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Vector Space V4

A vector space:(V,F) is closed under vector addition and scalar multiplication: ,R)
Vi, €V, andVa,3€F  «a-v1+5-13 €V X
_ N
o - X
The addition is associative and commutatlve there Is an |dent|ty/zero vector () and every vector has an inverse.

—_—

(R+%)+W = WH(FeR), WV =VHE, Ve 0=V wf(-0) =0

The multiplication is associative, commutatlve and dlstrlbutlve there is an |dent|ty scalar 1.

(ap’)v:oll(fv\) L(RER) = dUF ok - = W

A norm || - || on the vector space satisfies:
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Real versus Complex Vector Space

(V7 ]F) — (anR)
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Complex Vector Norm and Inner Product

)
(e TR =051y =
2 {UB] RN 2 )R el () 4 D)
) ) N - = £ 8’) = |3
'7?::‘—[ S ?z:[‘:f <‘J(,,Xz>:’(2 x':r"lejié']: O
J
> AT; = 2.('
'?' -LXL A, M j



Real versus Complex Matrix

(V,F) = (R",R)

real matrix transpose
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(V,F) = (C",C)

complex conjugate transpose
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Complex Matrices

Algebraic manipulations, row, column, null space, rank, inverse, eigenvectors and eigenvalues are all
similar to those of real matrices.

Y=Ax Aec"” xell”, Fe
AR AtB . &A. el
)3oB cen Ted Temld)

Ae@nx", M(A):PD A"’A ?AA”' = Inxw/
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Real versus Complex Matrices

(V,F) = (R",R) (V,F) = (C",C)

Orthogonal Matrix: Q) = [}, G2, ..., qy] € R™ ™ | Unitary Matrix: Q=I[q,¢,--.,q) € C"*"
T 0 ifi# 7 (orthogonal) @' ~ J 0 ifi#j (orthogonal)
GhG=Y 1 ifi=j (normalized) 971 1 ifi=7; (normalized)

Q'Q=1=QQ Q'Q=1=0QQ

@tz Q" 6" = Q"



Gram-Schimdt Orthonormalization (QR)
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D:[Cfl,cfg,...,dk] c R™*F (Lecture 17)
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Gram-Schimdt Orthonormalization (QR)
D = [Cfl,d_)g,,cfk] S crxk

QR:

Gram-Schimdt;

- = —
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Schur Decomposition (Upper Triangularization)

A e R™™ (Lecture 18)

T=U'AU=U"AU =

t11

-
-

t12

Algorithm 10 Real Schur Decomposition

Input: A square matrix A € R"*" with real eigenvalues.

Output: An orthonormal matrix U € R"*" and an upper-triangular matrix T € R"*" such that A =

1:
2
3
4:
5
6
7

8:

9:
10:

11:

12:
13:

utu'.
function REALSCHURDECOMPOSITION(A)
if Ais1 x 1 then
return [1] LA
end if
(1,A1) := FINDEIGENVECTOREIGENVALUE(A)
Q := EXTENDBASIS({71 }, R") > Extend {47} to a basis of R"” using Gram-Schmidt; see Note 13

Unpack Q := [57’1 Q} é’* &

Compute aQ _ |:6)\1
n

return (U, T) (

end function
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Schur Decomposition (Upper Triangularization)

Algorithm 64 Schur Decomposition

A E C’I’LXTL

Input: A square matrix A € C"*".
t11 tio -+ t1,| Output: Aunitary matrix U € C"*" and an upper-triangular matrix T € C"*" such that A = UTU".
0 too -+ ton 1: function SCHURDECOMPOSITION(A)
if Ais1 x 1 then
return [1] LA

T=U"AU =U*AU = )
3
4: end if
5
6
7

(q1,A1) := FINDEIGENVECTOREIGENVALUE(A)
Q:= EXTENDBASIS({%} Cc") > Extend {7 } to a basis of C" using Gram-Schmidt
Unpack Q := ~

A=0TU*
8: Compute and unpac‘Q [
Op—1 Ax
* A 9: (P, ).: SCHURDECOMPOSITION(AZZ)
' —_— U U 0. U:= [q’l QP

y (7))
11: T:= |, -
0,1 T

122 return (U, T)

13: end function




Spectral Theorem (Diagonalization)

Real symmetric: A = A' € R"*" (Lecture 19) Hermitian matrix: A = A* € C**"
-)\1 0 0 ] _)\1 0 0 |
VAV =vV'Av =1y . VAV =V*AV = | .
0 0 A 00 A &

,(APII ei%?)?values n be diagonalized by a unitary matrix, and all eigenvectors are orthogonal.
roof”
nmXuy
A=VTVT  T=/\ AelR™ &
- vTTYC T + -
A= VTV ATA AAT  ATA AA
— — -




Singular Value Decomposition

Given A € R™*" ‘with rank(A) = 1, we like to decompose it into a special matrix form: (Lecture 22)

V =101,..., 0] orthonormal e.v.’s for ﬁA eigenvalues of ATA(or AA"Y: N>~ > A >0---0
J
U = |u1,...,Un,| orthonormal e.v.’s for AfD Yy = d1ag{01 = VA, ., 0=V} >0
e

VTATA"{T:’\}&U{ = N20 ., g
0 g9

0O --- 0 50

LT

Compact SVD: A = UTETVT@: (U1, Usy ..., Uy

>

Full SVD: A — Uz\bz Ur, Upn—r] [ - e ] [‘yg]

c~ — 0(m—r)><r O(m—fr)x(n—r)



Singular Value Decomposition

Given A € C™* "™ with rank(A) = r, we like to decompose it into a special matrix form:

V =|th,...,U,] orthonormal e.v.’s for /@A eigenvalues of A*A (or AA™) : A\ >--->A.>0---
U = |uy,...,Un,] orthonormal e.v.’s for AL Y =diag{o; = VA1, ...,0, =V A} >0

opr 0 -+ 0 ‘@

| |2

Compact SVD: A = U, X, V." = [y, Ua, . .., U] e .2
: .0 :

0 0 o Lo

5 0, (n— Vi
Full SVD: A — * = " P C |~
. A=U2V [Um Um—r] O(m—r)Xr O(m—T)X(n—T)] [V'f;k"“]



Moore-Penrose Inverse

A e R™*™  (Lecture 23)
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Solutions to Systems ; Equations
;= A &, = Ay

y=A

Cases:

1. square and full rank;

2. full column rank (least squares);
3. full row rank (least norm);

4. general.

'\E _ A“Ze ¢o CA)
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Solutions to Systems of Linear Equations
y= AT : f*:ATg&

Cases: - [ <

1. square and full rank; “ — l /’3} J L
4

2. full col k (least );
3. full row rank (least norm);, o o ()
4. general. -
= € rwl(A)
N - roXV(A)
e = Atw << D
> “\° x
¥ =A N Su= (AA ) f 27T Zj
> ,’// ‘/‘ ///




Solutions to Systems of Linear Equations
j=AT: ¥, = Aly

Cases:

1. square and full rank;

2. full column rank (least squares);
3. full row rank (least norm);

4. general.

“rotation” scaling “rotation”



