~d3, ~q2i~q2
...

~zk = ~dk �
k�1X

j=1

h~dk, ~qji~qj

QR:

Gram-Schimdt:



Schur Decomposition (Upper Triangularization)
<latexit sha1_base64="KJyYrsoisTWdSiwRiBMwZoB3TFI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyURUY9VLx6r2A9oYtlst+3SzSbsboQScvHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/OCmDOlHefbKiwsLi2vFFdLa+sbm1v29k5DRYkktE4iHslWgBXlTNC6ZprTViwpDgNOm8HwKvebD1QqFok7PYqpH+K+YD1GsDZSx96/QB4TyAuxHgRBepvdp8LTLKQKiaxjl52KMwaaJ+6UlGGKWsf+8roRSUIqNOFYqbbrxNpPsdSMcJqVvETRGJMh7tO2oQKbPX46/iJDh0bpol4kTQmNxurviRSHSo3CwHTm16pZLxf/89qJ7p37KRNxoqkgk0W9hCMdoTwS1GWSEs1HhmAimbkVkQGWmGgTXMmE4M6+PE8axxX3tOLcnJSrl9M4irAHB3AELpxBFa6hBnUg8AjP8Apv1pP1Yr1bH5PWgjWd2YU/sD5/ACkimGA=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="kbeuDqlLRr/b3w6UIjwTqOfAiDQ="></latexit>

T = U�1AU = U>AU =

2

6664

t11 t12 · · · t1n
0 t22 · · · t2k
...

. . .
. . .

...
0 · · · 0 tnn

3

7775

EECS 16B Note 15: Upper Triangulation, Schur Decomposition 2022-09-19 19:42:41-07:00

Algorithm 10 Real Schur Decomposition

Input: A square matrix A 2 Rn⇥n with real eigenvalues.

Output: An orthonormal matrix U 2 Rn⇥n and an upper-triangular matrix T 2 Rn⇥n such that A =

UTU>.

1: function REALSCHURDECOMPOSITION(A)

2: if A is 1 ⇥ 1 then

3: return

h
1
i

, A
4: end if

5: (~q1, l1) := FINDEIGENVECTOREIGENVALUE(A)

6: Q := EXTENDBASIS({~q1}, Rn) . Extend {~q1} to a basis of Rn using Gram-Schmidt; see Note 13

7: Unpack Q :=
h
~q1 eQ

i

8: Compute and unpack Q>AQ =

2

4 l1 ~ea
>
12

~0n�1 eA22

3

5

9: (P, eT) := REALSCHURDECOMPOSITION( eA22)

10: U :=
h
~q1 eQP

i

11: T :=

2

4 l1 ~ea
>
12P

~0n�1 eT

3

5

12: return (U, T)
13: end function

Concept Check: Once you read Note 2j, prove Theorem 8 and come up with a complex analogue to
Algorithm 10.

We have now just developed a method for, and validated our use of, upper triangularization, which we
used in Note 11 for example.

5 Spectral Theorem

Now that we have shown the existence of the Schur decomposition, we can now use it to prove one of the
most important and fundamental theorems in linear algebra. This is the spectral theorem (for real symmet-
ric matrices). Spectral theorems (for different classes of symmetric linear maps) are useful in mathematics
and engineering, as they reveal useful decompositions of symmetric linear maps.

Theorem 11 (Spectral Theorem for Real Symmetric Matrices)

Let A 2 Rn⇥n be real and symmetric. Then:

(i) The eigenvalues of A are real.

(ii) A is diagonalizable.

(iii) There is an orthonormal basis of Rn consisting of eigenvectors of A.

In short, A may be orthonormally diagonalized: A = VLV> where V 2 Rn⇥n is an orthonormal matrix
of eigenvectors of A, and L 2 Rn⇥n is a real diagonal matrix of eigenvalues.

© UCB EECS 16B, Fall 2022. All Rights Reserved. This may not be publicly shared without explicit permission. 5
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Schur Decomposition (Upper Triangularization)

EECS 16B Note 2j: Complex Linear Algebra 2022-11-28 14:58:12-08:00

Finally, we can write Theorem 58 in terms of a particular diagonalization.

Theorem 62 (Spectral Theorem for Complex Hermitian Matrices as a Diagonalization)

Let A 2 Cn⇥n be Hermitian. Then A can be written as

A = VLV
⇤ (54)

where L 2 Rn⇥n is a real diagonal matrix of eigenvalues, and V 2 Cn⇥n is the corresponding unitary
matrix of eigenvectors. In short, A may be unitarily diagonalized.

5.2 Schur Decomposition

Now we are able to upper-triangularize matrices which even have complex eigenvalues.

Theorem 63 (Existence of Schur Decomposition)

Let A 2 Cn⇥n be a square matrix. Then A can be written as

A = UTU
⇤ (55)

where U 2 Cn⇥n is unitary and T 2 Cn⇥n is upper triangular. Furthermore, the eigenvalues of A are
on the diagonal of T according to their algebraic multiplicity.

The algorithm to do this is also included here:

Algorithm 64 Schur Decomposition

Input: A square matrix A 2 Cn⇥n.

Output: A unitary matrix U 2 Cn⇥n and an upper-triangular matrix T 2 Cn⇥n such that A = UTU
⇤.

1: function SCHURDECOMPOSITION(A)

2: if A is 1 ⇥ 1 then
3: return

h
1
i

, A

4: end if
5: (~q1, l1) := FINDEIGENVECTOREIGENVALUE(A)

6: Q := EXTENDBASIS({~q1}, Cn) . Extend {~q1} to a basis of Cn using Gram-Schmidt

7: Unpack Q :=
h
~q1 eQ

i

8: Compute and unpack Q
⇤

AQ =

"
l1 ~ea

⇤
12

~0n�1 eA22

#

9: (P, eT) := SCHURDECOMPOSITION( eA22)

10: U :=
h
~q1 eQP

i

11: T :=

"
l1 ~ea

⇤
12P

~0n�1 eT

#

12: return (U, T)

13: end function

© UCB EECS 16B, Fall 2022. All Rights Reserved. This may not be publicly shared without explicit permission. 15

<latexit sha1_base64="G+s0uVbelOlZaoMz/jvMvuW42UY="></latexit>

T = U�1AU = U⇤AU =

2

6664

t11 t12 · · · t1n
0 t22 · · · t2k
...

. . .
. . .

...
0 · · · 0 tnn

3

7775

<latexit sha1_base64="K4Z6UewvLTG96je6gVncqhOLq/Y=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5KIqMdqLx4r2A9oYtlst+3SzSbsToQScvLiX/HiQRGv/gZv/hs3bQ/a+mDg8d4MM/OCWHANjvNtFZaWV1bXiuuljc2t7R17d6+po0RR1qCRiFQ7IJoJLlkDOAjWjhUjYSBYKxjVcr/1wJTmkbyDccz8kAwk73NKwEhd+/AKY49L7IUEhkGQ1rL7VHrAQ6axzLp22ak4E+BF4s5IGc1Q79pfXi+iScgkUEG07rhODH5KFHAqWFbyEs1iQkdkwDqGSmL2+OnkjQwfG6WH+5EyJQFP1N8TKQm1HoeB6cyv1fNeLv7ndRLoX/opl3ECTNLpon4iMEQ4zwT3uGIUxNgQQhU3t2I6JIpQMMmVTAju/MuLpHlacc8rzu1ZuXo9i6OIDtAROkEuukBVdIPqqIEoekTP6BW9WU/Wi/VufUxbC9ZsZh/9gfX5A2r9mHs=</latexit>

A 2 Cn⇥n



Spectral Theorem (Diagonalization)
(Lecture 19)

<latexit sha1_base64="2ESFSsphFUnykfbpgZtb+blwSlU=">AAACDnicbVA9SwNBEN2LXzF+nVraLIaAVbgTURsh0cYyivmAXBL2Nptkyd7esTsnhCO/wMa/YmOhiK21nf/GveQKjT4YeLw3w8w8PxJcg+N8Wbml5ZXVtfx6YWNza3vH3t1r6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vTHV6nfvGdK81DewSRinYAMJR9wSsBIPbtUxRe42vUgjLDHJfYCAiPfT26n3UR6wAOmsZz27KJTdmbAf4mbkSLKUOvZn14/pHHAJFBBtG67TgSdhCjgVLBpwYs1iwgdkyFrGyqJ2dNJZu9McckofTwIlSkJeKb+nEhIoPUk8E1neq1e9FLxP68dw+C8k3AZxcAknS8axAJDiNNscJ8rRkFMDCFUcXMrpiOiCAWTYMGE4C6+/Jc0jsvuadm5OSlWLrM48ugAHaIj5KIzVEHXqIbqiKIH9IRe0Kv1aD1bb9b7vDVnZTP76Besj28KtpuF</latexit>

A = A> 2 Rn⇥nReal symmetric:

<latexit sha1_base64="3xbnTmpVMTDquxCZOYoVt7ziKhc="></latexit>

V �1AV = V >AV =

2

64
�1 0 0

0
. . . 0

0 0 �n

3

75

<latexit sha1_base64="mx6vC5SeoUPFkymiNYB9OaBE2do=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4sgLkoiom6E1m5cVrAPaNIymU7aoZNJmJkIJWTvxl9x40IRt/6AO//GSZuFth64cDjnXu69x4sYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTRqZ33kgQtKQ36tpRNwAjTj1KUZKSwOzXIfXsN4/hQ7l0AmQGnte0kj7CXcUDYiEPB2YFatqzQCXiZ2TCsjRHJhfzjDEcUC4wgxJ2bOtSLkJEopiRtKSE0sSITxBI9LTlCO9x01mv6TwWCtD6IdCF1dwpv6eSFAg5TTwdGd2rVz0MvE/rxcr/8pNKI9iRTieL/JjBlUIs2DgkAqCFZtqgrCg+laIx0ggrHR8JR2CvfjyMmmfVe2LqnV3Xqnd5HEUwREogxNgg0tQA7egCVoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPHwYYmdM=</latexit>

A = A⇤ 2 Cn⇥nHermitian matrix:

<latexit sha1_base64="y+8N5o/pkMgIA9zLPFcrKK60y/c="></latexit>

V �1AV = V ⇤AV =

2

64
�1 0 0

0
. . . 0

0 0 �n

3

75

All eigenvalues are real, can be diagonalized by a unitary matrix, and all eigenvectors are orthogonal.
(Proof?)



Singular Value Decomposition
Given                        with                           , we like to decompose it into a special matrix form: (Lecture 22)

<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n
<latexit sha1_base64="FptoNacYWpPmQhJNAc/+JdS4PRk=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJtIS8ituXCji1h9x5984bbPQ1gMXDufcy733hDGj2njet7Oyura+sVnYKm7v7O7tuwelppaJwqSBJZOqHSJNGBWkYahhpB0rgnjISCsc3U391hNRmkrxaCYxCTgaCBpRjIyVem6py0M5ThUSo6xycwqvoeq5Za/qzQCXiZ+TMshR77lf 3b7ECSfCYIa07vhebIIUKUMxI1mxm2gSIzxCA9KxVCBOdJDObs/giVX6MJLKljBwpv6eSBHXesJD28mRGepFbyr+53USE10FKRVxYojA80VRwqCRcBoE7FNFsGETSxBW1N4K8RAphI2Nq2hD8BdfXibNs6p/UfUezsu12zyOAjgCx6ACfHAJauAe1EEDYDAG z+AVvDmZ8+K8Ox/z1hUnnzkEf+B8/gDGEZOb</latexit>

rank(A) = r

<latexit sha1_base64="nF6A0/99vaCOyZA/vLg5Ufz4ra4="></latexit>

A = Ur⌃rV
>
r = [~u1, ~u2, . . . , ~ur]

2

66664

�1 0 · · · 0

0 �2
. . .

...
...

. . .
. . . 0

0 · · · 0 �r

3

77775

2

6664

~v>1
~v>2
...
~v>r

3

7775

<latexit sha1_base64="6TLKgS2aIkKt5m/3Z0pyG9kFX84="></latexit>

U = [~u1, . . . , ~um] orthonormal e.v.’s for AA>

<latexit sha1_base64="rYEwdw9CYJHszBhT0NimmHHywRQ="></latexit>

V = [~v1, . . . ,~vn] orthonormal e.v.’s for A>A
<latexit sha1_base64="id69j7EU4gszN18W0kc4c7FspxE="></latexit>

⌃r = diag{�1 =
p
�1, . . . ,�r =

p
�r} > 0

Compact SVD:

Full SVD:

<latexit sha1_base64="WWxwVal0zAyrvCyTogH47eBbptU="></latexit>

eigenvalues of A>A (or AA>) : �1 � · · · � �r > 0 · · · 0

<latexit sha1_base64="57hJ6Wq5GlLQnQjamn0HrP1PqcY="></latexit>

A = U⌃V > = [Ur, Um�r]


⌃r 0r⇥(n�r)

0(m�r)⇥r 0(m�r)⇥(n�r)

� 
V >
r

V >
n�r

�



Singular Value Decomposition
Given                        with                           , we like to decompose it into a special matrix form:

<latexit sha1_base64="FptoNacYWpPmQhJNAc/+JdS4PRk=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi6kaounFZwT6gDWUynbRD5xFmJtIS8ituXCji1h9x5984bbPQ1gMXDufcy733hDGj2njet7Oyura+sVnYKm7v7O7tuwelppaJwqSBJZOqHSJNGBWkYahhpB0rgnjISCsc3U391hNRmkrxaCYxCTgaCBpRjIyVem6py0M5ThUSo6xycwqvoeq5Za/qzQCXiZ+TMshR77lf 3b7ECSfCYIa07vhebIIUKUMxI1mxm2gSIzxCA9KxVCBOdJDObs/giVX6MJLKljBwpv6eSBHXesJD28mRGepFbyr+53USE10FKRVxYojA80VRwqCRcBoE7FNFsGETSxBW1N4K8RAphI2Nq2hD8BdfXibNs6p/UfUezsu12zyOAjgCx6ACfHAJauAe1EEDYDAGz+AVvDmZ8+K8Ox/z1hUnnzkEf+B8/gDGEZOb</latexit>

rank(A) = r

<latexit sha1_base64="id69j7EU4gszN18W0kc4c7FspxE="></latexit>

⌃r = diag{�1 =
p
�1, . . . ,�r =

p
�r} > 0

Compact SVD:

Full SVD:

<latexit sha1_base64="2A74Y0qIVcWl7grndCXZFbr9MNs=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLajcsK9gFNLJPppB06MwkzE6GE7Nz4K25cKOLWX3Dn3zhps9DWAxcO59zLvfcEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsG4kfudByIVjcSdnsTE52goaEgx0kbq24fwCkKPCuhxpEdBkDay+5R7mnKioMj6dtWpOVPAReIWpAoKNPv2lzeIcMKJ0JghpXquE2s/RVJTzEhW8RJFYoTHaEh6hgpk9vjp9I8MHhtlAMNImhIaTtXfEyniSk14YDrza9W8l4v/eb1Eh5d+SkWcaCLwbFGYMKgjmIcCB1QSrNnEEIQlNbdCPEISYW2iq5gQ3PmXF0n7tOae15zbs2r9uoijDA7AETgBLrgAdXADmqAFMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AHCy5ik</latexit>

A 2 Cm⇥n

<latexit sha1_base64="iefl2uJX9U4PBxkxEexUe1nZCDs="></latexit>

V = [~v1, . . . ,~vn] orthonormal e.v.’s for A⇤A
<latexit sha1_base64="sbSmP0/vw6ckjbTjUeUeGIEXIiY="></latexit>

U = [~u1, . . . , ~um] orthonormal e.v.’s for AA⇤

<latexit sha1_base64="8C7mTNQOnj+5racKJxBsse7v4Ws="></latexit>

eigenvalues of A⇤A (or AA⇤) : �1 � · · · � �r > 0 · · · 0

<latexit sha1_base64="1MkxognuDhk8m42xRIC2BDNZlJM="></latexit>

A = U⌃V ⇤ = [Ur, Um�r]


⌃r 0r⇥(n�r)

0(m�r)⇥r 0(m�r)⇥(n�r)

� 
V ⇤
r

V ⇤
n�r

�

<latexit sha1_base64="BQQW7DVhXkiKnuRTJdEbeq9EKhw="></latexit>

A = Ur⌃rV
⇤
r = [~u1, ~u2, . . . , ~ur]

2

66664

�1 0 · · · 0

0 �2
. . .

...
...

. . .
. . . 0

0 · · · 0 �r

3

77775

2

6664

~v⇤1
~v⇤2
...
~v⇤r

3

7775



Moore-Penrose Inverse
<latexit sha1_base64="UqY0PYx0vZU15Svx6zH8mu13dNE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLqxmUV+4Amlsl00g6dmYSZiVBCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nuCmFGlHefbKi0sLi2vlFcra+sbm1v29k5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0lfvtByIVjcSdHsfE52ggaEgx0kbq2fvwAkKPCuhxpIdBkN5m9yn3NOVEQZH17KpTcyaA88QtSBUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs4iWKxAiP0IB0DRXI7PHTyR8ZPDRKH4aRNCU0nKi/J1LElRrzwHTm16pZLxf/87qJDs/9lIo40UTg6aIwYVBHMA8F9qkkWLOxIQhLam6FeIgkwtpEVzEhuLMvz5PWcc09rTk3J9X6ZRFHGeyBA3AEXHAG6uAaNEATYPAInsEreLOerBfr3fqYtpasYmYX/IH1+QPaSpiz</latexit>

A 2 Rm⇥n

<latexit sha1_base64="xvCffLs4NvsPTOSSwlvPtmhS8Ic="></latexit>

A = U⌃V > = U


⌃r 0r⇥(n�r)

0(m�r)⇥r 0(m�r)⇥(n�r)

�
V >

<latexit sha1_base64="2A74Y0qIVcWl7grndCXZFbr9MNs=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6rLajcsK9gFNLJPppB06MwkzE6GE7Nz4K25cKOLWX3Dn3zhps9DWAxcO59zLvfcEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsG4kfudByIVjcSdnsTE52goaEgx0kbq24fwCkKPCuhxpEdBkDay+5R7mnKioMj6dtWpOVPAReIWpAoKNPv2lzeIcMKJ0JghpXquE2s/RVJTzEhW8RJFYoTHaEh6hgpk9vjp9I8MHhtlAMNImhIaTtXfEyniSk14YDrza9W8l4v/eb1Eh5d+SkWcaCLwbFGYMKgjmIcCB1QSrNnEEIQlNbdCPEISYW2iq5gQ3PmXF0n7tOae15zbs2r9uoijDA7AETgBLrgAdXADmqAFMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AHCy5ik</latexit>

A 2 Cm⇥n

<latexit sha1_base64="KpYeoXYUIyrTJ8gv2Qt9BG4vvu0="></latexit>

A = U⌃V ⇤ = U


⌃r 0r⇥(n�r)

0(m�r)⇥r 0(m�r)⇥(n�r)

�
V ⇤

<latexit sha1_base64="9PeEzhQDh1/9Tc2CUVhthTfQNDs="></latexit>

A† = V


⌃�1

r 0r⇥(n�r)

0(m�r)⇥r 0(m�r)⇥(n�r)

�
U⇤ = Vr⌃

�1
r U⇤

r

<latexit sha1_base64="iEhvTOQpW0gJ712QlgiiSKaVPFw="></latexit>

A† = V


⌃�1

r 0r⇥(n�r)

0(m�r)⇥r 0(m�r)⇥(n�r)

�
U> = Vr⌃

�1
r U>

r

(Lecture 23)



Solutions to Systems of Linear Equations
<latexit sha1_base64="d+SRlDE2hCqJNTNDm+1b6bkqMUc=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcFUSERVBqLpxWcFeoA1lMp20QycXZibFEAK+ihsXirj1Odz5Nk7TLLT1h4GP/5zDOfO7EWdSWda3sbC4tLyyWlorr29sbm2bO7tNGcaC0AYJeSjaLpaUs4A2FFOctiNBse9y2nJHt5N6a0yFZGHwoJKIOj4eBMxjBCtt9cx91B1TkiYZukLXOT5ml6hnVqyqlQvNg11ABQrVe+ZXtx+S2KeBIhxL2bGtSDkpFooRTrNyN5Y0wmSEB7SjMcA+lU6an5+hI+30kRcK/QKFcvf3RIp9KRPf1Z0+VkM5W5uY/9U6sfIunJQFUaxoQKaLvJgjFaJJFqjPBCWKJxowEUzfisgQC0yUTqysQ7BnvzwPzZOqfVa17k8rtZsijhIcwCEcgw3nUIM7qEMDCKTwDK/wZjwZL8a78TFtXTCKmT34I+PzB+iIlM8=</latexit>

~y = A~x :
<latexit sha1_base64="gJeEJzybtpWeD9/ifYofVa7XLmY=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSiKiboSqG5cV7AOaWCaTm3To5MHMpBhCP8CNv+LGhSJu/QB3/o3TNgttPTBwOOdc7tzjJpxJZZrfxsLi0vLKammtvL6xubVd2dltyTgVFJo05rHouEQCZxE0FVMcOokAEroc2u7geuy3hyAki6M7lSXghCSImM8oUVrqVarYHgLNH0Y9Wyoi8AW+vLc9EgQgpk42wjpl1swJ8DyxClJFBRq9ypftxTQNIVKUEym7lpkoJydCMcphVLZTCQmhAxJAV9OIhCCdfHLMCB9qxcN+LPSLFJ6ovydyEkqZha5OhkT15aw3Fv/zuqnyz52cRUmqIKLTRX7KsYrxuBnsMQFU8UwTQgXTf8W0TwShSvdX1iVYsyfPk9ZxzTqtmbcn1fpVUUcJ7aMDdIQsdIbq6AY1UBNR9Iie0St6M56MF+Pd+JhGF4xiZg/9gfH5A9cJmto=</latexit>

~x? = A†~y
Cases: 
1. square and full rank; 
2. full column rank (least squares); 
3. full row rank (least norm); 
4. general. 

<latexit sha1_base64="z0pgIaqQ7E9NJYgl/U52RnwggAE=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkxRl2iblxiIo8EJqRTOtDQace2QyQTvsONC41x68e4828sMAsFT3KTk3Pube89QcyZNq777eRWVtfWN/Kbha3tnd294v5BQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTMY3k795ogqzaR4MOOY+hHuCxYygo2V/E4UyKfUPjMpX592iyW34s6AlomXkRJkqHWLX52eJElEhSEca9323Nj4KVaGEU4nhU6iaYzJEPdp21KBI6r9dLb0BJ1YpYdCqWwJg2bq74kUR1qPo8B2RtgM9KI3Ff/z2okJr/yUiTgxVJD5R2HCkZFomgDqMUWJ4WNLMFHM7orIACtMjM2pYEPwFk9eJo2zindRce/PS9WbLI48HMExlMGDS6jCHdSgDgQe4Rle4c0ZOS/Ou/Mxb8052cwh/IHz+QNoLpHb</latexit>

col(A)

<latexit sha1_base64="HsxTMomQv+HRtid+27dPboU7BTc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPbUDbbSbt0swm7m0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WjmSToR3QgecgZNVZ6It0xsmwyJaRXrrhVdw6ySrycVCBHvVf+6vZjlkYoDRNU647nJsbPqDKcCZyWuqnGhLIRHWDHUkkj1H42v3hKzqzSJ2GsbElD5urviYxGWk+iwHZG1Az1sjcT//M6qQlv/IzLJDUo2WJRmApiYjJ7n/S5QmbExBLKFLe3EjakijJjQyrZELzll1dJ86LqXVXdh8tK7TaPowgncArn4ME11OAe6tAABhKe4RXeHO28OO/Ox6K14OQzx/AHzucPvMmQTg==</latexit>

~y

<latexit sha1_base64="cyoZzCSC0TLm9LR6bJ4Un2Bjj14=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE1GPVi8cK9gOaEDbbTbt0swm7k2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rZXVtfWNzdJWeXtnd69i7x+0dJIpypo0EYnqhEQzwSVrAgfBOqliJA4Fa4fD26nfHjGleSIfYJwyPyZ9ySNOCRgpsCvX3ojR/HESeBqIwoFddWrODHiZuAWpogKNwP7yegnNYiaBCqJ113VS8HOigFPBJmUv0ywldEj6rGuoJDHTfj47fIJPjNLDUaJMScAz9fdETmKtx3FoOmMCA73oTcX/vG4G0ZWfc5lmwCSdL4oygSHB0xRwjytGQYwNIVRxcyumA6IIBZNV2YTgLr68TFpnNfei5tyfV+s3RRwldISO0Sly0SWqozvUQE1EUYae0St6s56sF+vd+pi3rljFzCH6A+vzB8DekyY=</latexit>

A~x?



Solutions to Systems of Linear Equations
<latexit sha1_base64="d+SRlDE2hCqJNTNDm+1b6bkqMUc=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcFUSERVBqLpxWcFeoA1lMp20QycXZibFEAK+ihsXirj1Odz5Nk7TLLT1h4GP/5zDOfO7EWdSWda3sbC4tLyyWlorr29sbm2bO7tNGcaC0AYJeSjaLpaUs4A2FFOctiNBse9y2nJHt5N6a0yFZGHwoJKIOj4eBMxjBCtt9cx91B1TkiYZukLXOT5ml6hnVqyqlQvNg11ABQrVe+ZXtx+S2KeBIhxL2bGtSDkpFooRTrNyN5Y0wmSEB7SjMcA+lU6an5+hI+30kRcK/QKFcvf3RIp9KRPf1Z0+VkM5W5uY/9U6sfIunJQFUaxoQKaLvJgjFaJJFqjPBCWKJxowEUzfisgQC0yUTqysQ7BnvzwPzZOqfVa17k8rtZsijhIcwCEcgw3nUIM7qEMDCKTwDK/wZjwZL8a78TFtXTCKmT34I+PzB+iIlM8=</latexit>

~y = A~x :
<latexit sha1_base64="gJeEJzybtpWeD9/ifYofVa7XLmY=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSiKiboSqG5cV7AOaWCaTm3To5MHMpBhCP8CNv+LGhSJu/QB3/o3TNgttPTBwOOdc7tzjJpxJZZrfxsLi0vLKammtvL6xubVd2dltyTgVFJo05rHouEQCZxE0FVMcOokAEroc2u7geuy3hyAki6M7lSXghCSImM8oUVrqVarYHgLNH0Y9Wyoi8AW+vLc9EgQgpk42wjpl1swJ8DyxClJFBRq9ypftxTQNIVKUEym7lpkoJydCMcphVLZTCQmhAxJAV9OIhCCdfHLMCB9qxcN+LPSLFJ6ovydyEkqZha5OhkT15aw3Fv/zuqnyz52cRUmqIKLTRX7KsYrxuBnsMQFU8UwTQgXTf8W0TwShSvdX1iVYsyfPk9ZxzTqtmbcn1fpVUUcJ7aMDdIQsdIbq6AY1UBNR9Iie0St6M56MF+Pd+JhGF4xiZg/9gfH5A9cJmto=</latexit>

~x? = A†~y
Cases: 
1. square and full rank; 
2. full column rank (least squares); 
3. full row rank (least norm); 
4. general. 

<latexit sha1_base64="lRFPSdDsW+plnsP+D0LS+SPA80c=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquiHqsevFYwX5Au5Zsmm1Dk+ySZNWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geD3xmw9UaRbJOzOKqS9wX7KQEWysdN8RQfSUyoTzcfnyuFssuRV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9PpFhoPRKB7RTYDPS8NxH/89qJCS/8lMk4MVSS2aIw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8OZfXiSNk4p3VnFvT0vVqyyOPBzAIZTBg3Oowg3UoA4EFDzDK7w5j86L8+58zFpzTjazD3/gfP4AUJmSYg==</latexit>

null(A)

<latexit sha1_base64="e3sIpSLuy5BrDERkT4EVtTF0peM=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9kVUY9VLx4r2A9ol5JNs21oNlmTbLUs/R1ePCji1R/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/rmWiCK0RyaVqBlhTzgStGWY4bcaK4ijgtBEMbiZ+Y0iVZlLcm1FM/Qj3BAsZwcZKfjsK5FOq5OO4dHXSKRTdsjsFWiReRoqQodopfLW7kiQRFYZwrHXLc2Pjp1gZRjgd59uJpjEmA9yjLUsFjqj20+nRY3RslS4KpbIlDJqqvydSHGk9igLbGWHT1/PeRPzPayUmvPRTJuLEUEFmi8KEIyPRJAHUZYoSw0eWYKKYvRWRPlaYGJtT3obgzb+8SOqnZe+87N6dFSvXWRw5OIQjKIEHF1CBW6hCDQg8wDO8wpszdF6cd+dj1rrkZDMH8AfO5w+QHJH1</latexit>

row(A)

<latexit sha1_base64="XAueosqYWiLddfIuOXC7W2MH9UY=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOya5id9CZDZh/MzEbDkv/w4kERr/6LN//GSbIHTSxoKKq66e7yE8GVtu1vq7Cyura+UdwsbW3v7O6V9w+aKk4lwwaLRSzbPlUoeIQNzbXAdiKRhr7Alj+8mfqtEUrF4+hejxP0QtqPeMAZ1UZ6cEfIsqdJ11WaStItV+yqPQNZJk5OKpCj3i1/ub2YpSFGmgmqVMexE+1lVGrOBE5KbqowoWxI+9gxNKIhKi+bXT0hJ0bpkSCWpiJNZurviYyGSo1D33SGVA/UojcV//M6qQ6uvIxHSaoxYvNFQSqIjsk0AtLjEpkWY0Mok9zcStiASsq0CapkQnAWX14mzbOqc1G1784rtes8jiIcwTGcggOXUINbqEMDGEh4hld4sx6tF+vd+pi3Fqx85hD+wPr8Ab4Kkqo=</latexit>

~x?



Solutions to Systems of Linear Equations
<latexit sha1_base64="d+SRlDE2hCqJNTNDm+1b6bkqMUc=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcFUSERVBqLpxWcFeoA1lMp20QycXZibFEAK+ihsXirj1Odz5Nk7TLLT1h4GP/5zDOfO7EWdSWda3sbC4tLyyWlorr29sbm2bO7tNGcaC0AYJeSjaLpaUs4A2FFOctiNBse9y2nJHt5N6a0yFZGHwoJKIOj4eBMxjBCtt9cx91B1TkiYZukLXOT5ml6hnVqyqlQvNg11ABQrVe+ZXtx+S2KeBIhxL2bGtSDkpFooRTrNyN5Y0wmSEB7SjMcA+lU6an5+hI+30kRcK/QKFcvf3RIp9KRPf1Z0+VkM5W5uY/9U6sfIunJQFUaxoQKaLvJgjFaJJFqjPBCWKJxowEUzfisgQC0yUTqysQ7BnvzwPzZOqfVa17k8rtZsijhIcwCEcgw3nUIM7qEMDCKTwDK/wZjwZL8a78TFtXTCKmT34I+PzB+iIlM8=</latexit>

~y = A~x :
<latexit sha1_base64="gJeEJzybtpWeD9/ifYofVa7XLmY=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSiKiboSqG5cV7AOaWCaTm3To5MHMpBhCP8CNv+LGhSJu/QB3/o3TNgttPTBwOOdc7tzjJpxJZZrfxsLi0vLKammtvL6xubVd2dltyTgVFJo05rHouEQCZxE0FVMcOokAEroc2u7geuy3hyAki6M7lSXghCSImM8oUVrqVarYHgLNH0Y9Wyoi8AW+vLc9EgQgpk42wjpl1swJ8DyxClJFBRq9ypftxTQNIVKUEym7lpkoJydCMcphVLZTCQmhAxJAV9OIhCCdfHLMCB9qxcN+LPSLFJ6ovydyEkqZha5OhkT15aw3Fv/zuqnyz52cRUmqIKLTRX7KsYrxuBnsMQFU8UwTQgXTf8W0TwShSvdX1iVYsyfPk9ZxzTqtmbcn1fpVUUcJ7aMDdIQsdIbq6AY1UBNR9Iie0St6M56MF+Pd+JhGF4xiZg/9gfH5A9cJmto=</latexit>

~x? = A†~y
Cases: 
1. square and full rank; 
2. full column rank (least squares); 
3. full row rank (least norm); 
4. general. 
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1. V
>~x which rotates ~x without changing its length.

2. SV
>~x which stretches the resulting vector along each axis with the corresponding singular value,

3. USV
>~x which again rotates the resulting vector without changing its length.

The following figure illustrates these three operations moving from the right to the left.

A = U S V
>

~v1

~v2

~e1

~e2

s1~e1

s2~e2
s1~u1

s2~u2

Here as usual~e1,~e2 are the first and second standard basis vectors.
The geometric interpretation above reveals that s1 is the largest amplification factor a vector can expe-

rience upon multiplication by A. More specifically, if k~xk  1 then kA~xk  s1. We achieve equality at
~x = ~v1, because then

kA~xk =
���USV

>~v1

��� = kUS~e1k = ks1U~e1k = ks1~u1k = s1k~u1k = s1. (21)

5 The SVD and Orthonormal Diagonalization

We attempt to compare the results of the full SVD to orthonormal diagonalization. The spectral theorem
says that, if A 2 Rn⇥n is symmetric, then there exists some orthonormal square matrix P 2 Rn⇥n and
diagonal matrix L 2 Rn⇥n such that A = PLP

>. It turns out that (up to sign issues and ordering of the
singular values) that this is a valid SVD, and thus inherits the linear algebraic properties of the SVD.

Theorem 17 (Orthonormal Diagonalization is SVD)

Let A 2 Rn⇥n be a square symmetric matrix with orthonormal diagonalization A = PLP
>, where

P =
h
~p1 · · · ~pn

i
L =

2

664

l1
. . .

ln

3

775 . (22)

Suppose that |l1| � · · · � |ln|. Define

U =
h
~u1 · · · ~un

i
where ~ui =

8
<

:
~pi li � 0

�~pi li < 0
(23)

S =

2

664

|l1|
. . .

|ln|

3

775 (24)

V = P. (25)
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