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EECS 16B
Summer 2020 UC Berke]ey

Designing [nformation Devices and Systems [I

SVD Review

1. Pick a Matrix

Given an example of a square matrix that satisfies the following conditions or prove that no such example

can exist.

(a) (1) Can be diagonalized and is invertible.
(i) Cannot be diagonalized but is invertible.
(iii) Can be diagonalized but is non-invertible.

(iv) Cannot be diagonalized and is non-invertible.

Solution: All of these matrices exist!

(1)
|

(i1)
A—

(iii)
A=

(iv)
A=

(b) (i) Has orthogonal columns and is invertible.

(i) Has orthogonal columns but is non-invertible.

(iii)) Has orthonormal columns and is diagonalizble.

Solution:

o)

A:

(i) Remember that the zero vector is orthogonal to every vector.

(iii)
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2. Orthonormal T/F

(a) T IfU is a matrix with orthonormal columns, then U*U = 1I.
Solution: True, since i;ii; = 1 if i = j and = 0 for i # j.

(b) F If U is a matrix with orthornomal columns, then UU* = I.
Solution: If U is not square then UU* cannot have rank n so UU* # I.

(c) _T_If U is matrix with orthonormal columns then ||UX|| = ||X|| for all X € C".
Solution: True, since U*U = 1.

(d) _F_ A matrix U with orthonormal columns has real eigenvalues.
0 1
-1 0}

(e) _T The singular values of a unitary matrix are all equal to 1.

Solution: False, take U =

Solution: True, since U*U =1.

(f) _F_ The eigenvalues of a unitary matrix are all equal to 1.

Solution: False, take the example from part (d)

3. Spectral T/F

(a) T The matrix A*A is Hermitian.
Solution: True, since (A*A)* = (A*)(A*)* = A*A.

(b) _F_ A symmetric matrix can have complex eigenvalues.
Solution: False, from the Spectral Theorem.

(¢) _F_ The matrix A*A has positive eigenvalues.

Solution: False, A*A may have an eigenvalue of zero. Only if A is full rank does A*A have positive
eigenvalues.

(d) _T For a Hermitian matrix, the eigenvectors of distinct eigenvalue are orthogonal.
Solution: True, from the Spectral Theorem.

(e) _F Linearly independent eigenvectors of the same eigenvalue of a Hermitian matrix are orthogonal.
Solution: False, take A = I. Then any nonzero vector X is an eigenvector.

(f) _F The U and V matrices of the SVD of a Hermitian matrix are identical.

Solution: False, if the matrix has negative eigenvalues, then the vectors in the U and V matrix will
have opposite signs.
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4. SVD Stuff (X pts)

(a) Compute the SVD of the following matrix. Express your answer in the the form of ¥; 6;ii;V;

A=la -a)

Here, d is some arbitrary vector in R”

Solution:

=T
A= o1uU1vy
3 1
where it = —, %, = | V3 |,and 6 =||a|| xv2
Jal -

(b) Compute the compact form SVD of

Solution:

So the eigenvalues/eigenvectors of AAT are A} =9, ii; = % [i] =11 = % [_11] .

This means that ) = 3,06, = 1. To calculate V;, we can apply the formula v; = éATﬁ,-. Thus,
L
vlz—[1 22 2 2 1}

V) =

—

1
—10000—1}
V2

(c) Consider an A matrix where each row is a vector in R? that corresponds to one point in the plot below:
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On the plot above, draw your best estimate for ¥; and V.

—

1.5
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Solution:
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5. Spectral Norm Proof
[lAX]|

= over all
(1]l

How can we measure the size of a matrix? One way to think about this is to look at the ratio
vectors X. In fact, the Spectral Norm of a matrix ||Al|, can be defined as

1A%

Al = max '
2 740 11X

In this problem we will try to find what the value of ||A||, is and show that it in fact is related to the SVD.
Let’s start by noting that AT A is symmetric and has eigenvalue decomposition VAV .

(a) For ¥ € R", decompose X as a linear combination of the set of orthonormal eigenvectors of AT A.

Solution: In order to write X as a linear combination of the vectors V1, ..., V,, we must find scalars ¢;

where
X=0oyv+...04V,

If we take the inner product of X with ¥;, since the eigenvectors are orthonormal, we will get:

Therefore we can write out X as:

(b) Express ||A%|? in terms of ;, ¥, and o;, fori € {1,2,...,n}.
Solution:

VT AY =T AT A%

(7, v,-wl.T)ATA ( Y (%, v,-m)

i=1

i) (X 2t

=l
=l

1A% = (A

Il
H'/[\—ﬂ\:

—_

Il
-

Il
—

I
M=
Rond
o
=
5

I
-

We know that A; = 6 so we finish up by expressing ||A%||* as

n
A% = Y o (%)
i=1

(c) Find a unit vector X that maximizes ||Ax]|’.
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Solution:  Since X is a unit vector, we know ||X|| = 1. Using our expression for X in part (a), we can
write out its norm as:

If we let o; = (X,V;)?, we see that o; > 0,

n n
Y o =1and |A¥]* =} a0
i=1 i=1

meaning ||A%||® is a linear combination of 6 with @ as the scalars summing up to 1.
Since 6| > 03 > ... > 0, the ||A¥||* is maximized when oq = 1 and all the other &; = 0. Note that
o = 1 is equivalent to saying that (¥,7)> = 1 so ¥ = £¥].

(d) Show that ||AX|| < oy ||x|| for any x € R". Thus, |A||, = 0.

Solution: From previous parts, we know

n
IAFI? = ) o7 (x,vi)?
i=1

= ot ||x||*
Thus,
14X < ou|x]|-
And when X = +||x||V}, the maximum of ””/1 T'H is reached:
]
1]

llA%]
(%]

(e) Show that ||AX|| > o,]|x|| for any x € R”". Thus, min = O,

Solution: We can set up the same problem we did in part (b) and realize that

n
1A%]* = ) o7 (x,vi)?
i=1

The norm ||AX|| is minimized when X = +||x||¥,. Thus min % = Oy.
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6. SVD (X points)

(a)

(b)
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sin(0)

2x2 72—
LetA e R and X = [COS(Q)

], ||X|| = 1. Now let ¥ = AX. Below is the plot of |[¥/|| vs 6.

5.0

il
i

A has the SVD UXV ". Either specify what the matrices U, X, and V are; or state they they cannot be
determined from the information given.

Solution: ~ We know that 6, < ||AX|| < o}, so from the above graph we can see that o = 5 and
O) = 1.
1 1

These occur for X = ‘?] =v] and X = [‘@] = v respectively. Since we observe ||y||, ¥ can be

V2 V2
arbitrarily rotated by U, so we cannot deduce a unique U.

Let A € RVN B € RV*N be full rank matrices and let ¥ € RN have ||x|| = 1. Let ¥ = ABX.
Find a upper bound for ||y|| in terms of the singular values of A and B. Explain your answer.
Solution:

||BX|| < Opmax{A}

—

A
I

‘ < OnaiA}

Where Gy {M}, for some matrix M, is the largest singular value of M.
If ¥ = vi{B} and BX = v{{A}, then the output is maximal, with

HAB)_C’H = GIH(LX{A} ' GmaX{B}
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7. Low Rank Approximation

Given a m X n matrix A, of high rank, we want to see how we can best approximate this matrix A using a
lower rank matrix Ay of rank k << n.

To measure this Low-Rank approximation, we will look at the following norm: ||A — By||, where By is a
matrix of rank k. In this problem, we will are interested in the following optimization problem

min[A — Byl

subject to Rank(By) <k
and show that the optimal By, is in fact Ay or the rank £ SVD approximation of A:
k
A=Y cii] (1)
=1

(a) What is the spectral norm of ||A — Ax||,?

n n
Solution: We know from the SVD that A = UXVT = Y 0;ii;¥! . Therefore, A—Ay= Y 0iiiiV! . As
i=1 i=k+1
a result, the spectral norm of A — A; will be its largest singular value, which in this case will be Gy ;.

To show Ay is optimal, we must show that ||[A — By||, > ||A — Ak||, = Ok+1 for any matrix By of rank k.

To do this, we will first consider a vector ¥y = ¢ V] + - - - + Q1 V1 that is a linear combination of the first
k+ 1 vectors of the V matrix of the SVD of A. We will also define a subspace S = span{¥, ...,V } and
show that there must exist a vector ¥ in both S and Nul(By).

(b) What are the dimensions of the Nul(B;) and S?
Solution: By the Rank-Nullity Theorem, we know that Rank(By) 4 dim Nul(By) = n.
Since Rank(By) = k, we see that dim Nul(By) = n — k.
Since S = span{V,...,Vx;1}, and all of the vectors V; are linearly independent, R = {V,...,Vi11}
forms a basis for § meaning $ has dimension k + 1.

(c) Show that there must exist a y = oV + ... + 04141 that is in both subspaces Nul(B;) and S.
Hint: Let R be a basis for S. Then create a basis B for the Nul(By) and look at the union of the two

bases.
Solution: We know that R = {Vj, ...,V } is a basis for S. Since Nul(By) has dimension n — k, we
can pick a basis B = {wy,...,w,_} for Nul(B;). Now if we look at RU B, this is a set of n+ 1 vectors

that are in R”, so this set must be linearly dependent. This means that we can write w,_; as a linear
combination of the remaining vectors:

Wnk = 00V + ..+ G 1 Vi1 +Biwn 4+ Bk Wk
Subtracting over the w; vectors, we see that
v+ G Vi1 = —Bwt — oo — Bk Wk + Wi

As aresult, Y = o1V] +...+ 0 1Vks1 is a linear combination of the vectors in R so it must be in S. It
is also however, a linear combination of the vectors in B so it must also be in Nul(By).
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(d) Let ||| = 1 and show that ||A — By ||, > ||(A — By)¥||.
Solution: Using the definition of the spectral norm, we see that
(A—By)x¥
14— Byl = max 14~ BT
w0 ]|

If we put the constraint that ||X|| = 1, then

1A = Bil, = max [|(A — B)]| -
FI=1

which implies that
4= Bill, > [|(4— B

(e) Express||¥]|* and ||A¥” in terms of oy, ..., 0.

Solution: Using the definition of a norm with respect to the inner product we get:

1712 = 3,5) = (V1 4 ... 4 G 1 ¥k 1, 01 + .. 4 Oy 1 Vg 1)

Then we can use the distributive properties of norms, and the fact that V; are orthonormal to cancel the

cross-terms.
k+1 k+1 k+1

H)_;Hz_ Z iV, 0V;) Za ZOC

i=1
For the ||AV;|| , we again apply the definition of a norm with respect to the inner product to get:
|ATH]|* = (AV;, AV;) = (AV)” (A¥))
= vTATAv, =T (A¥) = AT ¥

Therefore ||AVi|| = o;.
(f) Simplify ||(A — By)¥|| and conclude that |A — B¢||, > Gy 1.
Solution:  Since ¥ is in Nul(By), we can simplify ||(A — By)¥|| as:

|(A = BY)y|| =AY — Bl = A7
Plugging in for ¥ = 04 %] + ... 4 Gjt1 V41 and looking at [|A¥]|%, we get:

||A5)'”2 = <OC]A\71 +...+ (Xk+1A\7k+1, AV +...+ Otk+1A\7k+1>
= o (AV1, AV ) + ..+ 0 (AVig 1, AT 1)

22 2 2
= Q0] + ...+ 0,044y

However, since 61 > 0> > ... > 0y, and af + ...+ O‘13+1 =1, HA}‘)’HZ > Gk2+1'
Therefore, we conclude by saying that ||Ay| > ok, which implies ||A — B||, > 041 proving the
optimality of Ag.
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8. PCA Midterm question

This question comes from fal7 midterm 2.
Consider a matrix A € R?%0%4 which represents the EE16B Sp’2020 midterm 1, midterm 2, final and lab

grades for all 2500 students taking the class.

M| mL E

1S0s K Y

/A

[/

S.7LU7/I€1,7S»

To perform PCA, you subtract the mean of each column and store the results in A. Your analysis includes:

(a) Computing the SVD: A = 04ii1#] + 022V} + 033V} + 04iis] and plot the singular values.

(b) Computing the graph il A and @il A

The analysis data are plotted below:

RLAR

Based on the analysis, answer the following true or false questions. Briefly explain your answer.

(a) _T_ The data can be approximated well by two principle components.

Solution:

True. From graph (i), there are two significant singular values, the rest are small.
(b) _T The students’ exam scores have significant correlation between the exams.

Solution:  True. i’ d; gives the correlation between the ith principle component and the variable

stored in the ith column of A. From graph (ii), both midterms as well as final grades are highly

correlated with the first principle component while all three also have little to no correlation to the

second principle component. This means the exam scores are highly correlated with each other.
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(c) _F_ The middle plot (ii) shows that students who did well on the exam did not do well in the labs and
vice versa.

Solution: False. Graph (ii) shows that the exam scores and lab scores are not correlated at all. i.e.
we cannot determine a student’s lab score from their exam scores and vice versa.

(d) _T_ One of the principle components attributes is solely associated with lab scores and not with exam
scores.

Solution: True. From graph (ii), the second principle component is only highly correlated with the
lab scores.

(e) Circle all the scatter plots that could describe the data projected on the largest two principle compo-
nents.

DA G) W iz) | ) w

L 2 S
¥ ‘\@

Ty s ,Q\l.
: S s TR

L,
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@
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Solution: Plots (i) and (iv) are possible projections. Plot (ii) has more variance along the diagonal
axis of V| and V, which contradicts the choice of V| as the direction of maximal variance. Plot (iii) is
not centered around the origin.
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