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Outline
• Final Review (part two)

• Solutions to Linear Equations

• System Discretization & Identification

• System Stability

• System Controllability

• Minimum Energy Control

• Principal Component Analysis (PCA)



Solutions to Systems of Linear Equations
<latexit sha1_base64="d+SRlDE2hCqJNTNDm+1b6bkqMUc=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcFUSERVBqLpxWcFeoA1lMp20QycXZibFEAK+ihsXirj1Odz5Nk7TLLT1h4GP/5zDOfO7EWdSWda3sbC4tLyyWlorr29sbm2bO7tNGcaC0AYJeSjaLpaUs4A2FFOctiNBse9y2nJHt5N6a0yFZGHwoJKIOj4eBMxjBCtt9cx91B1TkiYZukLXOT5ml6hnVqyqlQvNg11ABQrVe+ZXtx+S2KeBIhxL2bGtSDkpFooRTrNyN5Y0wmSEB7SjMcA+lU6an5+hI+30kRcK/QKFcvf3RIp9KRPf1Z0+VkM5W5uY/9U6sfIunJQFUaxoQKaLvJgjFaJJFqjPBCWKJxowEUzfisgQC0yUTqysQ7BnvzwPzZOqfVa17k8rtZsijhIcwCEcgw3nUIM7qEMDCKTwDK/wZjwZL8a78TFtXTCKmT34I+PzB+iIlM8=</latexit>

~y = A~x :
<latexit sha1_base64="gJeEJzybtpWeD9/ifYofVa7XLmY=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSiKiboSqG5cV7AOaWCaTm3To5MHMpBhCP8CNv+LGhSJu/QB3/o3TNgttPTBwOOdc7tzjJpxJZZrfxsLi0vLKammtvL6xubVd2dltyTgVFJo05rHouEQCZxE0FVMcOokAEroc2u7geuy3hyAki6M7lSXghCSImM8oUVrqVarYHgLNH0Y9Wyoi8AW+vLc9EgQgpk42wjpl1swJ8DyxClJFBRq9ypftxTQNIVKUEym7lpkoJydCMcphVLZTCQmhAxJAV9OIhCCdfHLMCB9qxcN+LPSLFJ6ovydyEkqZha5OhkT15aw3Fv/zuqnyz52cRUmqIKLTRX7KsYrxuBnsMQFU8UwTQgXTf8W0TwShSvdX1iVYsyfPk9ZxzTqtmbcn1fpVUUcJ7aMDdIQsdIbq6AY1UBNR9Iie0St6M56MF+Pd+JhGF4xiZg/9gfH5A9cJmto=</latexit>

~x? = A†~y
Cases: 
1. square and full rank (inverse); 
2. full column rank (least squares, system identification); 
3. full row rank (least norm, minimum energy control); 
4. general cases. <latexit sha1_base64="z0pgIaqQ7E9NJYgl/U52RnwggAE=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkxRl2iblxiIo8EJqRTOtDQace2QyQTvsONC41x68e4828sMAsFT3KTk3Pube89QcyZNq777eRWVtfWN/Kbha3tnd294v5BQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTMY3k795ogqzaR4MOOY+hHuCxYygo2V/E4UyKfUPjMpX592iyW34s6AlomXkRJkqHWLX52eJElEhSEca9323Nj4KVaGEU4nhU6iaYzJEPdp21KBI6r9dLb0BJ1YpYdCqWwJg2bq74kUR1qPo8B2RtgM9KI3Ff/z2okJr/yUiTgxVJD5R2HCkZFomgDqMUWJ4WNLMFHM7orIACtMjM2pYEPwFk9eJo2zindRce/PS9WbLI48HMExlMGDS6jCHdSgDgQe4Rle4c0ZOS/Ou/Mxb8052cwh/IHz+QNoLpHb</latexit>

col(A)

<latexit sha1_base64="HsxTMomQv+HRtid+27dPboU7BTc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPbUDbbSbt0swm7m0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WjmSToR3QgecgZNVZ6It0xsmwyJaRXrrhVdw6ySrycVCBHvVf+6vZjlkYoDRNU647nJsbPqDKcCZyWuqnGhLIRHWDHUkkj1H42v3hKzqzSJ2GsbElD5urviYxGWk+iwHZG1Az1sjcT//M6qQlv/IzLJDUo2WJRmApiYjJ7n/S5QmbExBLKFLe3EjakijJjQyrZELzll1dJ86LqXVXdh8tK7TaPowgncArn4ME11OAe6tAABhKe4RXeHO28OO/Ox6K14OQzx/AHzucPvMmQTg==</latexit>

~y

<latexit sha1_base64="cyoZzCSC0TLm9LR6bJ4Un2Bjj14=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE1GPVi8cK9gOaEDbbTbt0swm7k2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rZXVtfWNzdJWeXtnd69i7x+0dJIpypo0EYnqhEQzwSVrAgfBOqliJA4Fa4fD26nfHjGleSIfYJwyPyZ9ySNOCRgpsCvX3ojR/HESeBqIwoFddWrODHiZuAWpogKNwP7yegnNYiaBCqJ113VS8HOigFPBJmUv0ywldEj6rGuoJDHTfj47fIJPjNLDUaJMScAz9fdETmKtx3FoOmMCA73oTcX/vG4G0ZWfc5lmwCSdL4oygSHB0xRwjytGQYwNIVRxcyumA6IIBZNV2YTgLr68TFpnNfei5tyfV+s3RRwldISO0Sly0SWqozvUQE1EUYae0St6s56sF+vd+pi3rljFzCH6A+vzB8DekyY=</latexit>

A~x?

<latexit sha1_base64="lRFPSdDsW+plnsP+D0LS+SPA80c=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquiHqsevFYwX5Au5Zsmm1Dk+ySZNWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geD3xmw9UaRbJOzOKqS9wX7KQEWysdN8RQfSUyoTzcfnyuFssuRV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9PpFhoPRKB7RTYDPS8NxH/89qJCS/8lMk4MVSS2aIw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8OZfXiSNk4p3VnFvT0vVqyyOPBzAIZTBg3Oowg3UoA4EFDzDK7w5j86L8+58zFpzTjazD3/gfP4AUJmSYg==</latexit>

null(A)

<latexit sha1_base64="e3sIpSLuy5BrDERkT4EVtTF0peM=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9kVUY9VLx4r2A9ol5JNs21oNlmTbLUs/R1ePCji1R/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/rmWiCK0RyaVqBlhTzgStGWY4bcaK4ijgtBEMbiZ+Y0iVZlLcm1FM/Qj3BAsZwcZKfjsK5FOq5OO4dHXSKRTdsjsFWiReRoqQodopfLW7kiQRFYZwrHXLc2Pjp1gZRjgd59uJpjEmA9yjLUsFjqj20+nRY3RslS4KpbIlDJqqvydSHGk9igLbGWHT1/PeRPzPayUmvPRTJuLEUEFmi8KEIyPRJAHUZYoSw0eWYKKYvRWRPlaYGJtT3obgzb+8SOqnZe+87N6dFSvXWRw5OIQjKIEHF1CBW6hCDQg8wDO8wpszdF6cd+dj1rrkZDMH8AfO5w+QHJH1</latexit>

row(A)

<latexit sha1_base64="XAueosqYWiLddfIuOXC7W2MH9UY=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOya5id9CZDZh/MzEbDkv/w4kERr/6LN//GSbIHTSxoKKq66e7yE8GVtu1vq7Cyura+UdwsbW3v7O6V9w+aKk4lwwaLRSzbPlUoeIQNzbXAdiKRhr7Alj+8mfqtEUrF4+hejxP0QtqPeMAZ1UZ6cEfIsqdJ11WaStItV+yqPQNZJk5OKpCj3i1/ub2YpSFGmgmqVMexE+1lVGrOBE5KbqowoWxI+9gxNKIhKi+bXT0hJ0bpkSCWpiJNZurviYyGSo1D33SGVA/UojcV//M6qQ6uvIxHSaoxYvNFQSqIjsk0AtLjEpkWY0Mok9zcStiASsq0CapkQnAWX14mzbOqc1G1784rtes8jiIcwTGcggOXUINbqEMDGEh4hld4sx6tF+vd+pi3Fqx85hD+wPr8Ab4Kkqo=</latexit>

~x?



Solutions to Systems of Linear Equations
<latexit sha1_base64="d+SRlDE2hCqJNTNDm+1b6bkqMUc=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcFUSERVBqLpxWcFeoA1lMp20QycXZibFEAK+ihsXirj1Odz5Nk7TLLT1h4GP/5zDOfO7EWdSWda3sbC4tLyyWlorr29sbm2bO7tNGcaC0AYJeSjaLpaUs4A2FFOctiNBse9y2nJHt5N6a0yFZGHwoJKIOj4eBMxjBCtt9cx91B1TkiYZukLXOT5ml6hnVqyqlQvNg11ABQrVe+ZXtx+S2KeBIhxL2bGtSDkpFooRTrNyN5Y0wmSEB7SjMcA+lU6an5+hI+30kRcK/QKFcvf3RIp9KRPf1Z0+VkM5W5uY/9U6sfIunJQFUaxoQKaLvJgjFaJJFqjPBCWKJxowEUzfisgQC0yUTqysQ7BnvzwPzZOqfVa17k8rtZsijhIcwCEcgw3nUIM7qEMDCKTwDK/wZjwZL8a78TFtXTCKmT34I+PzB+iIlM8=</latexit>

~y = A~x :
<latexit sha1_base64="gJeEJzybtpWeD9/ifYofVa7XLmY=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSiKiboSqG5cV7AOaWCaTm3To5MHMpBhCP8CNv+LGhSJu/QB3/o3TNgttPTBwOOdc7tzjJpxJZZrfxsLi0vLKammtvL6xubVd2dltyTgVFJo05rHouEQCZxE0FVMcOokAEroc2u7geuy3hyAki6M7lSXghCSImM8oUVrqVarYHgLNH0Y9Wyoi8AW+vLc9EgQgpk42wjpl1swJ8DyxClJFBRq9ypftxTQNIVKUEym7lpkoJydCMcphVLZTCQmhAxJAV9OIhCCdfHLMCB9qxcN+LPSLFJ6ovydyEkqZha5OhkT15aw3Fv/zuqnyz52cRUmqIKLTRX7KsYrxuBnsMQFU8UwTQgXTf8W0TwShSvdX1iVYsyfPk9ZxzTqtmbcn1fpVUUcJ7aMDdIQsdIbq6AY1UBNR9Iie0St6M56MF+Pd+JhGF4xiZg/9gfH5A9cJmto=</latexit>

~x? = A†~yEECS 16B Note 16: Minimum-Energy Control and Singular Value Decomposition 2022-09-19 19:42:49-07:00

1. V
>~x which rotates ~x without changing its length.

2. SV
>~x which stretches the resulting vector along each axis with the corresponding singular value,

3. USV
>~x which again rotates the resulting vector without changing its length.

The following figure illustrates these three operations moving from the right to the left.

A = U S V
>

~v1

~v2

~e1

~e2

s1~e1

s2~e2
s1~u1

s2~u2

Here as usual~e1,~e2 are the first and second standard basis vectors.
The geometric interpretation above reveals that s1 is the largest amplification factor a vector can expe-

rience upon multiplication by A. More specifically, if k~xk  1 then kA~xk  s1. We achieve equality at
~x = ~v1, because then

kA~xk =
���USV

>~v1

��� = kUS~e1k = ks1U~e1k = ks1~u1k = s1k~u1k = s1. (21)

5 The SVD and Orthonormal Diagonalization

We attempt to compare the results of the full SVD to orthonormal diagonalization. The spectral theorem
says that, if A 2 Rn⇥n is symmetric, then there exists some orthonormal square matrix P 2 Rn⇥n and
diagonal matrix L 2 Rn⇥n such that A = PLP

>. It turns out that (up to sign issues and ordering of the
singular values) that this is a valid SVD, and thus inherits the linear algebraic properties of the SVD.

Theorem 17 (Orthonormal Diagonalization is SVD)

Let A 2 Rn⇥n be a square symmetric matrix with orthonormal diagonalization A = PLP
>, where

P =
h
~p1 · · · ~pn

i
L =

2

664

l1
. . .

ln

3

775 . (22)

Suppose that |l1| � · · · � |ln|. Define

U =
h
~u1 · · · ~un

i
where ~ui =

8
<

:
~pi li � 0

�~pi li < 0
(23)

S =

2

664

|l1|
. . .

|ln|

3

775 (24)

V = P. (25)
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“rotation”“rotation” scaling

Cases: 
1. square and full rank (inverse); 
2. full column rank (least squares, system identification); 
3. full row rank (least norm, minimum energy control); 
4. general cases: pseudo inverse, PCA etc. 



System Modeling, Analysis, & Control

Physical Systems
(Continuous Nonlinear Dynamics)

<latexit sha1_base64="Maly7og4wgZV6GavHB3020nOpRg=">AAAB83icbVDLSsNAFJ34rPVVdelmsAh1UxIRdVl047KCfUATymR60w6dTMI8CiX0N9y4UMStP+POv3HSZqGtBy4czrmXe+8JU86Udt1vZ219Y3Nru7RT3t3bPzisHB23VWIkhRZNeCK7IVHAmYCWZppDN5VA4pBDJxzf535nAlKxRDzpaQpBTIaCRYwSbSXfnwDNzKymL8rlfqXq1t058CrxClJFBZr9ypc/SKiJQWjKiVI9z011kBGpGeUwK/tGQUromAyhZ6kgMaggm988w+dWGeAokbaExnP190RGYqWmcWg7Y6JHatnLxf+8ntHRbZAxkRoNgi4WRYZjneA8ADxgEqjmU0sIlczeiumISEK1jSkPwVt+eZW0L+vedd19vKo27oo4SugUnaEa8tANaqAH1EQtRFGKntErenOM8+K8Ox+L1jWnmDlBf+B8/gDCO5DX</latexit>

~u(t)
<latexit sha1_base64="5tVfDOEpDBoxcgabX6L1p1k+noU=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahXkoioh6LXjxWsB/QhLLZbtqlm03Y3RRL6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+C73OxMqFYvFo54m1I/wULCQEayN5HkTSrKnWU2f23a/UnXqzhxolbgFqUKBZr/y5Q1ikkZUaMKxUj3XSbSfYakZ4XRme6miCSZjPKQ9QwWOqPKz+c0zdGaUAQpjaUpoNFd/T2Q4UmoaBaYzwnqklr1c/M/rpTq88TMmklRTQRaLwpQjHaM8ADRgkhLNp4ZgIpm5FZERlphoE1Megrv88ippX9Tdq7rzcFlt3BZxlOEETqEGLlxDA+6hCS0gkMAzvMKblVov1rv1sWgtWcXMMfyB9fkDxtmQ2g==</latexit>

~x(t)

<latexit sha1_base64="LcbmvD57X9mnM6mDqe1wA+sBRyE=">AAAB83icbVBNS8NAEN34WeNX1aOXxSLUS0lE1GPRi8cK9gOaUDbbSbt0swm7m0II/RtePCji1T/jzX/jps1BWx8MPN6bYWZekHCmtON8W2vrG5tb25Ude3dv/+CwenTcUXEqKbRpzGPZC4gCzgS0NdMceokEEgUcusHkvvC7U5CKxeJJZwn4ERkJFjJKtJE8bwo0z2Z1fWHbg2rNaThz4FXilqSGSrQG1S9vGNM0AqEpJ0r1XSfRfk6kZpTDzPZSBQmhEzKCvqGCRKD8fH7zDJ8bZYjDWJoSGs/V3xM5iZTKosB0RkSP1bJXiP95/VSHt37ORJJqEHSxKEw51jEuAsBDJoFqnhlCqGTmVkzHRBKqTUxFCO7yy6ukc9lwrxvO41WteVfGUUGn6AzVkYtuUBM9oBZqI4oS9Ixe0ZuVWi/Wu/WxaF2zypkT9AfW5w/IY5Db</latexit>

~y(t)D/C
zero-order

hold

<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]

<latexit sha1_base64="0d2by80C423PhlkGKfmGvxYIgHc=">AAACH3icbVDLSgMxFM34rPVVdekmWJSKUmZEqhuh6MZlC/YBM0PJpGkbmskMeYhlmD9x46+4caGIuOvfmE670NYLyT2ccy7JPUHMqFS2PbaWlldW19ZzG/nNre2d3cLeflNGWmDSwBGLRDtAkjDKSUNRxUg7FgSFASOtYHg30VuPREga8Qc1iokfoj6nPYqRMlSnUPEGSCU6demZ48OTG+gh0fdCyjsaZlI9LWX9yVj8c22uU8/LdwpFu2xnBReBMwNFMKtap/DtdSOsQ8IVZkhK17Fj5SdIKIoZSfOeliRGeIj6xDWQo5BIP8n2S+GxYbqwFwlzuIIZ+3siQaGUozAwzhCpgZzXJuR/mqtV79pPKI+1IhxPH+ppBlUEJ2HBLhUEKzYyAGFBzV8hHiCBsDKRTkJw5ldeBM2LslMp2/XLYvV2FkcOHIIjUAIOuAJVcA9qoAEweAav4B18WC/Wm/VpfU2tS9Zs5gD8KWv8A3V6of0=</latexit>

û[i+ 1] = argmin
u

Q̂(x̂[i], u[i])

reinforcement learning
or optimal control

actuators

C/D

sampling

<latexit sha1_base64="Rh0vytQkhFrNp3rSvhKMo3oRcNU=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBZBEEoioh6LXjxWsB+QxrLZTtqlm03Y3VRK6P/w4kERr/4Xb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrK6tb5Q37a3tnd29yv5BS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAej29xvj0EqFosHPUnAj8hAsJBRoo302B0DzSZTj525vm33KlWn5syAl4lbkCoq0OhVvrr9mKYRCE05UcpznUT7GZGaUQ5Tu5sqSAgdkQF4hgoSgfKz2dVTfGKUPg5jaUpoPFN/T2QkUmoSBaYzInqoFr1c/M/zUh1e+xkTSapB0PmiMOVYxziPAPeZBKr5xBBCJTO3YjokklBtgspDcBdfXiat85p7WXPuL6r1myKOMjpCx+gUuegK1dEdaqAmokiiZ/SK3qwn68V6tz7mrSWrmDlEf2B9/gAzR5Gn</latexit>

~y[i+ 1]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]

<latexit sha1_base64="3LFfToZQlIkkcheqzZ+kTyXav90=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIqIui25cVrAXSEOZTKft0MmFmUmxhIIbX8WNC0Xc+hLufBsnaRba+sPAx3/O4cz5vYgzqSzr2ygsLa+srhXXSxubW9s75u5eU4axILRBQh6Ktocl5SygDcUUp+1IUOx7nLa80U1ab42pkCwM7tUkoq6PBwHrM4KVtrrmgah0xpQkD1OHuaco4zjlk1LXLFtVKxNaBDuHMuSqd82vTi8ksU8DRTiW0rGtSLkJFooRTqelTixphMkID6ijMcA+lW6S3TBFx9rpoX4o9AsUytzfEwn2pZz4nu70sRrK+Vpq/ldzYtW/chMWRLGiAZkt6sccqRClgaAeE5QoPtGAiWD6r4gMscBE6djSEOz5kxeheVa1L6rW3Xm5dp3HUYRDOIIK2HAJNbiFOjSAwCM8wyu8GU/Gi/FufMxaC0Y+sw9/ZHz+AAuTlyA=</latexit>

r(~x[i], ~u[i])

reward or cost

sensorsExternal World (Real)

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

Computers & Circuits
(Learning & Decision Making)

Internal Model

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]



System Modeling

approximation
& linearization

discretization
& digitization

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

<latexit sha1_base64="B2Jmrjbn9f/qiw1agUwdjGl06+4="></latexit>

~̇x(t) = A~x(t) +B~u(t) + ~n(t)

~y(t) = C~x(t) +D~u(t)

mathematical modeling
from first principles

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]

Discretization

<latexit sha1_base64="HJSHBkR8PWtiDkhDZ2gHUE+LVF4=">AAACIXicbZDLTsJAFIanXhFvVZduJhINLiCtMcrGBNCF7jCRS0ILmQ4HmDC9ZGZqQhpexY2v4saFxrAzvowtsEDwTyb5851zcub8TsCZVIbxra2srq1vbKa20ts7u3v7+sFhTfqhoFClPvdFwyESOPOgqpji0AgEENfhUHcGt0m9/gxCMt97UsMAbJf0PNZllKgYtfVCqd3BZzcYWlHJugOuyAhbVro8pdk5nMMP57jUinLmCJdxuq1njLwxEV425sxk0EyVtj62Oj4NXfAU5UTKpmkEyo6IUIxyGKWtUEJA6ID0oBlbj7gg7Why4QifxqSDu76In6fwhM5PRMSVcug6cadLVF8u1hL4X60Zqm7BjpgXhAo8Ol3UDTlWPk7iwh0mgCo+jA2hgsV/xbRPBKEqDjUJwVw8ednULvLmVd54vMwUy7M4UugYnaAsMtE1KqJ7VEFVRNELekMf6FN71d61L208bV3RZjNH6I+0n18Va58d</latexit>

Ad = eA�

Bd = (eA� � I)A�1B

<latexit sha1_base64="8oJcjeIt/fxucUv2C4v5Hi9V8IA="></latexit>

~x(t) = eA(t�t0)~x(t0) +

Z t

t0

eA(t�⌧)B~u(⌧)d⌧

<latexit sha1_base64="lZfHalVC7Sv+K87JCN0/Rg37pbc=">AAACHHicbVDLSgMxFM34rOOr6tJNsAgVocyoqBuh1o3LCvYB7VAyadqGZh4kd4pl6Ie48VfcuFDEjQvBvzEznYW2Hgicc+693NzjhoIrsKxvY2FxaXllNbdmrm9sbm3nd3brKogkZTUaiEA2XaKY4D6rAQfBmqFkxHMFa7jDm6TeGDGpeODfwzhkjkf6Pu9xSkBbnfxpuxtA3B4xGj9MJkU4wlf4Gmc6kce4gqc6SrVpmp18wSpZKfA8sTNSQBmqnfyn3kIjj/lABVGqZVshODGRwKlgE7MdKRYSOiR91tLUJx5TTpweN8GH2uniXiD18wGn7u+JmHhKjT1Xd3oEBmq2lpj/1VoR9C6dmPthBMyn00W9SGAIcJIU7nLJKIixJoRKrv+K6YBIQkHnmYRgz548T+onJfu8ZN2dFcqVLI4c2kcHqIhsdIHK6BZVUQ1R9Iie0St6M56MF+Pd+Ji2LhjZzB76A+PrBwHwnrw=</latexit>

~̇x(t) = A~x(t) +B~u(t)

<latexit sha1_base64="x+CKLYSWb9TY9Yy8vuq0fwc0sCU=">AAACInicbZDLSsNAFIYnXmu8RV26GSyCUCiJiJeFUOvGZQV7gTSEyWTSDp1cmJkUS+izuPFV3LhQ1JXgwzhps6itPwz8fOcczpzfSxgV0jS/taXlldW19dKGvrm1vbNr7O23RJxyTJo4ZjHveEgQRiPSlFQy0kk4QaHHSNsb3Ob19pBwQePoQY4S4oSoF9GAYiQVco2r7pDg7HHs+jatWA68hjeuD2egAyuwrtCUpQXTdd01ymbVnAguGqswZVCo4RqfXT/GaUgiiRkSwrbMRDoZ4pJiRsZ6NxUkQXiAesRWNkIhEU42OXEMjxXxYRBz9SIJJ3R2IkOhEKPQU50hkn0xX8vhfzU7lcGlk9EoSSWJ8HRRkDIoY5jnBX3KCZZspAzCnKq/QtxHHGGpUs1DsOZPXjSt06p1XjXvz8q1ehFHCRyCI3ACLHABauAONEATYPAEXsAbeNeetVftQ/uati5pxcwB+CPt5xdOmaGc</latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i]

<latexit sha1_base64="aYm5HMoEeqybHCOASoCP6lX43Jc="></latexit>

~xd[i+ 1] = eA�~xd[i] +

Z (i+1)�

i�
eA(t�⌧)Bd⌧~ud[i]

(Lecture 12)



System Modeling: Identification
Identification: 

<latexit sha1_base64="NogM88zxk//p6X+bO91Xy8SHNLA=">AAACVHicbZHNS8MwGMbTzumsX1WPXoJD8TBGK6Ieh148TnAf0JaRptkWln6QpGOj9I/Ug+Bf4sWD6dbB3Hwh8ON534c3eeInjAppWV+aXtmp7u7V9o2Dw6PjE/P0rCvilGPSwTGLed9HgjAakY6kkpF+wgkKfUZ6/uS56PemhAsaR29ynhAvRKOIDilGUkkDc3KduVOCszTPHctrlOzYClkQS9GAK4mtJOi6Rumarblm267ZmsswjIFZt5rWouA22CXUQVntgfnhBjFOQxJJzJAQjm0l0ssQlxQzkhtuKkiC8ASNiKMwQiERXrYIJYdXSgngMObqRBIu1HVHhkIh5qGvJkMkx2KzV4j/9ZxUDh+9jEZJKkmEl4uGKYMyhkXCMKCcYMnmChDmVN0V4jHiCEv1D0UI9uaTt6F727Tvm9brXb31VMZRAxfgEtwAGzyAFngBbdABGLyDbw1omvap/egVvboc1bXScw7+lH78C/HgsuQ=</latexit>

~u[0], ~u[1], . . . , ~u[l], . . .

~x[0], ~x[1], . . . , ~x[l], . . .

<latexit sha1_base64="GykTXTt12J1tIW8WV3cn5IozZzM=">AAACI3icbVBLS8NAEN7UV42vqEcvi0URCiURURGEWi8eK9gHtKFsttN26ebB7qZYQv+LF/+KFw9K8eLB/2KSBtHWgYXvMcPsfE7AmVSm+anllpZXVtfy6/rG5tb2jrG7V5d+KCjUqM990XSIBM48qCmmODQDAcR1ODSc4W3iN0YgJPO9BzUOwHZJ32M9RomKpY5x1R4BjR4nLVa0bHx8jW9+BBsXcQWnNMxoSiAhuq53jIJZMtPCi8DKQAFlVe0Y03bXp6ELnqKcSNmyzEDZERGKUQ4TvR1KCAgdkj60YugRF6QdpTdO8FGsdHHPF/HzFE7V3xMRcaUcu07c6RI1kPNeIv7ntULVu7Qj5gWhAo/OFvVCjpWPk8Bwlwmgio9jQKhg8V8xHRBBqIpjTUKw5k9eBPXTknVeMu/PCuVKFkceHaBDdIIsdIHK6A5VUQ1R9IRe0Bt61561V22qfcxac1o2s4/+lPb1DTkMoiA=</latexit>

~x[i+ 1] = A~x[i] +B~u[i] + ~e[i]

From observations:

(Lecture 13)



System Analysis

approximation
& linearization

discretization
& digitization

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

<latexit sha1_base64="B2Jmrjbn9f/qiw1agUwdjGl06+4="></latexit>

~̇x(t) = A~x(t) +B~u(t) + ~n(t)

~y(t) = C~x(t) +D~u(t)

mathematical modeling
from first principles

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]

Stability Criteria
<latexit sha1_base64="lZfHalVC7Sv+K87JCN0/Rg37pbc=">AAACHHicbVDLSgMxFM34rOOr6tJNsAgVocyoqBuh1o3LCvYB7VAyadqGZh4kd4pl6Ie48VfcuFDEjQvBvzEznYW2Hgicc+693NzjhoIrsKxvY2FxaXllNbdmrm9sbm3nd3brKogkZTUaiEA2XaKY4D6rAQfBmqFkxHMFa7jDm6TeGDGpeODfwzhkjkf6Pu9xSkBbnfxpuxtA3B4xGj9MJkU4wlf4Gmc6kce4gqc6SrVpmp18wSpZKfA8sTNSQBmqnfyn3kIjj/lABVGqZVshODGRwKlgE7MdKRYSOiR91tLUJx5TTpweN8GH2uniXiD18wGn7u+JmHhKjT1Xd3oEBmq2lpj/1VoR9C6dmPthBMyn00W9SGAIcJIU7nLJKIixJoRKrv+K6YBIQkHnmYRgz548T+onJfu8ZN2dFcqVLI4c2kcHqIhsdIHK6BZVUQ1R9Iie0St6M56MF+Pd+Ji2LhjZzB76A+PrBwHwnrw=</latexit>

~̇x(t) = A~x(t) +B~u(t)

<latexit sha1_base64="x+CKLYSWb9TY9Yy8vuq0fwc0sCU=">AAACInicbZDLSsNAFIYnXmu8RV26GSyCUCiJiJeFUOvGZQV7gTSEyWTSDp1cmJkUS+izuPFV3LhQ1JXgwzhps6itPwz8fOcczpzfSxgV0jS/taXlldW19dKGvrm1vbNr7O23RJxyTJo4ZjHveEgQRiPSlFQy0kk4QaHHSNsb3Ob19pBwQePoQY4S4oSoF9GAYiQVco2r7pDg7HHs+jatWA68hjeuD2egAyuwrtCUpQXTdd01ymbVnAguGqswZVCo4RqfXT/GaUgiiRkSwrbMRDoZ4pJiRsZ6NxUkQXiAesRWNkIhEU42OXEMjxXxYRBz9SIJJ3R2IkOhEKPQU50hkn0xX8vhfzU7lcGlk9EoSSWJ8HRRkDIoY5jnBX3KCZZspAzCnKq/QtxHHGGpUs1DsOZPXjSt06p1XjXvz8q1ehFHCRyCI3ACLHABauAONEATYPAEXsAbeNeetVftQ/uati5pxcwB+CPt5xdOmaGc</latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i]

(Lecture 14)



System Control

approximation
& linearization

discretization
& digitization

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

<latexit sha1_base64="B2Jmrjbn9f/qiw1agUwdjGl06+4="></latexit>

~̇x(t) = A~x(t) +B~u(t) + ~n(t)

~y(t) = C~x(t) +D~u(t)

mathematical modeling
from first principles

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]

Controllability

<latexit sha1_base64="QH4QM2pEol+bZzgH+ldfEp2nXPA=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE1GNREI8VjC20oWy2m3bp7ibsboQS+hu8eFDEqz/Im//GTZuDtj4YeLw3w8y8KOVMG8/7diorq2vrG9VNd2t7Z3evtn/wqJNMERqQhCeqE2FNOZM0MMxw2kkVxSLitB2Nbwq//USVZol8MJOUhgIPJYsZwcZKAbpFrtuv1b2GNwNaJn5J6lCi1a999QYJyQSVhnCsddf3UhPmWBlGOJ26vUzTFJMxHtKupRILqsN8duwUnVhlgOJE2ZIGzdTfEzkWWk9EZDsFNiO96BXif143M/FVmDOZZoZKMl8UZxyZBBWfowFTlBg+sQQTxeytiIywwsTYfIoQ/MWXl8njWcO/aHj35/XmdRlHFY7gGE7Bh0towh20IAACDJ7hFd4c6bw4787HvLXilDOH8AfO5w+wro1L</latexit>

F

<latexit sha1_base64="9W4o2GvBdpLyKGwBiqALcBoVKJA=">AAAB83icbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cK9gOSUDbbSbt0swm7m2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWZemHKmtON8W5W19Y3Nreq2vbO7t39QOzzqqCSTFNo04YnshUQBZwLammkOvVQCiUMO3XB8V/jdCUjFEvGopykEMRkKFjFKtJF8fwI0f5p5LLDtfq3uNJw58CpxS1JHJVr92pc/SGgWg9CUE6U810l1kBOpGeUws/1MQUromAzBM1SQGFSQz2+e4TOjDHCUSFNC47n6eyInsVLTODSdMdEjtewV4n+el+noJsiZSDMNgi4WRRnHOsFFAHjAJFDNp4YQKpm5FdMRkYRqE1MRgrv88irpXDTcq4bzcFlv3pZxVNEJOkXnyEXXqInuUQu1EUUpekav6M3KrBfr3fpYtFascuYY/YH1+QNTa5E2</latexit>

~x[i]

<latexit sha1_base64="5d1ycrOFazwqN0YKMEFELHJKNL8=">AAACJHicbVBJS8NAFJ641rhFPXoZLIJQKImICiLUevFYwS6QhjKZvrZDJwszk2IJ/TFe/CtePLjgwYu/xSQNoq0PBr7lPd68zw05k8o0P7WFxaXlldXCmr6+sbm1bezsNmQQCQp1GvBAtFwigTMf6oopDq1QAPFcDk13eJ36zREIyQL/To1DcDzS91mPUaISqWNctEdA4/uJzUqWgy/xFf4RHFzCVTzlUc4zAinRdb1jFM2ymRWeB1YOiiivWsd4a3cDGnngK8qJlLZlhsqJiVCMcpjo7UhCSOiQ9MFOoE88kE6cHTnBh4nSxb1AJM9XOFN/T8TEk3LsuUmnR9RAznqp+J9nR6p37sTMDyMFPp0u6kUcqwCnieEuE0AVHyeAUMGSv2I6IIJQleSahmDNnjwPGsdl67Rs3p4UK9U8jgLaRwfoCFnoDFXQDaqhOqLoAT2hF/SqPWrP2rv2MW1d0PKZPfSntK9vkryiRA==</latexit>

~x[i+ 1] = A~x[i] +B~u[i] + ~e[i]

<latexit sha1_base64="p7LIuQmxX4IdeqxDYKmgEbwKCEo=">AAACBHicbVDLSsNAFL3xWeMr6rKbwSK4KomIuhGKgrisYB/QhjKZTtqhkwczk2IJXbjxV9y4UMStH+HOv3GSZqGtBwbOPede7tzjxZxJZdvfxtLyyuraemnD3Nza3tm19vabMkoEoQ0S8Ui0PSwpZyFtKKY4bceC4sDjtOWNrjO/NaZCsii8V5OYugEehMxnBCst9axyd0xJmkw7zEWX6Abl5UNWmmbPqthVOwdaJE5BKlCg3rO+uv2IJAENFeFYyo5jx8pNsVCMcDo1u4mkMSYjPKAdTUMcUOmm+RFTdKSVPvIjoV+oUK7+nkhxIOUk8HRngNVQznuZ+J/XSZR/4aYsjBNFQzJb5CccqQhliaA+E5QoPtEEE8H0XxEZYoGJ0rllITjzJy+S5knVOavad6eV2lURRwnKcAjH4MA51OAW6tAAAo/wDK/wZjwZL8a78TFrXTKKmQP4A+PzBwM4lwg=</latexit>

~u[i] = F~x[i]

(Lecture 15)



System Control
Controllable Canonical Form:

<latexit sha1_base64="o0BzBuOdzj62xFmtfBE7mYrYDXU="></latexit>

~x[i+ 1] = A~x[i] +Bu[i] + ~e[i] 2 Rn

<latexit sha1_base64="QCVvwdAnT24PUIkfRcCgBOOubUQ="></latexit>

A =

2

6666664

0 1 0 · · · 0

0 0 1 0
...

...
. . .

. . .
. . . 0

0 · · · 0 0 1
a1 a2 · · · an�1 an

3

7777775
, B =

2

6666664

0
...
...
0
1

3

7777775

<latexit sha1_base64="VV/AcoGiC5dyRoe5c7uK5ljhvQw="></latexit>

F =
⇥
f1 f2 · · · fn�1 fn

⇤

<latexit sha1_base64="G5COCRwo9Rw9WyJ8THDMaoeJyzc="></latexit>

det(�I �A) =

�n � an�
n�1 � an�1�a

n�2 � · · ·� a2�� a1

(Lecture 16)



System Control
Design control input to steer the state of a controllable system:

<latexit sha1_base64="TeA5ITB0MOTDKmOmyejE+ulzTZA="></latexit>

C .
= [An�1B | · · · |AB | B] 2 Rn⇥n is invertible.

<latexit sha1_base64="RarVyCrNR29bAhU1J8E1J/RwQsU="></latexit>

C`
.
= [A`�1B | · · · |AB | B] 2 Rn⇥`

<latexit sha1_base64="iCSYVsgdkCOaHHNVRB3SiLBpjgI=">AAACE3icbZDLSsNAFIYnXmu8RV26GSyCWCiJiLoRat24rGAvkIYymU7aoZNJmJkUS+g7uPFV3LhQxK0bd76NkzaItv4w8PGfczhzfj9mVCrb/jIWFpeWV1YLa+b6xubWtrWz25BRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7jO6s0hEZJG/E6NYuKFqMdpQDFS2upYx+0hwen92KUlx4OX8Ar+GB4swSqEaZKxaZodq2iX7YngPDg5FEGuWsf6bHcjnISEK8yQlK5jx8pLkVAUMzI224kkMcID1COuRo5CIr10ctMYHmqnC4NI6McVnLi/J1IUSjkKfd0ZItWXs7XM/K/mJiq48FLK40QRjqeLgoRBFcEsINilgmDFRhoQFlT/FeI+EggrHWMWgjN78jw0TsrOWdm+PS1WqnkcBbAPDsARcMA5qIAbUAN1gMEDeAIv4NV4NJ6NN+N92rpg5DN74I+Mj2+0eJt9</latexit>

~x[i+ 1] = A~x[i] +Bu[i]



System State Estimation
Estimate the state of the system from observable outputs:

<latexit sha1_base64="izs6sx8HHBfhLwAVXXjYHkZeDhw="></latexit>

~xd[i+ 1] = A~xd[i] +B~ud[i]

~yd[i+ 1] = C~xd[i] +D~ud[i]



SVD, Low-Rank Approximation, PCA

<latexit sha1_base64="i6yV/slI6+x5avUXZMNhoHAnmIo="></latexit>

A = [~a1,~a2, . . . ,~an] =
rX

i=1

�i~ui~v
>
i =

X̀

i=1

�i~ui~v
>
i +

rX

i=`+1

�i~ui~v
>
i

<latexit sha1_base64="vm834vVbslDPt6UwCqv1q9bG0is="></latexit>

A =
rX

i=1

�i~ui~v
>
i = Ur⌃rV

>
r

<latexit sha1_base64="PzX8HjUftS6EIYvw0Xb8nd84H4U="></latexit>

min
B2Rm⇥n

kA�Bk2F subject to rank(B) = `

<latexit sha1_base64="9MNjrDMC10gqmFjceNK6YZST6hc="></latexit>

A = [~a1,~a2, . . . ,~an] 2 Rm⇥n

Low-rank Approximation: (Lecture 24)



SVD, Low-Rank Approximation, PCA

2.1. Classical Principal Component Analysis (PCA) 33
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Figure 2.1. Example showing a two-dimensional data set and its two principal components.

are exactly the columns of the matrix U 2 RD⇥d that minimizes the least-squares
error (2.29).

Proof. The proof is simple. Notice that if X has the singular value decomposition
X = UX⌃XV >

X , then XX> = UX⌃2

XU>

X is the eigenvalue decomposition of
XX>. If ⌃X is ordered, then the first d columns of UX are exactly the leading d
eigenvectors of XX>, which give the d sample principal components.

The above theorem shows that both the geometric and statistical formulations
of PCA lead to exactly the same solution/estimate of the sample principal com-
ponents. This equivalence is part of the reason why PCA has become the tool
of choice for dimensionality reduction as the optimality of the solution can be
interpreted either statistically or geometrically in different application contexts.

Figure 2.1 gives and example of a two-dimensional data set and its two
principal components.

2.1.3 A Rank Minimization View of PCA
Notice that the geometric PCA problem in (2.23) can be rewritten as

min
µ,U,Y

��X � µ1>
� UY

��2
F
, s.t. U>U = Id and Y 1 = 0, (2.33)

where X =
⇥
x1, . . . ,xN

⇤
, Y =

⇥
y
1
, . . . ,yN

⇤
, 1 2 RN is the vector of all

ones, and kXk
2

F =
P

ij X
2

ij is the Frobenius norm of X . Therefore, another
interpretation of PCA is to see it as the problem of finding a vector µ and rank-d
matrix that best approximate the data matrix X . This problem can be formulated
as

min
µ,A

kX � µ1>
�Ak

2

F s.t. rank(A) = d and A1 = 0. (2.34)

Notice that this formulation is identical to that in (2.23), except that we have now
replaced the subspace basis U and the matrix of principal components Y by their
product A = UY . The constraint A1 = 0 comes from the requirement that the
principal components be centered, i.e.,

P
yj = 0, hence Y 1 = 0.
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A = [~a1,~a2, . . . ,~an] 2 Rm⇥n
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~µ =
1

n
(~a1 + ~a2 + · · ·+ ~an)
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~u1

<latexit sha1_base64="eqL9BmgEVFYSbwkIQViVDfmu5o8="></latexit>

~µ =
1

n
(~a1 + ~a2 + · · ·+ ~an) = 0

Principal Component: (Lecture 24)
<latexit sha1_base64="mlQKS1RsyK7EDOSnUt6xintpNEc="></latexit>

find a normal vectork~uk2 = 1 such that max
~u

k~u>Ak22 = k~u~u>Ak22.



SVD, Low-Rank Approximation, PCA
<latexit sha1_base64="9MNjrDMC10gqmFjceNK6YZST6hc="></latexit>

A = [~a1,~a2, . . . ,~an] 2 Rm⇥n
<latexit sha1_base64="eqL9BmgEVFYSbwkIQViVDfmu5o8="></latexit>

~µ =
1

n
(~a1 + ~a2 + · · ·+ ~an) = 0

<latexit sha1_base64="sm9sUAqcdM4OKXXZIPNMInRDNps="></latexit>

max
U`

kU`U
>
` Ak2F , min

U`

kA� U`U
>
` Ak2F , min

Um�`

kUm�`U
>
m�`Ak2F

Principal Components: (Lecture 24)

Find projection:
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