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Designing Information Devices and Systems li
Lecture 28
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* Final Review (part two)

Solutions to Linear Equations
System Discretization & ldentification
System Stability

System Controllability

Minimum Energy Control

Principal Component Analysis (PCA)



Solutions to Systems of Linear Equations
j=AT: ¥, = Aly

Cases:

1. square and full rank (inverse);

2. full column rank (least squares, system identification);
3. full row rank (least norm, minimum energy control);

4. general cases.




Solutions to Systems of Linear Equations
j=AT: ¥, = Aly

Cases:

1. square and full rank (inverse);

2. full column rank (least squares, system identification);
3. full row rank (least norm, minimum energy control);

4. general cases: pseudo inverse, PCA etc.
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System Modeling, Analysis, & Control

actuators

External World (Real)

ald) | oic | ult)

» zero-order—

hold

Physical Systems
(Continuous Nonlinear Dynamics)

fc(t) — f(fc(t)v ﬁc(t)a Qﬁ(t))
gc(t) — h(fc(t)a ﬁc(t))

reinforcement learning
or optimal control

¢

i + 1] = arg min Q(2[7], uld))

Computers & Circuits
(Learning & Decision Making)

Tqlt + 1] = AqZqli] + Batqli] + €li]
gd [Z + 1] = Cdfd [Z] + Ddﬁd [2]

l¢

sensors
co | yle+1]
sampling f[z + 1]

reward or cost

Internal Model

r(Zli], uli])




mathematical modeling

from first principles

approximation
& linearization

Z(t) = AZ(t) + Bi(t) + 7i(t)
y(t) = CZ(t) + Du(t)
discretization
& digitization
Tqlt + 1] = AgZqlt] + Batqlt] + €]t]
Yali + 1] = CaZqlt] + Dgtig|i]

System Modeling

wwwww

Discretization (Lecture 12)

Z(t) = AZ(t) + Bi(t)

t
Z(t) = e Z(ty) + / e =) Bi(r)dr

to
(i+1)A
Tali + 1] = eA224[i] + / e =) Bdriiy|i]
iA
Ad m— €AA

B;= (e’ -1)A™'B

—

.Clid[i -+ 1] — Ay [Z] + Byuy [Z]



System Modeling: Identification

Identification: (Lecture 13) Z|i + 1| = AZX|i| + Bult] + €]i]

From observations: [0], @[1],...,u
Z|0], € T



System Analysis

Stability Criteria (Lecture 14)
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Z(t) = AZ(t) + Bi(t)
mathematical modeling
from first principles

le‘d[i -+ 1] — Ay, [Z] + By [Z]

approximation
& linearization

Z(t) = AZ(t) + Bi(t) + 7i(t)
y(t) = CZ(t) + Du(t)
discretization
& digitization
Tqlt + 1] = AgZqlt] + Batqlt] + €]t]
Yali + 1] = CaZqlt] + Dgtig|i]



mathematical modeling

from first principles

approximation
& linearization

Z(t) = AZ(t) + Bi(t) + 7i(t)
y(t) = CZ(t) + Du(t)
discretization
& digitization
Tqlt + 1] = AgZqlt] + Batqlt] + €]t]
Yali + 1) = Cqqli] + Dqiig]i]

System Control

Controllability (Lecture 15)

—

_’|:E

i+ 1] = AZ[i] + Bali] + eli]

ali] = Fili] 7[i]

Fol




System Control

Controllable Canonical Form: (Lecture 16)

f[z -+ 1] = Af[z] + Bu[z] + é’[z] c R" det(A\] — A) =
‘0 1 0 .- 01 0 A — g AN — g, Aat TR = — g — ay
0o 0 1 0 : :
A= | . Nk B =
0 0 0 1 0
a1 az - Ap—1  Gp 1
F = fl f2 fn—l fn




System Control

Design control input to steer the state of a controllable system:
i+ 1] = AZ[i]| + Buli] C=[A""'B|---|AB| B] € R™" is invertible.

Co=[A""'B|--.|AB | B] € R"*¢



System State Estimation

Estimate the state of the system from observable outputs:

Tqli + 1] = AZ4[i| + Biigi]
gd[i -+ 1] — Cfd[l] + Dl_lfd[@]



SVD, Low-Rank Approximation, PCA
A=d,ds,...,dy € R™" A= Zaﬁ i =U,%, V"

Low-rank Approximation:  min HA—BHF subject to rank(B) — {  (Lecture 24)
B Ran

14
A= [a,l,a,g,... E o;Uu E O;U;V; -+ E o;U

— 7 1=0+1



SVD, Low-Rank Approximation, PCA

1

A:[C_L)l,C_L)Q,...,C_L)n] c RMmxn ﬁ:ﬁ(51+52+°'°+6n):0
Principal Component: (Lecture 24)
find a normal vector||i@|s = 1 such that max || A||3 = ||@u' All3.
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SVD, Low-Rank Approximation, PCA

— — — — 1 — — —
A:[al,ag,...,an] c RM™x" ,u:ﬁ(a1+a2+---+an)20

Principal Components: (Lecture 24)

Find projection: Il’%]aXHUgUJAH% & II(l/_inHA— UgUJAH% & lg_nin HUm—eU;_gAH%‘
V4 £ m—4L




